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Abstract

Following the program suggested in [1], we get a new microscopic theory of superfluidity for
all temperatures and densities. In particular, the corresponding phase diagram of this theory
exhibits:

(i) a thermodynamic behavior corresponding to the Mean-Field Gas for small densities or
high temperatures,
(ii) the ”Landau-type” excitation spectrum in the presence of non-conventional Bose conden-
sation for high densities or small temperatures,
(iii) a coexistence of particles inside and outside the condensate with the formation of “Cooper
pairs”, even at zero-temperature (experimentally, an estimate of the fraction of condensate in
liquid 4He at T=0 K is 9 %, see [2, 3]).

In contrast to Bogoliubov’s last approach and with the caveat that the full interacting Ha-
miltonian is truncated, the analysis performed here is rigorous by involving for the first time a
complete thermodynamic analysis of a non-trivial continuous gas in the canonical ensemble.
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1. Introduction

The first microscopic theory of superfluidity was originally proposed in 1947 by Bogoliubov
in [4–8]. A recent analysis of the Bogoliubov theory has already been performed in the review [9],
itself containing a summary of [10–15]. The critical analysis performed in [1] leads us to use the
Bogoliubov truncation of the full Hamiltonian within the framework of the canonical ensemble.
In the grandcanonical ensemble, it corresponds to a weaker truncation than the Bogoliubov
one by implying the superstable Bogoliubov Hamiltonian [16] defined in Section 2. This non-
diagonal Bose gas is rigorously solved at the thermodynamic level: in the grandcanonical en-
semble (Section 3) and in the canonical ensemble (Section 4).
In the case of homogeneous systems, these analyses provide a new (canonical) theory of su-
perfluidity with a gapless spectrum at all particle densities and temperatures, leading us to
a deeper understanding of the Bose condensation phenomenon in liquid helium explained in
Section 5.

Actually, at any temperatures T ≥ 0 below a critical temperature Tc, the corresponding Bose
gas is a mixture of particles inside and outside the Bose condensate. Even at zero-temperature,
two Bose systems coexist: the Bose condensate and a second one, which is denoted here as the
Bogoliubov condensate. This comes from a non-diagonal interaction, which implies an effective
attraction between bosons in the zero kinetic energy state, i.e. in the Bose condensate [9, 12].
In contrast with the (conventional) Bose-Einstein condensation, these bosons pair up via the
Bogoliubov condensate to form “Cooper pairs” as in the case of a superconductor. This Bose
condensation constituted by Cooper pairs is non-conventional [9, 11, 12, 14, 17, 18], i.e. turned
on by the Bose statistics but completely transformed by interaction phenomena.

The coherency due to the presence of the Bose condensation is not enough to make the Per-
fect Bose Gas superfluid, see discussions in [4–6]. The spectrum of elementary excitations has
to be collective. In this theory, the particles outside the Bose condensate (the Bogoliubov con-
densate) follow a new statistics, different from the Bose statistics, which we call the Bogoliubov
statistics. The Bogoliubov condensate is a system of “quasi-particles” with the Landau-type
excitation spectrum. Therefore, following Landau’s criterion of superfluidity [19, 20] it is a su-
perfluid gas. The corresponding “quasi-particles” are created from two particles respectively of
momenta p and −p (p 6= 0) through the Bose condensate (p = 0) combined with phenomena of
interaction.

The theoretical critical temperature where the Landau-type excitation spectrum holds
equals Tc ≈ 3.14 K. For the liquid 4He, the superfluid liquid already disappears at Tλ = 2.17 K,
but the Henshaw-Woods spectrum does not change drastically when the temperature crosses
Tλ: it is still a Landau-type excitation spectrum for Tλ < T < T̃λ. For a complete description
of this theory in relation with liquid 4He, see Sections 5.3 to 5.4.

The phenomenon of Cooper pairs between two fermions corresponds to the phenomenologi-
cal explanation given for the existence of superfluidity and Bose condensation in 3He [21–23].
Therefore, at the end (Section 5.5), we explain how this theory may also be a starting point
for a microscopic theory of superfluidity for 3He within the framework of Fermi systems.

Before finishing this short introduction, we recall again that this analysis is based on the
Bogoliubov truncation in the canonical ensemble [1]. This unique truncation hypothesis is still
not proven in this paper, but we will show that the theory is, at least, self-consistent. Note that
it implies the exact solution of a non-diagonal continuous model far from the Perfect Bose Gas
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in the canonical ensemble at all temperatures and densities. This is the first time for such a
rigorous thermodynamic analysis to be performed on a non-trivial continuous gas.

Remark 1.1. This analysis is technically based on three papers. First we use the proof of the
exactness of the Bogoliubov approximation in the grandcanonical ensemble for a superstable
gas [24], as done by Ginibre [25]. Then, we use the “superstabilization” method [26, 27].

2. Setup of the problem

Let an interacting homogeneous gas of n spinless bosons with mass m be enclosed in a cubic

box Λ =
3
×

α=1
L ⊂ R3. We denote by ϕ (x) = ϕ (‖x‖) a (real) two-body interaction potential and

we assume that:

(A) ϕ (x) ∈ L1 (R3) .

(B) Its (real) Fourier transformation

λk =

∫

R3

d3xϕ (x) e−ikx, k ∈ R
3,

satisfies: λ0 > 0 and 0 ≤ λk = λ−k ≤ lim
‖k‖→0+

λk for k ∈ R3.

(C) The interaction potential ϕ (x) satisfies:

(C1) :
λ0

2
+ g00 ≥ 0, or (C2) :

λ0

2
+ g00 < 0,

where the (effective coupling) constant g00 equals

g00 ≡ − 1

4 (2π)3

∫

R3

d3k
λ2

k

εk
< 0, (2.1)

with the one-particle energy spectrum defined by εk ≡ ~2k2/2m.

The last conditions (C1)-(C2) will be important only at the end of this paper and first appeared
in the study of the Weakly Imperfect Bose Gas [9, 11, 12, 16]. In particular, we explain later in
Section 5.2 the quantum interpretation given by [12] of the constant g00.

Following [1], the full interacting Bose gas should be truncated within the framework of
the canonical ensemble. Formally, the Mean-Field interaction does not change the “physical
properties” of a Bose system (cf. [26, 27]). The “physical” effect of the interaction potential
should express itself by the other terms of interaction. Actually, considering the existence of
a Bose condensation in the zero-kinetic energy state, one should partially truncate the full
interaction by keeping complete the Mean-Field interaction since it is a constant in the canonical
ensemble. Within the framework of the grandcanonical ensemble, this procedure [1] implies the
(non-diagonal) superstable Bogoliubov Hamiltonian [16]:

HSB
Λ,λ0

≡ HB
Λ,0 + UMF

Λ , (2.2)

3



where

UMF
Λ ≡ λ0

2V

∑

k1,k2∈Λ∗

a∗k1
a∗k2

ak2ak1 =
λ0

2V

(
N2

Λ −NΛ

)
, (2.3)

HB
Λ,λ0

≡ TΛ + UD
Λ + UND

Λ + UBMF
Λ , (2.4)

and

NΛ ≡
∑

k∈Λ∗

a∗kak

TΛ ≡
∑

k∈Λ∗

εka
∗
kak,

UD
Λ ≡ 1

2V

∑

k∈Λ∗\{0}

λka
∗
0a0

(
a∗kak + a∗−ka−k

)
, (2.5)

UND
Λ ≡ 1

2V

∑

k∈Λ∗\{0}

λk

(
a∗ka

∗
−ka

2
0 + a∗

2

0 aka−k

)
, (2.6)

UBMF
Λ ≡ λ0

2V
a∗

2

0 a
2
0 +

λ0

V
a∗0a0

∑

k∈Λ∗\{0}

a∗kak. (2.7)

In the canonical ensemble, the important Hamiltonian to analyze is HB
Λ,0. However, because

of the instability of this model in the grandcanonical ensemble [1], we need first the grand-
canonical thermodynamic properties of the superstable Bogoliubov Hamiltonian HSB

Λ,λ0
for any

λ0 > 0 (Section 3), in order to get the canonical thermodynamics of HB
Λ,0 (Section 4). In parti-

cular, HB
Λ,0 does not depend on λ0 > 0, originally defined as the Fourier transformation of ϕ (x)

for k = 0. Then, we explain in Section 4 that λ0 can be chosen freely as an arbitrary parameter
and has to be taken sufficiently large to satisfy (C1).

Remark 2.1. For λ0 > 0, the Hamiltonian HB
Λ,λ0>0 represents in fact the original Bogoliubov

Hamiltonian [4–8]. Since the truncation does not involve here the Mean-Field interaction UMF
Λ ,

we get the superstabilized [26, 27] version of the Bogoliubov Hamiltonian for λ0 = 0 (the
Bogoliubov Hamiltonian without the term UBMF

Λ coming from UMF
Λ by using the Bogoliubov

truncation).

The Hamiltonian HSB
Λ,λ0

acts on the boson Fock space

FB
Λ ≡

+∞
⊕

n=0
H(n)

B ,

with H(n)
B defined as the symmetrized n-particle Hilbert spaces

H(n)
B ≡

(
L2 (Λn)

)
symm

, H(0)
B ≡ C,

see [24, 28]. Using periodic boundary conditions, let

Λ∗ ≡
{
k ∈ R

3 : kα =
2πnα

L
, nα = 0,±1,±2, ..., α = 1, 2, 3

}
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be the set of wave vectors. Also, note that a#
k = {a∗k or ak} are the usual boson creati-

on/annihilation operators in the one-particle state ψk (x) = V − 1
2 eikx, k ∈ Λ∗, x ∈ Λ, acting

on the boson Fock space FB
Λ . Under assumptions (A) and (B) on the interaction potential ϕ (x)

the Hamiltonian HSB
Λ,λ0

is superstable [24].

Remark 2.2. Here β > 0 is the inverse temperature, µ the chemical potential, ρ > 0 the fixed
full particle density, whereas n = [ρV ] defined as the integer of ρV , is the number of particles in
the canonical ensemble. Also T = (kBβ)−1 ≥ 0 is the temperature where kB is the Boltzmann
constant.

3. Thermodynamics in the grandcanonical ensemble

In this section we analyze the thermodynamic behavior of the superstable Bogoliubov Hamil-
tonian HSB

Λ,λ0
in the grandcanonical ensemble. Note that in the canonical ensemble for a given

density ρ, i.e. on the Hilbert space H(n=[ρV ])
B , the Hamiltonians HSB

Λ,λ0
and HB

Λ,0 differ only by a
constant. Therefore one may be tempted to first analyze the easier Hamiltonian HB

Λ,0. Indeed
HSB

Λ,λ0
represents the superstabilized version of HB

Λ,0 (remark 2.1) and from [26, 27] we could
have found all the thermodynamic behavior of the superstable Bose system HSB

Λ,λ0
, as it is done

for the Mean-Field Bose Gas using the Perfect Bose Gas, cf. [29–35]. The thermodynamic be-
havior of HB

Λ,0 is known [1], but, unfortunately, this Bose system is drastically instable at high
densities in the grandcanonical ensemble. The terms of repulsion in the Hamiltonian HB

Λ,0 are
not strong enough to prevent the system from collapse. So the Bose gas HB

Λ,0 gives only very
partial results on its superstabilized version HSB

Λ,λ0
, and in fact only at sufficiently low chemical

potentials. Consequently, the thermodynamic behavior of HSB
Λ,λ0

has to be found directly.

Before entering this study recall the definitions of the grandcanonical pressure pSB
Λ (β, µ)

and particle density ρSB
Λ (β, µ) associated with HSB

Λ,λ0
:

pSB
Λ (β, µ) ≡ 1

βV
lnTrFB

Λ

(
e−β(HSB

Λ,λ0
−µNΛ)

)
,

ρSB
Λ (β, µ) ≡

〈
NΛ

V

〉

HSB
Λ,λ0

(β, µ) = ∂µp
SB
Λ (β, µ) .

Here 〈−〉HX
Λ

(β, µ) represents the (finite volume) grandcanonical Gibbs state for some Hamilto-

nian HX
Λ :

〈−〉HX
Λ

(β, µ) ≡
TrFB

Λ

(
(−) e−β(HX

Λ −µNΛ)
)

TrFB
Λ

(
e−β(HX

Λ −µNΛ)
) .

From the superstability of the Hamiltonian HSB
Λ,λ0

it follows that pSB
Λ (β, µ) is defined for every

pair
(β, µ) ∈ QS ≡ {β > 0} × {µ ∈ R} ,

even in the thermodynamic limit [24].
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3.1. The grandcanonical pressure

The first step is to use the Bogoliubov approximation, i.e.

a0/
√
V → c ∈ C, a∗0/

√
V → c ∈ C,

for the Hamiltonian HSB
Λ,λ0

(µ) ≡ HSB
Λ,λ0

−µNΛ. Since the model HSB
Λ,λ0

is superstable [24], Ginibre
[25] proves the exactness of the Bogoliubov approximation in the sense that

pSB (β, µ) = lim
Λ
pSB

Λ (β, µ) = sup
c∈C

pSB (β, µ, c) ≡ lim
Λ

{
sup
c∈C

pSB
Λ (β, µ, c)

}
, (3.1)

with

pSB
Λ (β, µ, c) ≡ 1

βV
lnTrF ′

B
e−βHSB

Λ,λ0
(µ,c), pSB (β, µ, c) ≡lim

Λ
pSB

Λ (β, µ, c) . (3.2)

Here

F ′
B ≡

+∞
⊕

n=0
H(n)

B,k 6=0

is the boson Fock space of the symmetrized n-particle Hilbert spaces H(n)
B,k 6=0 for non-zero

momentum bosons.
Note that

HSB
Λ,λ0

(µ, c) = HB
Λ,λ0

(µ, c) +
λ0

2V

(
N2

Λ,k 6=0 −NΛ,k 6=0

)
with λ0 > 0, (3.3)

where HB
Λ,λ0

(µ, c) is defined by (A.1) in Appendix A and NΛ,k 6=0 is the operator of the number
of particles outside the zero-mode. Then, the second step to find the thermodynamic limit
pSB (β, µ) of the pressure uses [26] and gives the following result:

Theorem 3.1. Let pB
0 (β, α, x) (A.9) be the thermodynamic limit of the pressure of the non-

superstable Hamiltonian HB
Λ,0 (α, c), then for any (β, µ) ∈ QS, one has

pSB (β, µ) =sup
c∈C

pSB (β, µ, c) =sup
x≥0

{
inf
α≤0

{
pB

0 (β, α, x) +
(µ− α)2

2λ0

}}
. (3.4)

Proof. By (3.1) the proof consists of getting the thermodynamic limit pSB (β, µ, c) of the pressure
pSB

Λ (β, µ, c) associated with the Hamiltonian HSB
Λ,λ0

(µ, c). We calculate the pressure pSB
Λ (β, µ, c)

via the weak-equivalence of another related Hamiltonian defined in part (i). In (ii) we consider
the specific free energy densities in the canonical ensemble, whereas in (iii) we show convexity,
such that weak-equivalence of ensembles implies the theorem in (iv).

(i) Let

H̃B
Λ,λ0

(γ, c) ≡ HB
Λ,λ0

(γ, c) + γ |c|2 V − λ0

2

(
|c|4 V − |c|2

)
, (3.5)

see (A.1). The Hamiltonians H̃B
Λ,λ0

(γ, c) and HSB
Λ,λ0

(µ, c) are well-defined on the boson Fock
space F ′

B for any fixed c ∈ C. Here we use two chemical potentials γ and µ respectively

for the models H̃B
Λ,λ0

(γ, c) and HSB
Λ,λ0

(µ, c). From Appendix A, the Hamiltonian H̃B
Λ,λ0

(γ, c)
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is diagonalizable by the Bogoliubov canonical u-v transformation, see (A.7), and one gets a
perfect Bose gas with a spectrum EB

k,λ0
(A.5). We then have

p̃B
Λ,λ0

(β, γ, c) = pB
Λ,λ0

(β, γ, c) − γ |c|2 +
λ0

2

(
|c|4 − |c|2

V

)
(3.6)

for
γ ≤ |c|2 λ0+ min

k∈Λ∗\{0}
εk,

see (A.6) and (A.8) in Appendix A. The thermodynamic limit follows as

p̃B
λ0

(
β, γ, x = |c|2

)
≡lim

Λ
p̃B

Λ,λ0
(β, γ, c) = pB

λ0
(β, γ, x) − γx+

λ0

2
x2, (3.7)

cf. (A.9) for

γ ≤ xλ0 = lim
Λ

(
|c|2 λ0+ min

k∈Λ∗\{0}
εk

)
and λ0 > 0.

(ii) Note that [
H̃B

Λ,λ0
(γ, c) , NΛ,k 6=0

]
6= 0,

[
HSB

Λ,λ0
(µ, c) , NΛ,k 6=0

]
6= 0.

However, for a fixed particle density ρ1 > 0, let f̃B
Λ,λ0

(β, ρ1, c) and fSB
Λ (β, ρ1, c) be the free-

energy densities:

f̃B
Λ,λ0

(β, ρ1, c) ≡ − 1

βV
lnTr

H
(n)
B,k 6=0

({
e−β eHB

Λ,λ0
(0,c)
}(n,k 6=0)

)
,

fSB
Λ (β, ρ1, c) ≡ − 1

βV
lnTr

H
(n)
B,k 6=0

({
e−βHSB

Λ,λ0
(0,c)
}(n,k 6=0)

)
,

(3.8)

where
A(n,k 6=0) ≡ A ⌈H(n)

B,k 6=0

is the restriction of any operator A acting on the boson Fock space F ′
B (n = [ρ1V ]). Note that

p̃B
Λ,λ0

(β, γ, c) =
1

βV
ln

+∞∑

n=0

eβV {γ n
V
− efB

Λ,λ0
(β, n

V
,c)}. (3.9)

The free-energy density f̃B
Λ,λ0

(β, ρ1, c) is in fact well-defined for any ρ1 > 0 and β > 0 in the
thermodynamic limit, i.e.

f̃B
λ0

(
β, ρ1, x = |c|2

)
≡ lim

Λ
f̃B

Λ,λ0
(β, ρ1, c) < +∞.

From (3.3) and (3.5) we then have

fSB
Λ (β, ρ1, c) = f̃B

Λ,λ0
(β, ρ1, c) +

λ0

2

(
ρ2

1 −
ρ1

V

)
− µ |c|2 +

λ0

2

(
|c|4 − |c|2

V

)
,
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which gives

fSB
(
β, ρ1, x = |c|2

)
≡ lim

Λ
fSB

Λ (β, ρ1, c) = f̃B
λ0

(β, ρ1, x) +
λ0

2
ρ2

1 − µx+
λ0

2
x2.

(iii) Notice that we do not know if the specific free energy f̃B
λ0

(β, ρ1, x) is convex as a function
of ρ1, which is crucial in order to use [26] for our proof. It is the next step of the proof.
By (3.6), there is a unique solution of γΛ (ρ1) with

∂γ p̃
B
Λ,λ0

(β, γΛ (ρ1) , c) = ρ1 (3.10)

at all densities ρ1 > 0. By direct computations of (3.10) done via (3.7), the corresponding
thermodynamic limit

γ (ρ1) ≡lim
Λ
γΛ (ρ1) =

{
< xλ0 for ρ1 < ∂γ p̃

B
λ0

(β, λ0x, x) ,
xλ0 for ρ1 ≥ ∂γ p̃

B
λ0

(β, λ0x, x) ,

is an increasing continuous function of ρ1 > 0. By (3.9) we also have

p̃B
λ0

(β, γ (ρ1) , x) ≡ lim
Λ
p̃B

Λ,λ0
(β, γΛ (ρ1) , c) = γ (ρ1) (ρ1) − f̃B

λ0
(β, ρ1, x)

= sup
t>0

{
γ (ρ1) t− f̃B

λ0
(β, t, x)

}
. (3.11)

Therefore for any ρ1 > 0,

∂ρ1
f̃B

λ0
(β, ρ1, x) = γ (ρ1)

is an increasing function of ρ1 > 0, i.e. f̃B
λ0

(β, ρ1, x) is a convex function of ρ1 > 0.

(iv) The weak equivalence of ensembles is then verified by the model H̃B
Λ,λ0

(γ, c) for each fixed

x = |c|2 ≥ 0, and using [26] combined with (3.3) and (3.5) we directly find

pSB (β, µ, c) =

{
inf

γ≤xλ0

{
p̃B

λ0
(β, γ, x) +

(µ− γ)2

2λ0

}
+ µx− λ0

2
x2

}∣∣∣∣
x=|c|2

. (3.12)

Therefore the theorem follows by (3.1) and (3.7) and the last equality, if we take α = γ−xλ0 ≤ 0
in the expression for the infimum and finally switch from p̃B

λ0
(β, γ, x) to pB

0 (β, α, x). �

Let us consider the Mean-Field Hamiltonian

HMF
Λ = TΛ + UMF

Λ ≡ TΛ +
λ0

2V

(
N2

Λ −NΛ

)
, (3.13)

or the Imperfect Bose Gas

HIBG
Λ = TΛ +

λ0

2V
N2

Λ (3.14)

see [29–35]. Then, by theorem 3.1 and (A.9), we get the following lower bound for the pressure:

pSB (β, µ) ≥ inf
α≤0

{
pB

0 (β, α, 0) +
(µ− α)2

2λ0

}

= inf
α≤0

{
pPBG (β, α) +

(µ− α)2

2λ0

}
= pMF (β, µ) = pIBG (β, µ) , (3.15)
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where pPBG (β, α) , pMF (β, µ) and pIBG (β, µ) are the (infinite volume) pressures respectively
for the Perfect Bose Gas, the Mean-Field Bose Gas and the Imperfect Bose Gas, see [26,29–35].
Let α (x) ≡ α (β, µ, x) be the solution of

inf
α≤0

{
pB

0 (β, α, x) +
(µ− α)2

2λ0

}
=

{
pB

0 (β, α, x) +
(µ− α)2

2λ0

}∣∣∣∣
α=α(x)

(3.16)

for any fixed x ≥ 0. Thus we have

∂α

{
pB

0 (β, α, x) +
(µ− α)2

2λ0

}∣∣∣∣
α=α(x)≤0

=

{
ρB

0 (β, α, x) − (µ− α)

λ0

} ∣∣∣∣
α=α(x)≤0

= 0 (3.17)

for chemical potentials
µ ≤ µc (β, x) ≡ λ0ρ

B
0 (β, 0, x) , (3.18)

whereas for µ ≥ µc (β, x) and α ≤ 0 the corresponding derivative is negative:

ρB
0 (β, α, x) − (µ− α)

λ0

≤ 0 which implies α (x) = 0. (3.19)

Here,

ρB
0 (β, α, x) ≡ ∂αp

B
0 (β, α, x) = x+

1

(2π)3

∫

R3

fk,0

EB
k,0

[
eβEB

k,0 − 1
]d3k

+
1

(2π)3

∫

R3

x2λ2
k

2EB
k,0

[
fk,0 + EB

k,0

]d3k. (3.20)

Note that ρB
0 (β, α, 0) = ρPBG (β, α ≤ 0) is the critical density of the Perfect Bose Gas.

Since all functions depend only on x = |c|2 , in the following we denote by x̂ = x̂ (β, µ) the
solution of the variational problem of theorem 3.1:

pSB (β, µ) = inf
α≤0

{
pB

0 (β, α, x̂) +
(µ− α)2

2λ0

}
, (3.21)

and we solve it via the following theorem.

Theorem 3.2. For any β > 0, there exists a unique µc (β) such that

pSB (β, µ) =





pB
0 (β, α (0) , 0) +

(µ− α (0))2

2λ0
= pMF (β, µ) = pIBG (β, µ) , for µ ≤ µc (β) .

{
pB

0 (β, α (x) , x) +
(µ− α (x))2

2λ0

}∣∣∣∣
x=bx>0

, for µ > µc (β) .

The function µc (β) is bijective from [a,+∞) to R+ and we denote by βc (µ) ≥ 0 the inverse
function of µc (β), see figure 3.1. Here a = 0 if (C1) holds whereas if (C2) is satisfied a = µ0 < 0.
The pressure pSB (β, µ) is continuous for µ = µc (β) .
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θ=1/β  (µ)

µ−0.5φ(0) 0µ0

(C1) holds

(C2) holds

(C1) holds

 

λ 0

(C2) holds

λ 0

+

λ 0λ  =00

c

Abbildung 3.1: Illustration of the critical temperature θc = 1/βc (µ) from λ0 = +∞ to 0+ (model
HB

Λ,0, see [1]).

Proof. From theorem 3.1 we get

pSB (β, µ) =sup
x≥0

{Fβ (α (x) , x)} = {Fβ (α (x) , x)}
∣∣∣∣
x=bx

,

where the function Fβ (α, x) is given by





Fβ (α, x) ≡ pB
0 (β, α, x) +

(µ− α)2

2λ0

= ξ0 (β, α, x) + η0(α, β) +
(µ− α)2

2λ0

.

F∞ (α, x) ≡ lim
β→∞

Fβ(α, x) = η0 (α, x) +
(µ− α)2

2λ0

.

(3.22)

We recall that pB
0 (β, α, x) = ξ0 (β, α, x) + η0 (α, x) is defined by (A.9) in Appendix A. So, we

have to evaluate the sign of

∂x {Fβ (α (x) , x)} = {∂xFβ (α, x)}
∣∣∣∣
α=α(x)

+ {∂xα (x) ∂αFβ (α, x)}
∣∣∣∣
α=α(x)

, (3.23)

to obtain x = x̂ maximizing the function Fβ (α (x) , x).
The proof is then divided in four parts. First we get in 1. an easier expression of the derivative
of the functional Fβ(α(x), x): the second term of (3.23) is in fact zero. In the second step 2. we
study the solution α(x) and the corresponding critical chemical potential µc (β, x) (3.18). In 3.
and 4. we get the first results for β → ∞ and then for arbitrary finite β.
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1. Through (3.22) one has

∂αFβ (α, x) = ρB
0 (β, α, x) − (µ− α)

λ0
. (3.24)

Then, by (3.17)-(3.19), one has





{∂αFβ (α, x)}
∣∣∣∣
α=α(x)<0

= 0 for µ < µc (β, x) .

{∂αFβ (α, x)}
∣∣∣∣
α=α(x)=0

= 0 for µ = µc (β, x) .

{∂αFβ (α, x)}
∣∣∣∣
α=α(x)=0

< 0 for µ > µc (β, x) .

(3.25)

Therefore

{∂xα (x) ∂αFβ (α, x)}
∣∣∣∣
α=α(x)

= 0

for any fixed µ and so (3.23) can be written as

∂x {Fβ (α (x) , x)} = {∂xFβ (α, x)}
∣∣∣∣
α=α(x)

. (3.26)

Notice that α (x) = α (β, µ, x) is also a function of the inverse temperature and chemical
potential and, in the same way, we get





{∂βα (x) ∂αFβ (α, x)}
∣∣∣∣
α=α(x)

= 0.

{∂µα (x) ∂αFβ (α, x)}
∣∣∣∣
α=α(x)

= 0.
(3.27)

2. By (3.18) and (3.20) note that

lim
x→+∞

µc (β, x) = +∞.

Moreover we have

∂xρ
B
0 (β, α, x) = 1 +

1

2 (2π)3

∫

R3

xλ2
k√

εk − α (εk − α + 2xλk)
3/2

(
1 +

2

eβEB
k,0 − 1

)
d3k

− 1

4 (2π)3

∫

R3

λk

(
εk − α + xλk

εk − α + 2xλk

)
β

sinh2
(
βEB

k,0/2
)d3k.

(3.28)

Since the last in term in (3.28) vanishes when β → ∞ for all x ≥ 0 and all α ≤ 0, ∂xρ
B
0 (β, α, x) >

0 for sufficiently large β. Thus

inf
x≥0

µc (β, x) = λ0 inf
x≥0

ρB
0 (β, 0, x) = µc (β, 0) = λ0ρ

PBG(β, 0) > 0 (3.29)
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for sufficiently large β > 0 and the critical chemical potential µc(β, x) is an increasing function
of x ≥ 0. Consequently there is for µ > µc (β, 0) a solution xµ > 0 of

µc (β, xµ) = µ, (3.30)

such that

α (x) =

{
0 , for 0 ≤ x ≤ xµ,

< 0 , for x > xµ > 0,
(3.31)

and for all x2 > x1 > xµ,

α (x2) < α (x1) and lim
x→+∞

α (x) = −∞. (3.32)

To summarize the behavior of α (x) = α (β, µ, x) :

lim
x→+∞

α (β, µ, x) = −∞ for β, µ fixed,

lim
µ→−∞

α (β, µ, x) = −∞ for β, x fixed, (3.33)

lim
β→0+

α (β, µ, x) = −∞ for µ, x fixed.

3. We consider now the limit β → ∞. To analyze the derivative of the functional F∞(α(x), x)
we only have to consider the partial derivative with respect to x, because we get the same
results for F∞(α(x), x) as in (3.25) and (3.26) for the functional Fβ(α(x), x). Thus by (3.22) we
have for any α ≥ 0

∂x lim
β→+∞

Fβ (α, x) = ∂xF∞ (α, x) = α + Ω (α, x) , (3.34)

where

Ω (α, x) ≡ 1

2 (2π)3

∫

R3

λk

{
1 −

√
εk − α√

εk − α + 2xλk

}
d3k ≥ 0. (3.35)

By direct computations of the partial derivatives with respect to α and x, we find that Ω (α, x)
is a strictly increasing concave function of x ≥ 0 for any fixed α ≤ 0 with

Ω (α, 0) = 0 and lim
x→+∞

Ω (α, x) =
ϕ (0)

2
, (3.36)

whereas for any fixed x > 0, Ω (α, x) is a strictly increasing convex function of α ≤ 0 with

lim
α→−∞

Ω (α, x) = 0 ≤ Ω (0, x) =
1

2 (2π)3

∫

R3

λk

{
1 −

√
εk√

εk + 2xλk

}
d3k. (3.37)

Via (3.29) one has

lim
β→+∞

{
inf
x≥0

µc (β, x)

}
= 0,

i.e. we have to consider the cases µ > 0 and µ ≤ 0.
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3.1. Let us first discuss the case µ > 0. By (3.30)-(3.32), there is xµ > 0 such that

α (x) =

{
0 , for 0 ≤ x ≤ xµ.

< 0 , for x > xµ > 0.
(3.38)

Combining (3.36)-(3.37) with the previous relation, we get

Ω (0, xµ) ≥ Ω (0, x) > 0

for 0 < x ≤ xµ and µ > 0 and the lower bound

sup
x≥0

{F∞ (α (x) , x)} = {F∞ (α (x) , x)}
∣∣∣∣
x=bx

> sup
0≤x≤xµ

{F∞ (α (x) , x)} = F∞ (0, xµ) (3.39)

which implies x̂ > xµ > 0 and α (x̂) < 0 for µ > 0. This first result proves the theorem for
µ > 0 and β → ∞.
3.2. If µ ≤ 0 the condition (3.17) is always satisfied and gives an expression for α = α (x),
i.e. α (x) = µ − λ0ρ

B
0 (β, α (x) , x). Hence, since the second term in (3.20) vanishes in the limit

β → ∞ we can rewrite (3.34):

∂x {F∞ (α (x) , x)} = {∂xF∞ (α, x)}
∣∣∣∣
α=α(x)

= µ− λ0ρ
B
0 (β, α(x), x) + Ω(α(x), x)

=



µ+ Ω (α, x) − λ0x−

λ0x
2

2 (2π)3

∫

R3

λ2
k

EB
k,0

[
fk,0 + EB

k,0

]d3k





∣∣∣∣
α=α(x)

. (3.40)

Moreover, notice that

∂2
xF∞ (α, x) = −λ0 +

1

2 (2π)3

∫

R3

λ2
k (εk − α− xλ0)√

εk − α (εk − α + 2xλk)
3/2
d3k < ∂2

xF∞ (α, x)

∣∣∣∣
x=0

, (3.41)

for any α ≤ 0 and x > 0, see (3.28) with β → +∞ for the derivative of the density ρB
0 (β, α, x).

We also have

∂2
xF∞ (α, x)

∣∣∣∣
x=0

= −λ0 +
1

2 (2π)3

∫

R3

λ2
k

(εk − α)
d3k ≤ ∂2

xF∞ (α, x)

∣∣∣∣
x=0,α=0

= −2

(
λ0

2
+ g00

)
,

see (2.1). Therefore, by fixing the sign of ∂2
xF∞ (α, x)

∣∣∣∣
x=0,α=0

the assumptions (C1)-(C2) imply

two different behaviors for the solution x̂ of the variational problem.

(C1) If condition (C1) is satisfied, we find via the two previous expressions that

∂2
xF∞ (α, x) < 0

for all α ≤ 0 and x > 0, which via (3.40) implies

µ+ Ω (α (x) , x) − λ0x−
λ0x

2

2 (2π)3

∫

R3

λ2
k

EB
k,0

[
fk,0 + EB

k,0

]d3k

< µ+ Ω (α (x) , 0) = µ+ Ω (α (0) , 0) = µ ≤ 0, (3.42)
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for x > 0, i.e., ∂x {F∞ (α (x) , x)}
∣∣∣∣
x>0

< 0 for all µ ≤ 0. Therefore we get x̂ = 0. Actually, by

combining the results for µ > 0 and µ ≤ 0, notice that





x̂ > 0 for µ > 0,
lim

µ→0−
x̂ = lim

µ→0+
x̂ = 0,

x̂ = 0 for µ ≤ 0,

(3.43)

at infinite inverse temperature (β → ∞).

(C2) Assuming now condition (C2), there is a critical value α0 < 0 such that the upper bound
of (3.41) becomes positive:

∂2
xF∞ (α, x)

∣∣∣∣
x=0

> 0, (3.44)

for any α0 < α ≤ 0. Since for µ = 0 one has α (0) = 0 from (3.17), by (3.41) and (3.44) we have






∂x {F∞ (α (x) , x)}
∣∣∣∣
µ=0,x=0

= 0,

∂2
x {F∞ (α (x) , x)}

∣∣∣∣
µ=0,x<δ

> 0,
(3.45)

for sufficiently small δ > 0, because of continuity. Therefore from the definition of pSB(β,µ) and
(3.22) we have x̂ > 0 for µ = 0. Actually, there is a µ0 < 0 such that





x̂ > 0 for µ ≥ 0.
lim

µ→0+
x̂ = lim

µ→0−
x̂.

x̂ > 0 for µ0 < µ ≤ 0.
lim

µ→µ+
0

x̂ > lim
µ→µ−

0

x̂ = 0.

x̂ = 0 for µ < µ0.

(3.46)

4. Now we consider the case of finite inverse temperatures β < +∞. By (3.22), (3.26) and
(3.27) one has

(i)






∂x {Fβ (α (x) , x)} = {∂xξ0 (β, α, x) + ∂xF∞ (α, x)}
∣∣∣∣
α=α(x)

< {∂xF∞ (α, x)}
∣∣∣∣
α=α(x)

,

lim
x→+∞

ξ0 (β, α (x) , x) = 0,

(ii)






∂β {Fβ (α (x) , x)} = {∂βξ0 (β, α, x)}
∣∣∣∣
α=α(x)

< 0,

lim
β→+∞

ξ0 (β, α, x) = 0,

for fixed µ ∈ R. By (i) for fixed µ, if x̂ = 0 for β → ∞, then x̂ = 0 for any β ≥ 0.
Let µ > 0. By definition of Fβ (α, x) one has

Fβ (α, x) > F∞ (α, x) ,
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for µ > 0 and any fixed α ≤ 0. Since by (ii) the function Fβ (α (x) , x) is monotonically
decreasing for β ր ∞, we find that

Fβ (α (0) , 0) < F∞ (α (x̂) , x̂ > 0) < sup
x≥0

{Fβ (α (x) , x)} ,

for sufficiently large β and µ > 0, i.e. x̂ > 0. Since one has (3.33), ∂xξ0 (β, α, x) < 0 (i) and

∂β∂xξ0 (β, α, x) =
1

(2π)3

∫

R3

d3k
EB

k,0e
βEB

k,0

(
1 − eβEB

k,0

)2∂xE
B
k,0 > 0,

for µ > 0, there is an inverse temperature βc (µ) > 0 such that x̂ > 0 for β > βc (µ > 0) and
x̂ = 0 for β < βc (µ > 0) . The function βc (µ > 0) is bijective so we define by µc (β) > 0 the
inverse function of βc (µ). Note that if µ > µc (β, 0) (3.18) then the arguments done in 2. (cf.
(3.28)-(3.32)) and 3.1. still work. So, x̂ > 0 for µ > µc (β, 0) . Consequently

µc (β) ≤ µc (β, 0) = λ0ρ
B
0 (β, 0, 0) , (3.47)

and βc (µ) is a strictly increasing function from [0,+∞) to [0,+∞) .
If the condition (C2) is verified, the arguments done here in 4. for µ > 0 work also for µ > µ0

and the function βc (µ > µ0) is bijective. In particular the inverse function µc (β) of βc (µ)
verifies:

lim
β→+∞

µc (β) = µ0 < 0,

and (3.46) holds for β > 0. An illustration of the critical temperature θc (µ) = 1/βc (µ) as a
function of µ is given by figure 3.1. �

Remark 3.3. The solution x̂ = x̂ (β, µ) of (3.21) always satisfies






{
∂|c|2p

SB (β, µ, c)
} ∣∣∣∣

|c|2=bx

=
{
∂xp

B
0 (β, α, x)

} ∣∣∣∣
x=bx,α=α(bx)

= 0, for µ > µc (β) ,

x̂ = x̂ (β, µ) = 0 for µ < µc (β) ,

(3.48)

see (3.22) and (3.26). Moreover, from the proof of the previous theorem we can see that the
solution α (x̂) = α (β, µ, x̂) of (3.16) is always strictly negative for any µ 6= µc (β) or β 6= βc (µ).
In particular, one always has (3.17) for α = α (x̂), x = x̂ (3.21), and µ 6= µc (β) or β 6= βc (µ).

Remark 3.4. Actually, as an extension for finite β of (3.43) and (3.46) we get two behaviors
for x̂ depending on conditions (C1) and (C2):

(C1) :





x̂ = 0 for µ ≤ µc (β) .
lim

µ→µ−
c (β)

x̂ = lim
µ→µ+

c (β)
x̂ = 0.

x̂ > 0 for µ > µc (β) .





or (C2) :





x̂ = 0 for µ < µc (β) .
0 = lim

µ→µ−
c (β)

x̂ < lim
µ→µ+

c (β)
x̂.

x̂ > 0 for µ > µc (β) .




.

Remark 3.5. If condition (C1) holds, using arguments from the proof of theorem 3.2 (3.2.
and 4.) we have

µc (β) ≥ inf
x≥0

µc (β, x) .
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Therefore, for sufficiently large β, i.e., for small temperatures (compare (3.29) and (3.47)), we
have

µc (β) = µc (β, 0) = λ0ρ
PBG (β, 0) .

We recall that µc (β, x) = λ0ρ
B
0 (β, 0, x) is defined by (3.18) and ρPBG (β, 0) is the critical density

of the Perfect Bose Gas.

Remark 3.6. Notice that the proof of theorem 3.2 does not depend on the fact that λ0 is the
Fourier transformation of the interaction potential for k = 0. Actually, one could have taken
as an arbitrary (strictly positive) parameter satisfying either (C1) or (C2). In Section 4, we
explain that λ0 has no physical relevance for a fixed particle density and is then taken arbitrary
large enough such that only (C1) holds with a strict inequality.

3.2. Non-conventional Bose condensation and Bogoliubov statistics

By lemma B.1 (Appendix B) or by remark 3.3 for µ 6= µc (β) or β 6= βc (µ) the full particle
density equals:

ρSB (β, µ) ≡ lim
Λ

〈
NΛ

V

〉

HSB
Λ,λ0

(β, µ) =
µ− α (x̂)

λ0

=

{
ρPBG (β, α (0)) for µ < µc (β) or β < βc (µ) ,{
ρB

0 (β, α (x̂) , x̂)
}

for µ > µc (β) or β > βc (µ) ,
(3.49)

where ρB
0 (β, α (x) , x) is defined by (3.20) and with x̂ = x̂ (β, µ) and α (x) = α (β, µ, x) the

solutions of the variational problems. Now our main results concern the particle densities inside
and outside the zero-mode.

Theorem 3.7. Under the assumptions of the previous theorems it follows:
(i) A non-conventional Bose condensation induced by the non-diagonal interaction UND

Λ [9,12]
for high chemical potentials (high particles densities), or low temperatures:

lim
Λ

〈
a∗0a0

V

〉

HSB
Λ,λ0

(β, µ) = x̂ (β, µ) =

{
= 0 for µ < µc (β) or β < βc (µ) .
> 0 for µ > µc (β) or β > βc (µ) .

(ii) No Bose condensation (of any type I, II or III [38–40]) outside the zero-mode for any
chemical potentials, particles densities or temperatures:





∀k ∈ Λ∗\ {0} , lim
Λ

〈
a∗kak

V

〉

HSB
Λ,λ0

(β, µ) = 0

lim
δ→0+

lim
Λ

1

V

∑

{k∈Λ∗,0<‖k‖≤δ}

〈a∗kak〉HSB
Λ,λ0

(β, µ) = 0





for any (β, µ) ∈ QS.

(iii) A particle density outside the zero-mode equal to:

lim
Λ

1

V

∑

k∈Λ∗\{0}

〈a∗kak〉HSB
Λ,λ0

(β, µ) =





1

(2π)3

∫

R3

fk,0

EB
k,0

[
eβEB

k,0 − 1
]d3k





∣∣∣∣
x=bx,α=α(bx)
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+





1

(2π)3

∫

R3

x2λ2
k

2EB
k,0

[
fk,0 + EB

k,0

]d3k





∣∣∣∣
x=bx,α=α(bx)

.

Note that the last limit equals the full particle density ρPBG (β, α (0) ≤ 0) of the Perfect Bose
Gas for µ < µc (β) or β < βc (µ).

(iv) There is no discontinuity of the particle densities (full density (3.49), density in the zero-
mode (i) or outside the zero-mode (iii)) only if condition (C1) is satisfied. Assuming condition
(C2), a discontinuity of the three densities appears with a strictly positive jump.

(v) For µ < µc (β) or β < βc (µ) one has the Bose statistics for a corresponding chemical
potential α (0) < 0:

∀k ∈ Λ∗\ {0} , lim
Λ

〈a∗kak〉HSB
Λ,λ0

(β, µ) =
1

eβ(εk−α(0)) − 1
.

But for µ > µc (β) or β > βc (µ) , i.e. in the presence of a Bose condensation, we get another
one, which we call the Bogoliubov statistics, for a corresponding chemical potential α (x̂) < 0:

lim
Λ

〈a∗kak〉HSB
Λ,λ0

(β, µ) =





fk,0

EB
k,0

(
eβEB

k,0 − 1
) +

x2λ2
k

2EB
k,0

(
fk,0 + EB

k,0

)





∣∣∣∣
x=bx,α=α(bx)

for any k ∈ Λ∗\ {0} .

Before going to the proof let us point out the following remark:

Remark 3.8. (a) Assuming condition (C2), a discontinuity of the densities appears because
the direct term of repulsion

λ0

2V
a∗

2

0 a
2
0 =

λ0

2V

(
N2

0 −N0

)
, with N0 ≡ a∗0a0, (3.50)

in (2.2) becomes too weak to beat the attraction induced by UND
Λ (2.6). UND

Λ express itself via
the effective coupling constant g00 (2.1) [9,12] (see also discussions in Section 5.2 and figure 5.3).

(b) As expected the Bogoliubov statistics corresponds for λ0 = 0 also to the one found [9, 14]
at a chemical potential α = 0 (high density regimes) in the thermodynamic behavior of the
Bogoliubov Hamiltonian HB

Λ,λ0>0 (2.4). Actually this results for α = 0 in [9,14] could have easily
been extended to α < 0 as soon as the non-conventional Bose condensation exists.

Proof. (i) Using lemma B.1 for EΛ = {0} combined with remark 3.4 for µ 6= µc (β), one gets (i).

(ii) The first limit comes directly from lemma B.2 of Appendix B. Also lemma B.1 with EΛ =
{k ∈ Λ∗, 0 < ‖k‖ ≤ δ} implies:

lim
Λ

1

V

∑

{k∈Λ∗,0<‖k‖≤δ}

〈a∗kak〉HSB
Λ,λ0

(β, µ) =
1

(2π)3

∫

‖k‖≤δ

ξβ,µ (k) d3k (3.51)
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where ξβ,µ (k) is a continuous function on k ∈ R3 defined by

ξβ,µ (k) ≡ 1

eβ(εk−α(0)) − 1
, (3.52)

for µ < µc (β) or β < βc (µ) whereas for µ > µc (β) or β > βc (µ)

ξβ,µ (k) ≡


 fk,0

EB
k,0

(
eβEB

k,0 − 1
) +

x2λ2
k

2EB
k,0

(
fk,0 + EB

k,0

)




x=bx,α(bx)

. (3.53)

Therefore by taking the limit δ → 0+ in (3.51) we get the second limit of (ii).

(iii) Since

NΛ = a∗0a0+
∑

k∈Λ∗\{0}

a∗kak,

the limit is deduced from (3.49) and (i).

(iv) is a direct consequence of remark 3.4 combined with (i) and (iii).

(v) Notice that the mean particle values 〈a∗kak〉HSB
Λ,λ0

are defined on the discrete set Λ∗ ⊂ R3.

Below we denote by
gβ,µ,Λ (k) ≡ 〈a∗kak〉HSB

Λ,λ0

(β, µ) (3.54)

a continuous interpolation of these values from the set Λ∗ to R3 and we define by gβ,µ (k) the
corresponding thermodynamic limit:

gβ,µ (k) ≡ lim
Λ
gβ,µ,Λ (k) for k ∈ R

3\ {0} . (3.55)

By lemma B.2 note that the thermodynamic limit (3.55) exists and it is uniformly bounded for
all k ∈ R3\ {0}. Moreover for any interval (a, b) with 0 < a < b, we have the convergence of the
Riemann sums to the integral:

lim
Λ

1

V

∑

k∈Λ∗,‖k‖∈(a>0,b)

〈a∗kak〉HSB
Λ,λ0

(β, µ) =
1

(2π)3

∫

R3

gβ,µ (k)χ(a,b) (‖k‖) d3k,

where χ(a,b) (‖k‖) is the characteristic function of (a, b) , 0 < a < b. Then the lemma B.1 with
EΛ = (a, b) ∩ Λ∗ implies

1

(2π)3

∫

R3

gβ,µ (k)χ(a,b) (‖k‖) d3k =
1

(2π)3

∫

R3

ξβ,µ (k)χ(a,b) (‖k‖) d3k (3.56)

with the continuous function ξβ,µ (k) defined by (3.52) and (3.53). Since the relation (3.56) is
valid for any interval (a, b) ⊂ R with 0 < a < b one gets

gβ,µ (k) = ξβ,µ (k) , k ∈ R
3\ {0} .

By this and (3.54)-(3.56) combined with (3.52)-(3.53) we finally get the statements in (v) for
k ∈ Λ∗\ {0}. �
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3.3. The particle density as parameter in the grandcanonical ensemble

Let us consider the fixed particle density ρ in the grandcanonical ensemble which defines a
unique chemical potential µβ,ρ satisfying

ρSB
(
β, µβ,ρ

)
= ρ. (3.57)

Actually, at a fixed inverse temperature β the function µβ,ρ is the inverse function of the mean
particle density ρSB (β, µ) of the superstable Bogoliubov Hamiltonian.

(i) Let 



ρc,inf (β) ≡ lim
µ→µ−

c (β)
ρSB (β, µ) .

ρc,sup (β) ≡ lim
µ→µ+

c (β)
ρSB (β, µ) .

(3.58)

Recall that µc (β) and βc (µ) are defined in theorem 3.2 (figure 3.1). Through (iv) of theorem 3.7
combined with (3.47) and (3.49), we deduce that ρc (β) ≡ ρc,inf (β) = ρc,sup (β) ≤ ρPBG (β, 0) if
condition (C1) is satisfied.
(ii) By remark 3.3 and (3.49) we have

µβ,ρ − λ0ρ = α (x̂) < 0 for ρ /∈
[
ρc,inf (β) , ρc,sup (β)

]
or β 6= βc

(
µβ,ρ

)
. (3.59)

(iii) Combining theorem 3.2 with (3.49) and (3.59) we get

pSB
(
β, µβ,ρ

)
=
{
pB

0 (β, α (x) , x)
} ∣∣∣∣

x=bx

+
λ0

2
ρ2 (3.60)

for any ρ > 0 where α (x̂) < 0 is the unique solution of the Bogoliubov density equation:

ρ = ρB
0 (β, α, x̂) for ρ /∈

[
ρc,inf (β) , ρc,sup (β)

]
or β 6= βc

(
µβ,ρ

)
. (3.61)

(iv) For ρ < ρc,inf (β), one has µβ,ρ < µc (β) whereas µβ,ρ > µc (β) for ρ > ρc,sup (β), and

theorem 3.7 is still valid for any ρ /∈
[
ρc,inf (β) , ρc,sup (β)

]
, i.e. for µβ,ρ 6= µc (β) or β 6= βc

(
µβ,ρ

)
.

In particular, for any ρ > ρc,sup (β) there is only one Bose condensation in the zero mode,
whereas for ρ < ρc,inf (β) ≤ ρPBG (β, 0) the system behaves as the Mean-Field Bose Gas (3.13)
with no Bose condensations. Actually, for any ρ > 0, there are no Bose condensations outside
the zero-mode ((ii) of theorem 3.7), but for ρ /∈

[
ρc,inf (β) , ρc,sup (β)

]
the question of Bose

condensation in the zero-mode is still open in the grandcanonical ensemble. We explain below
in Section 4 that this question is not relevant in the canonical ensemble.

4. Thermodynamics in the canonical ensemble

The aim of this section is to examine the superstable Bogoliubov Hamiltonian HSB
Λ,λ0

in the
canonical ensemble specified by (β, ρ). Actually, this gives the complete thermodynamic beha-
vior of the model HB

Λ,0, since for any λ0 > 0 the Hamiltonians HSB
Λ,λ0

and HB
Λ,0 differ only by a

constant on the symmetrized n-particle Hilbert spaces H(n=[ρV ])
B . The model HB

Λ,0 turns out to
be not sufficient for a microscopic theory of superfluidity in the grandcanonical ensemble [1].
However, we explain here that the Bose gas HB

Λ,0 can be solved in the canonical ensemble by ta-
king λ0 as a large enough parameter in order to use the analysis of HSB

Λ,λ0
in the grandcanonical

one combined with the strong equivalence of ensembles. This is the basis of a new microscopic
theory of superfluidity obtained from HB

Λ,0 and explained in the next Section 5.
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4.1. The weak equivalence of ensembles: free-energy density

Remark that HSB
Λ,λ0

commutes with the particle number operator

[
HSB

Λ,λ0
, NΛ

]
= 0.

Let fSB
Λ (β, ρ) be the free-energy density for a fixed particle density ρ > 0:

fSB
Λ (β, ρ) ≡ − 1

βV
lnTr

H
(n)
B

({
e−βHSB

Λ,λ0

}(n=[ρV ])
)
.

Since the particle density (3.49) as the derivative of the pressure pSB (β, µ 6= µc (β)) is conti-
nuous (as a function of µ 6= µc (β)), using a Tauberien theorem proven in [41], the existence
of pSB (β, µ) already implies the convexity of the thermodynamic limit fSB (β, ρ) for ρ > 0 of
fSB

Λ (β, ρ) and the weak equivalence of the canonical and grandcanonical ensemble:

pSB (β, µ) = sup
ρ>0

{
µρ− fSB (β, ρ)

}
= µρSB (β, µ) − fSB

(
β, ρSB (β, µ)

)
, µ ∈ R,

fSB (β, ρ) = sup
µ∈R

{
µρ− pSB (β, µ)

}
= µβ,ρρ− pSB

(
β, µβ,ρ

)
, ρ > 0,

(4.1)

for ρ /∈
[
ρc,inf (β) , ρc,sup (β)

]
. With (ii) and (iii) of Section 3.3 the Legendre transformation (4.1)

implies an explicit expression of the corresponding free-energy density:

fSB (β, ρ) =
{
α (x) ρ− pB

0 (β, α (x) , x)
} ∣∣∣∣

x=bx

+
λ0

2
ρ2, (4.2)

with pB
0 (β, α, x) defined by (A.9). Now we give an interpretation of this last equality to show

that x̂ and α (x̂) are also solutions of variational problems in the canonical ensemble.

Since the Hamiltonian HB
Λ,0 (0, c) (A.1) does not commute with the particle number operator,

we have to use the new set of operators {ζk}k∈Λ∗\{0},

ζk = a∗0 (N0 + I)−1/2 ak, ζ
∗
k = a∗k (N0 + I)−1/2 a0, k ∈ Λ∗, (4.3)

instead of {ak}k∈Λ∗\{0} . So, we consider the Hamiltonian

ĤB
Λ,0 (c) =

∑

k∈Λ∗\{0}

εkζ
∗
kζk +

1

2

∑

k∈Λ∗\{0}

λk |c|2
[
ζ∗kζk + ζ∗−kζ−k

]

+
1

2

∑

k∈Λ∗\{0}

λk

[
c2ζ∗kζ

∗
−k + c2ζkζ−k

]
, (4.4)

instead, i.e. HB
Λ,0 (0, c) with {ak}k∈Λ∗\{0} → {ζk}k∈Λ∗\{0}. From (A.7) and without taking into

account the constant terms, it follows that the Hamiltonian ĤB
Λ,0 (c 6= 0) corresponds to a per-

fect Bose gas of quasi-particles with a spectrum of excitation given by EB
k,0 (A.5). Then the

thermodynamic limit of the pressure is

p̂B
0 (β, α, x) = lim

Λ

1

βV
lnTrFB

Λ
e−β( bHB

Λ,0(c)−αNΛ,k 6=0)

= pB
0 (β, α, x) − α (x) x.
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The free-energy density

f̂B
Λ,0 (β, ρ1, c) ≡ − 1

βV
lnTr

H
(n)
B

({
e−β bHB

Λ,0(c)
}(n=[ρ1V ])

)

for finite Λ and its thermodynamic limit are well-defined for any ρ1 > 0 and β > 0. Moreover,
for each fixed x ≥ 0

f̂B
0

(
β, ρ1, x = |c|2

)
≡ lim

Λ
f̂B

Λ,0 (β, ρ1, c) (4.5)

is a convex function for ρ1 > 0, i.e. for ρ1 ≡ ρ− x > 0,

f̂B
0 (β, ρ1, x) = sup

α≤0

{
αρ1 − p̂B

0 (β, α, x)
}

= α (ρ1, x) (ρ1 + x) − pB
0 (β, α (ρ1, x) , x) , (4.6)

with α (ρ1, x) defined as a solution of the Bogoliubov density equation ρ = ρB
0 (β, α (ρ1, x) , x)

(3.20) for ρ1 ≡ ρ− x > 0.
To simplify we consider in the following ρ /∈

[
ρc,inf (β) , ρc,sup (β)

]
, i.e. µβ,ρ 6= µc (β) or β 6=

βc

(
µβ,ρ

)
. For x = x̂ (3.21) the solution α (x̂) < 0 is also the unique solution of the Bogoliubov

density equation (3.61). Therefore

{α (ρ− x, x) = α (x)}
∣∣∣∣
x=bx

, (4.7)

which by (4.2) and (4.6) implies

fSB (β, ρ) =
{
f̂B

0 (β, ρ− x, x)
} ∣∣∣∣

x=bx

+
λ0

2
ρ2. (4.8)

The last equality is natural since

fSB (β, ρ) = fB
0 (β, ρ) +

λ0

2
ρ2, (4.9)

with

fB
0 (β, ρ) ≡ lim

Λ
− 1

βV
lnTr

H
(n)
B

({
e−βHB

Λ,0

}(n=[ρV ])
)
. (4.10)

The two models HB
Λ,0 and HSB

Λ,λ0
are equivalent in the canonical ensemble, in the sense that their

(infinite volume) free-energy densities at fixed densities differ only by a constant. Actually their
Gibbs states are equal to each other for all (β, ρ).

The free-energy density f̂B
0 (β, ρ− x̂, x̂) in (4.8) can be understood as the result of the Bogoliu-

bov approximation done in the canonical ensemble and applied to the model HB
Λ,0. The equality

(4.8) finally means that the non-diagonal models HB
Λ,0 and HSB

Λ,λ0
are thermodynamically equi-

valent to the model
{
ĤB

Λ,0 (c)
}

|c|2=bx
as stated in [1].

From (4.8)-(4.10) combined with lemma B.3 we obtain

fB
0 (β, ρ) =

{
f̂B

0 (β, ρ− x, x)
} ∣∣∣∣

x=bx

=inf
x≥0

{
f̂B

0 (β, ρ− x, x)
}
. (4.11)
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The solution x̂ = x̂
(
β, µβ,ρ

)
= x̂ (β, ρ) of the variational problem (3.21) is also solution of

(4.11) for a fixed density ρ > 0. Via (4.7), remark also that the solution α (x̂) of the variational
problem (3.16) is solution in the canonical ensemble of (4.6) with ρ1 ≡ ρ− x̂ > 0. Now we add
some remarks to highlight the important points in order to prepare the discussions of the next
subsection.

Remark 4.1. By (4.1) and (4.8)-(4.9) we obtain

µβ,ρ = ∂ρf
B
0 (β, ρ) + λ0ρ = ∂ρ

{
f̂B

0 (β, ρ− x, x)
} ∣∣∣∣

x=bx

+ λ0ρ.

Remark 4.2. Direct computations (lemma B.3) imply

∂λ0f
B
0 (β, ρ) = ∂λ0 x̂

{
∂xf̂

B
0 (β, ρ1, x) − ∂ρ1

f̂B
0 (β, ρ1, x)

} ∣∣∣∣
ρ1=ρ−bx,x=bx

= 0,

which can alternatively be found directly from (4.11) and the fact that HB
Λ,0 does not depend

on λ0.

Remark 4.3. Via (3.59) combined with remark 4.1 it immediately follows that

α (x̂) = ∂ρf
B
0 (β, ρ)

and ∂λ0 {α (x̂)} = 0 for any ρ /∈
[
ρc,inf (β) , ρc,sup (β)

]
.

Remark 4.4. For a fixed density ρ /∈
[
ρc,inf (β) , ρc,sup (β)

]
we have via (4.11) ∂λ0x̂ = 0. We can

see this results using remark 3.3. Indeed for densities ρ < ρc,inf (β) one has ∂λ0 x̂ = 0 whereas
for ρ > ρc,sup (β) , x̂ > 0 is solution of

{
∂xp

B
0 (β, α, x)

} ∣∣∣∣
x=bx,α=∂ρfB

0 (β,ρ)

= 0

which implies ∂λ0x̂ = 0. Other proofs may be to consider the full particle density (3.49) or to
use direct computations, see lemma B.3. An illustration of the behavior of x̂ for a fixed density
is performed in figure 4.1.

4.2. The strong equivalence of ensembles: particles densities

The two models HB
Λ,0 and HSB

Λ,λ0
are equivalent in the canonical ensemble, see (4.9), i.e. their

Gibbs states are equal for all (β, ρ). Since HB
Λ,0 does not depend on λ0, one has to check if the

grandcanonical densities for HSB
Λ,λ0

depends on λ0 for any fixed particle density.
Actually, the solutions α (x̂) = α (x̂, λ0) and x̂ (λ0) of the variational problems (3.16) and

(3.21) are the key points of this first study. This is done via remarks 4.3 and 4.4 (figure 4.1):
the solutions α (x̂, λ0) and x̂ (λ0) are also solutions in the canonical ensemble of the variational
problems (4.6) with ρ1 ≡ ρ− x̂ > 0, and (4.11) respectively and they do not depend on λ0 for
a fixed particle density ρ /∈

[
ρc,inf (β) , ρc,sup (β)

]
. Consequently, as expected all densities in the
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−0.5φ(0) 0
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c(      )β,ρ
2

Abbildung 4.1: Illustration of x̂ (β, µ) and x̂
(
β, µβ,ρ

)
= x̂ (β, ρ) for a fixed particle density ρ > 0

in the grandcanonical ensemble with λ0 going from λ0 = +∞ to 0+ (model HB
Λ,0, see [1]).

grandcanonical ensemble do not depend on λ0 at fixed particle densities ρ outside the phase
transition.

The parameter λ0 has no influence on the “physical” thermodynamic behavior of the system
for a fixed particle density. Thus in the canonical ensemble the value of λ0 can be chosen freely
as an arbitrary parameter (see also remark 3.6).

If we choose λ0 such that (C1) is verified, the weak equivalence (4.1) exists for any ρ > 0
since

ρc (β) = ρc,inf (β) = ρc,sup (β) , (4.12)

cf. (3.58). The Hamiltonian HSB
Λ,λ0

is the “superstabilization” [26] of the model HSB
Λ,eλ0

for a λ̃0

such that

HSB
Λ,λ0

= HSB
Λ,eλ0

+
λ

2V

(
N2

Λ −NΛ

)
with λ = λ0 − λ̃0 > 0

and
λ0

2
+ g00 >

λ̃0

2
+ g00 ≥ 0. (4.13)

Because of (4.13) the model HSB
Λ,eλ0

satisfies the weak equivalence of ensembles for any density

ρ > 0 and therefore the Hamiltonian HSB
Λ,λ0

satisfies the strong equivalence of ensembles [27] for
any ρ 6= ρc (β) and λ0 > 0 sufficiently large (see [42–44] for the notion of strong equivalence).
We mean here the following:
Let us consider by AΛ a (positive) quasi-local operator acting on

FB
Λ ⊂ FB

∞ ≡
+∞
⊕

n=0

(
L2
(
R

nd
))

symm
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such that
lim
Λ

〈AΛ〉HSB
Λ,λ0

(β, ρ) < +∞ and lim
Λ

〈AΛ〉HSB
Λ,λ0

(β, µ) < +∞, (4.14)

for any β > 0 and ρ > 0. For β > 0, ρ > 0 (ρ 6= ρc (β)) and µΛ,β,ρ defined by
〈
NΛ

V

〉

HSB
Λ,λ0

(
β, µΛ,β,ρ

)
= ρ,

it follows from [27] that

lim
Λ

〈AΛ〉HB
Λ,0

(β, ρ) =lim
Λ

〈AΛ〉HSB
Λ,λ0

(β, ρ) =lim
Λ

〈AΛ〉HSB
Λ,λ0

(
β, µΛ,β,ρ

)
, (4.15)

i.e. the strong equivalence of ensemble is verified by the model HSB
Λ,λ0

. Therefore the thermody-
namic properties in the canonical ensemble of HSB

Λ,λ0
and HB

Λ,0 correspond for a fixed particle
density ρ to the one described in the last Section 3 when (C1) holds and with a chemical
potential given by µ = µβ,ρ =lim

Λ
µΛ,β,ρ.

Remark 4.5. For ρ > ρc (β), there is a non-conventional Bose condensation whereas no Bose
condensation (of any type I, II, or III [38–40]) appears outside the zero-mode at all densities
ρ > 0 (theorem 3.7). The theory is self-consistent with the corresponding truncation of the full
Hamiltonian in the canonical ensemble.

At this point, the reader may be confused about the problem of the non-continuity of the
grandcanonical particle density in the phase transition regime if (C2) holds (see (iv) of theorem
3.7). This in fact appears because a (direct) coupling constant λ0/2 satisfying (C2) is too small
to restore the problem of strict convexity of fB

0 (β, ρ), see (4.9). This comes from the effective
attraction g00 on the zero-mode arising from the non-diagonal interaction UND

Λ (2.6) (cf. [9,12],
figures 5.2, 5.3 and 5.4). On the other hand, for λ0 large enough, i.e. (4.13) is satisfied, the free-
energy density fSB (β, ρ) (4.9) becomes strictly convex. Thus, in this case the grandcanonical
density is continuous and the two ensembles are in fact strong equivalent, cf. (4.15).

Remark 4.6. For low dimensions d = 1, 2, the effective coupling constant equals g00 = −∞
and the hypothesis (C2) is verified for any interaction potential ϕ (x) satisfying (A) and (B).
Therefore we should have the existence of a non-conventional Bose condensation for d = 1, 2.
However the method used here to find the canonical thermodynamic properties fails since λ0 is
never large enough to satisfy the condition (C1).

5. A new microscopic theory of superfluidity

The aim of this section is to explain why the models HB
Λ,0 can imply a new microscopic theory

of superfluidity for Bose systems. It is essential here to note that in the canonical ensemble the
conditions relating to the interaction potential ϕ (x) may be relaxed as follows. The Fourier
transformation of ϕ (x) for k = 0 may be infinite since it has no physical impact in the canonical
ensemble (see remark 3.6 and Section 4). However, the (effective coupling) constant g00 (2.1)
and ϕ (0) have to exist.
From Section 4, we recall that the canonical thermodynamic behavior of HB

Λ,0 corresponds to
the grandcanonical one of HSB

Λ,λ0
(Section 3) at fixed density ρ > 0 and inverse temperature

β > 0, when (C1) holds with a strict inequality (cf. (4.13)).
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5.1. Landau-type excitation spectrum in the presence of Bose condensation

In order to obtain a microscopic theory of superfluidity we have to get a Landau-type exci-
tation spectrum [19, 20] as Bogoliubov did [4–8] for a suitable choice of c−numbers. So, we
have to find the excitation spectrum of the non-diagonal model HB

Λ,0 in order to check if we
formally get a microscopic theory of 4He. This analysis has to be done in the canonical ensemble.

1. Following the discussions of Section 4 and, as Landau’s predictions [19,20], the Bose gas HB
Λ,0

is thermodynamically equivalent to
{
ĤB

Λ,0 (c)
}

|c|2=bx
in the canonical ensemble. This means that

it is equivalent to a “gas of collective elementary excitations” or “quasi-particles” with a Bose
condensate density

lim
Λ

〈
a∗0a0

V

〉

HB
Λ,0

(β, ρ) = x̂ (β, ρ) ,

cf. (i) of theorem 3.7. We recall that x̂ = x̂
(
β, µβ,ρ

)
= x̂ (β, ρ) is the solution of the variational

problems, (3.21) in the grandcanonical ensemble, or (4.11) in the canonical ensemble, and the
critical density ρc (β) is given by (4.12).
Consequently, the spectrum of excitations, which is macroscopically relevant, equals the Bogo-
liubov spectrum at inverse temperatures β > 0 and particle densities ρ > 0:

EB
k (β, ρ) =

{
εk = ~

2k2/2m for β < βc

(
µβ,ρ

)
or ρ ≤ ρc (β) ,√

εk (εk + 2x̂λk) for β > βc

(
µβ,ρ

)
or ρ > ρc (β) ,

(5.1)

see EB
k,0 in (A.5) [4–8] with x = x̂ (β, ρ) and α = 0. The collective excitation spectrum EB

k (β, ρ)
has no gap for any densities or temperatures.
Considering that the Bogoliubov approximation works also in the canonical ensemble, the ex-
citation spectrum (5.1) was intuitively clear from the beginning [1]. The main difficulties are
to find thermodynamic properties of the Hamiltonian HB

Λ,0 in the canonical ensemble.

2. Now, to find the exact Landau-type excitation spectrum from (5.1), i.e. to get the “phonons”
part and the “rotons” one, we can reason along the standard lines of Bogoliubov microscopic
theory of superfluidity, see [4–9].
For this approach, we have to assume some specific conditions relating to the two-body interac-
tion potential ϕ (x). In particular, the two-body potential ϕ (x) should verify (A)-(B), and we
take again λ0 as the Fourier transformation of ϕ (x) for k = 0. Here λk is spherically-symmetric,
i.e. λk = λ‖k‖, and additionally, as Bogoliubov did, we assume the absolute integrability of
x2ϕ (x) ∈ L1 (R3). Actually, we need here the last assumption and the Fourier transformation
of ϕ (x) for k = 0 in order to have a Taylor expansion

λk = λ0 +
1

2
‖k‖2 λ′′0 + o

(
‖k‖2) , (5.2)

of λk allowing us to analyze EB
k (β, ρ) for small ‖k‖ (phonon part). Here λ′′

0 ≤ 0 is the second
derivative for k = 0 and |λk| ≤ const. ‖k‖−1.
Let ρ > ρc (β) or β > βc

(
µβ,ρ

)
, i.e. x̂ (β, ρ) > 0 (cf. (i) of theorem 3.7). Then the collective
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spectrum of excitations EB
k (β, ρ) in this domain of (β, ρ) verifies:

EB
k (β, ρ) =





(
~2

m
λ0x̂

)1/2

‖k‖ = ~w ‖k‖ , for ‖k‖ → 0+.

εk = ~2k2/2m , for ‖k‖ → +∞.

(5.3)

The gapless spectrum EB
k (β, ρ) is phonon-like for small ‖k‖ (ρ > ρc (β)), whereas for large

wave-vectors it behaves like the single-particle excitations εk.
Since λk attains its maximum at k = 0, one can choose the potential ϕ (x) in such a way that

(
εk

(
εk + 2x̂λ‖k‖

))′
= 0 at ‖k‖ = ‖krot‖ 6= 0, (5.4)

i.e. the spectrum EB
k (β, ρ) has a local (“roton”) minimum at ‖krot‖. On the other hand, one

gets:

EB
k (β, ρ) ≥ ‖k‖

(
~2

2m

)1/2 {
min

k

(
εk + 2λ2

kx̂
)}1/2

≡ ~ ‖k‖ v0 (β, ρ) . (5.5)

The Bogoliubov spectrum EB
k (β, ρ) is a Landau-type excitation spectrum for ρ > ρc (β) or

β > βc

(
µβ,ρ

)
and an illustration is given by figure 5.1.

Remark 5.1. The famous Landau’s criterion of superfluidity of 1941 [19,20] gives the following
critical velocity:

inf
k

{
EB

k (β, ρ)

~ ‖k‖

}
= v0 (β, ρ) =

{
0 , for β ≤ βc

(
µβ,ρ

)
or ρ ≤ ρc (β) .

> 0, for β > βc

(
µβ,ρ

)
or ρ > ρc (β) .

}

  

(β,ρ)

(β,ρ)

0
rot

h k

2m

2 2

  k   k

hw  k

h    k v    0

Ek
B

Abbildung 5.1: The Bogoliubov spectrum EB
k (β, ρ) for β > βc

(
µβ,ρ

)
or ρ > ρc (β) .
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5.2. Two complementary Bose systems: Cooper pairs and gas of quasi-particles

We give here the quantum interpretation of the canonical thermodynamic properties of the
model HB

Λ,0. First note that, in terms of particle densities, we obtain (see theorem 3.7):

• A non-conventional Bose condensation appears with the density x̂ (β, ρ) > 0 for ρ >
ρc (β) , whereas at all densities ρ > 0 there is no Bose condensation (of any type I, II, or
III [38–40]) outside the zero-mode.

• Even for zero-temperature, we have a non-zero particle density outside the zero-mode for
any ρ > 0:




lim
β→+∞

lim
Λ

1

V

∑

k∈Λ∗\{0}

〈a∗kak〉HB
Λ,0

(β, ρ) =





1

(2π)3

∫

R3

x2λ2
k

2EB
k,0

[
fk,0 + EB

k,0

]d3k





∣∣∣∣ x=bx
α=α(bx)

> 0,

∀k ∈ Λ∗\ {0} , lim
β→+∞

lim
Λ

〈a∗kak〉HB
Λ,0

(β, ρ) =

{
x2λ2

k

2EB
k,0

[
fk,0 + EB

k,0

]
} ∣∣∣∣ x=bx

α=α(bx)

> 0.

(5.6)
In the regime ρ > ρc (β) , the system follows the Bogoliubov statistics (v) of theorem 3.7,
whereas in the absence of the Bose condensation, i.e. for ρ ≤ ρc (β), the (standard) Bose
statistics holds.

1. The origin of the Bogoliubov statistics and also of (5.6) is a phenomenon of interaction.
Actually, it has been known since [12] that the collection of particles outside the zero-mode
imposes, through the non-diagonal interaction UND

Λ , a glue-like attraction between particles in
the zero-mode.

λ λ
k k

k kk’=0

k’=0 k’=0

k’=0

−k −k

Abbildung 5.2: Non-diagonal-interaction vertices corresponding to UND
Λ .

A natural way to see this phenomenon is to remark that the non-diagonal interaction UND
Λ

(see figure 5.2) implies an effective interaction term gΛ,00 for bosons with k = 0, see figure 5.3.
Evaluated via a Fröhlich transformation in the second order [12] (see also the review [9]), gΛ,00

is strictly negative. The corresponding thermodynamic limit

lim
Λ
gΛ,00 = g00 < 0

remarkably gives (2.1). In particular, this effective attraction term g00 amazingly plays a crucial
rôle in the rigorous thermodynamic analysis of HB

Λ,0 (see for example the proof of theorem 3.2
and Section 4). It is also essential in the rigorous study of the Weakly Imperfect Bose Gas, i.e.
the Bogoliubov Hamiltonian HB

Λ,λ0>0, see [9–11,13].
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Abbildung 5.3: Effective interaction for the zero-mode induced by the non-diagonal interaction
UND

Λ

The Bose condensate with the density x̂ (β, ρ) and the remaining system with the density
{ρ− x̂ > 0}, called here the Bogoliubov condensate, only exist via this glue-like attraction g00

(figure 5.3). In fact, the particles inside the condensate pair up via the Bogoliubov condensate
to form “Cooper pairs”. This Bose condensation constituted by Cooper pairs is then non-
conventional [9, 11, 12, 14, 17, 18], i.e. completely transformed by the non-diagonal interaction
UND

Λ .

2. As it was claimed by Bogoliubov [4–6], the coherency due to the presence of the Bose
condensation is not enough to make the Perfect Bose Gas superfluid. The spectrum of ele-
mentary excitations is not collective in this case: it corresponds to individual movements of
particles. In the Bose gas HB

Λ,0, following Landau’s criterion of superfluidity [19, 20] (remark
5.1), the Bogoliubov condensate is here superfluid due to phenomena of interactions which
change, in the presence of the Bose condensate, the behavior of individual particles into a
ideal Bose gas of “quasi-particles” with the given spectrum EB

k (β, ρ). Indeed, through the Bo-
se condensate, the non-diagonal interaction UND

Λ combined with the diagonal interaction UD
Λ

creates quasi-particles from two particles respectively of modes k and −k (k 6= 0). This can

be seen via the Bogoliubov u-v transformation applied to
{
ĤB

Λ,0 (c)
}

|c|2=bx>0
, cf. (A.4) with

{ak}k∈Λ∗\{0} → {ζk}k∈Λ∗\{0}. This gas of quasi-particles, i.e. the Bogoliubov condensate, exists
if and only if the non-conventional Bose condensate exists too.
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3. Also for high densities ρ > 0 we have

lim
ρ→+∞

{ρ− x̂ (β, ρ)} = 0, (5.7)

cf. theorem 3.7 when (C1) holds. Actually, the non-diagonal interaction UND
Λ implies an effective

repulsion term

gpq ≡ lim
Λ
gΛ,pq =

λpλq

4
x̂ (β, ρ)

(
1

εp
+

1

εq

)
≥ 0, (5.8)

inside each quasi-particle [9, 12], i.e. inside each couple of particles respectively with modes q
and −q (q 6= 0) (figure 5.4). The larger the Bose condensate density x̂ (β, ρ), the stronger the

qλ λ p

−q

−q

q

q

g
Λ

p

−p

p

−p

,pq

k=0

k=0

Abbildung 5.4: Effective interaction outside the zero-mode induced by the non-diagonal inter-
action UND

Λ

effective repulsion term gpq. The raise of the non-conventional Bose condensate progressively
destroys the Bogoliubov one, see (5.7). The Bose and Bogoliubov condensates still remain in
competition with each other.

5.3. Microscopic theory of superfluidity of 4He?

1. A microscopic interpretation at all temperatures T = (kBβ)−1 ≥ 0 of Landau’s theory of
superfluidity follows from the Landau-type excitation spectrum EB

k (β, ρ) (5.1)-(5.5) (cf. figure
5.1). Note that Landau’s theory of superfluidity of quantum liquids [4, 6, 7, 45–48] is based on
the following principles:
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• quantum liquid is still fluid even for zero-temperature;

• at low temperatures, apart translations (flow), the state of this liquid is entirely described
by the spectrum of collective (elementary) excitations;

• through thermodynamic data [48, 49] (e.g. specific heat capacity) this spectrum for 4He
should be a phonon-like for the long-wave length collective excitations and should be above

a straight line with positive slope with (“roton”) minimum in the vicinity of ‖krot‖ ≃ 2
o

A
−1

(figure 5.1).

2. The thermodynamic behavior of the Bose gas HB
Λ,0 is also close to the liquid 4He. This helium

liquid is a Bose system with strong interactions. The interaction potential Uth (r) is of Lennard-
Jones type [24] and was found by Slater et Kirkwood [51] using the electronic structure of 4He
(see figure 5.5 with Uth (r) in Kelvin and also [29]).

o

th

0

−9 K

3 4.4

2.6

r(A)

U (K)

Abbildung 5.5: The theoretical interaction potential of 4He

The exact formula for the interaction potential Uth (r) given in [29] is valid only for strictly
positive r, whereas close to zero it is given by a polynomial interaction like in figure 5.5. A
caricature of this interaction is the hard sphere interaction potential [52,53]. This approximation
gives surprisingly good estimates of the experimental condensate fraction: 9% at T = 0 K [2,3].
In our model HB

Λ,0 we have to mimic an interaction potential ϕ (x) close to Uth (r). In particular,
in contrast with the hard sphere potential the value of ϕ (x) for x = 0 has to be given and has
not to be infinite (see for example figure 3.1). A standard way to do it is to cut Uth (r) when
r → 0+ as follows:

ϕHe (x) = ϕHe (r = ‖x‖) =

{
Uth (r) for r > rmin.
Uth (rmin) for 0 ≤ r ≤ rmin.

This implies a Fourier transformation λ0(rmin) of ϕHe (x) for the mode k = 0 which drastically
depends on rmin (specially when rmin → 0+), i.e., lim

rmin→0+
λ0(rmin) = +∞, but it has no influence

30



on the canonical thermodynamic behavior of HB
Λ,0. Moreover, for k 6= 0 the influence of rmin

corresponds only to a small (specially when rmin → 0+) perturbation of the Fourier transfor-
mation of Uth (r) . In fact one should choose rmin << rmean where rmean ∼ ρ−1/3 is the average
length of the inter-particle distance at density ρ > 0.
Then, the thermodynamics of the theoretical Bose gas HB

Λ,0 is qualitatively quite similar to the
one of the liquid 4He:

• for small densities ρ ≤ ρc (β) or high temperatures T ≥ Tc ≡
(
kBβc

(
µβ,ρ

))−1
the ther-

modynamic behavior corresponds to the Mean-Field gas (3.13),

• a non-conventional Bose condensation constituted of Cooper pairs appears via a second
order transition (no discontinuity of the Bose condensate density) and the spectrum of ex-
citations becomes a Landau-type excitation spectrum in this regime, i.e. for high densities
ρ > ρc (β) or small temperatures T < Tc,

• a coexistence of particles inside and outside the Bose condensate, even at zero-temperature
as it is experimentally found in [2, 3].

As explained above, note that the Bose condensation becomes non-conventional with the for-
mation of Cooper pairs via the term of attraction g00, i.e. because of quantum fluctuations,
see figures 5.3 and 5.4. The importance of quantum fluctuations in helium systems corresponds
also to the qualitative explanation for a liquid state at such extreme temperatures [29].

Quantitatively, the critical density ρc (β) is approximately given by ρc (β) ≈ ρPBG (β, 0),
cf. remark 3.5. The theoretical temperature of the phase transition Tc always verifies Tc ≥
TPBG

c = 3.14 K (critical temperature evaluated for a Perfect Gas of helium particles) but is
quite close to TPBG

c :
Tc ≈ 3.14 K.

(In fact we are not able to prove an exact equality at very high densities). The experimental
transition of the normal liquid 4He (called 4He I) to superfluid phase 4He II (discovered by
Kapitza [54] and Allen, Misener [55] in 1938) takes place at a lower temperature Tλ = 2.17 K
(along the vapor pressure curve), which is not so far from the one of the model HB

Λ,0. However,
note that the Henshaw-Woods spectrum (experimental Landau-type excitation spectrum) does
not change drastically when the temperature crosses Tλ, whereas there is no superfluidity for
these temperatures.

Remark 5.2. This means that there is a temperature T̃λ > Tλ such that the experimental
“quasi-particle” system still exists for T < T̃λ even if Landau’s criterion of superfluidity (remark

5.1) experimentally fails at these temperatures Tλ < T < T̃λ.

3. To resume, this analysis is not a complete theory of “real superfluidity”. In particular, the
Bogoliubov phonon-maxon-roton dispersion branch is only a part of the spectrum of the full
quantum-mechanical Hamiltonian of the helium system. Therefore, this theory fails in being
a complete description of all thermodynamics of liquid helium. For example, at temperatures
Tλ < T < Tc, a Bose condensation still exists in HB

Λ,0 but not for liquid helium even if the

system of “quasi-particles” resists in liquid helium for Tλ < T < T̃λ (remark 5.2). However,
this theory is an interesting mathematical approach to a microscopic theory of many-body
interacting boson systems leading to a better understanding of such superfluid systems.
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5.4. Additionnal interpretations of this microscopic theory of superfluidity

Let us examine other interpretations of the Bose system HB
Λ,0 in relation with the liquid 4He. In

fact, we give here two interpretations of the Bose gasHB
Λ,0 obtained by following or not Landau’s

criterion of superfluidity [19,20] (remark 5.1). As explained above, note that the model HB
Λ,0 is

a caricature and may contain only a small part of the physical properties of real liquid helium.
The sole purpose of these discussions is to give some new directions in light of the Bose gas HB

Λ,0.

1. It is known [54, 55] that below the critical temperature Tλ of the λ-transition, two fluids
(4He II phase) coexist: the normal fluid and the superfluid liquid. Later justified within the
framework of phenomenological Landau’s theory [19,20,48], the picture suggested by Tisza and
London was to interpret the condensate of frozen in momentum space bosons with p = 0 as a
“superfluid component”, and the rest of particles as a “normal component” which is the carrier
of the total entropy of the system. Experimentally, a Bose condensate was discovered in 4He
II. The apparition of this Bose condensate transition and the one of the superfluid liquid are
strongly correlated to each other. Indeed, from [56–58] if γs is the fraction of superfluid liquid
and γ0 the one of the condensate, one has

γs (T) ∼ (Tλ − T)η ∼ γ0 (T) , for T → T−
λ , (5.9)

see figure 5.6. However, even for zero-temperature the superfluid liquid is not in a full Bose

9

γ (%)
s

0 Tλ

100

γ (%)
0

0 Tλ

Abbildung 5.6: The fractions, γs of superfluid liquid and γ0 of the Bose condensate, as a function
of the temperature T for 4He

condensate phase which is in contradiction with the assumption of Tisza and London.
2. Following Landau’s criterion of superfluidity [19, 20], the theory based on HB

Λ,0 might be
understood as a microscopic theory of the superfluid liquid. Within this framework, it allows
us to understand the close connection between the Bose condensate with density x̂ (β, ρ) and
the Bogoliubov one with density {ρ− x̂ > 0}. These two systems may compose together the
superfluid liquid, which coexists with the normal liquid for non-zero temperature at any positive
velocity.
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Note that Landau’s criterion of superfluidity [19, 20] confronts an initial problem expressed
by remark 5.2 and also a second one: the application of this criterion to the Henshaw-Woods
spectrum gives for the critical velocity v0 ≈ 60 m/s (remark 5.1), whereas superfluidity in
capillaries disappears when velocity is of the order of few cm/s. Moreover, it depends sensitively
on the diameter of the channel.
The attempts to explain these “misfittings” are concentrated around the idea that the Landau-
type spectrum experimentally discovered by Henshaw and Woods is only a part of a plethora
of other types of “elementary” excitations not covered by the Bogoliubov theory, see [3, 58].
Within the framework of the model HB

Λ,0, we have seen in Section 5.2 that the Bose condensate
has to exist in order to have the superfluidity property via the Bogoliubov condensate. Indeed, as
soon as the non-conventional Bose condensate disappears, the collective phenomenon involved
in the formation of the superfluid gas (Bogoliubov condensate) also vanishes. The introduction
of a velocity in an inhomogeneous gas (in capillaries) may change the individual spectrum εk

by increasing it. Then, the effective attraction g00 ((2.1), figure 5.3) becomes smaller, i.e. the
non-conventional Bose condensate and the (superfluid) Bogoliubov one may be destroyed for
velocities sufficiently large but smaller than v0 (remark 5.1). Note that the non-conventional
Bose condensate constituted of Cooper pairs may be changed into a conventional Bose-Einstein
condensation as it exists for the Mean-Field Bose gas. An experimental study of the spectrum
of excitations and also of the Bose condensation phenomenon should be interesting at different
velocities.

Actually, the collective behavior of this system should be quite delicate to save. A velocity
may destroy the Cooper pairs and the quasi-particles. The important point is the following: the
bigger the density of non-conventional Bose condensate, the stronger the robustness of Cooper
pairs and quasi-particles to any perturbations.
At temperatures T < Tλ even if the Bose condensate exists, its density may be not sufficient-
ly important to keep the collective behavior for any positive velocities: some quasi-particles
and Cooper pairs may be destroyed and a fraction of normal fluid appears. At temperatures
Tλ < T < T̃λ (remark 5.2) the thermic fluctuations become sufficiently strong to destroy the
non-conventional Bose condensate. Consequently, even if the quasi-particle gas resists in liquid
helium for Tλ < T < T̃λ (remark 5.2), it is quite unstable and any perturbation of the quasi-
particles (like any positive velocity) may quickly destroy the collective system and switch it to
a standard liquid where no superfluidity exists.

3. Note that this last conjecture may seem a little naive since the value Tλ is very speci-
fic. Actually, the previous discussions are just phenomenological interpretations. Therefore, to
conclude we examine another interpretation of the Bose gas HB

Λ,0 without taking into account
Landau’s criterion of superfluidity [19, 20], which is a phenomenological explanation of super-
fluidity.

If γB
0 (T) ∼ (Tc − T)ηB

at temperatures T = (kBβ)−1 → T−
c is the fraction of Bose condensate

for a fixed density ρ > 0, then via theorem 3.7, the fraction γB
s (T) = 1 − ρn/ρ satisfies:

γB
s (T) ∼ (Tc − T)ηB ∼ γB

0 (T) , for T → T−
c , (5.10)
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where

ρn (T) =





1

(2π)3

∫

R3

fk,0

EB
k,0

[
eEB

k,0/T − 1
]d3k






∣∣∣∣
x=bx,α=α(bx)

. (5.11)

The relation (5.10) is strangely similar to (5.9), see figure 5.6. The fraction γB
s (T) may be

considered as the superfluid fraction of the Bose gas HB
Λ,0. Therefore, at a fixed density ρ > 0,

the superfluid density ρs equals

ρs (T) =



x+

1

(2π)3

∫

R3

x2λ2
k

2EB
k,0

[
fk,0 + EB

k,0

]d3k





∣∣∣∣
x=bx,α=α(bx)

,

whereas ρn (5.11) is the density of normal fluid which is the carrier of the total entropy of the
system. Note that lim

T→0+
ρn = 0 and within this framework there is 100% of superfluid liquid

at zero-temperature with a density ρs > x̂ = x̂ (T). See (i) of theorem 3.7 to see the Bose
condensate density at a fixed density ρ > 0, i.e., for µ = µβ,ρ (3.57).
In fact, this conjecture has to be analyzed via the corresponding Hamiltonian with an exter-
nal velocity field as it has been recently performed with dilute trapped Bose gases at zero-
temperature [59].

5.5. Concluding remarks: superfluidity of Fermi systems

The superfluidity of a Fermi system, i.e. the 3He liquid, was discovered in 1972 for sufficiently low
temperatures [60,61]. All the previous theories concern Bose systems. However, it is remarkable
to see that, via the effective coupling constant g00 < 0 (figure 5.3), the non-diagonal interaction
UND

Λ of the model HB
Λ,0 implies an attraction between particles in the zero-mode.

By analogy, it is well-known that the phenomenon of superconductivity comes from the effective
electron-electron interaction in the BCS theory which results from the electron-phonon (non-
diagonal) interaction in the second order of perturbation theory, see e.g. [62, 63]. Thus, in a
superconductor, electrons can pair up in the metal crystal via phonons to form Cooper pairs
which can then condense into a superconducting state. This phenomenon corresponds also to
the explanation given for the existence of superfluidity in 3He [21, 22]. Indeed, by cooling the
liquid to a low enough temperature, 3He atoms can pair up, making it a boson, and therefore
superfluidity can be achieved.
In the Bose gas HB

Λ,0, the effective attraction characterized by g00 < 0 plays exactly the same
rôle on bosons by creating Cooper pairs and may also work for Fermi systems. Therefore, it
should be interesting to study a similar Hamiltonian within the framework of Fermi systems.

Of course, the main difference comes from the Fermi statistics. In particular, the critical
density ρPBG (β, 0) for the Perfect Bose Gas does not exist for the Perfect Fermi Gas. For the
Bose system HB

Λ,0, the corresponding kinetic part only turns on the Bose condensation pheno-
menon via the Bose statistics, see for example remark 3.5. Indeed, the corresponding “chemical
potential” α (x̂) of the variational problem (3.16) for a Bose condensate density x̂ (β, ρ) becomes
zero when we reach the critical density as for the Perfect Bose Gas, but switches again to strictly
negative values for x̂ > 0. As soon as the Bose condensate appears, the non-diagonal interac-
tion UND

Λ becomes sufficiently important to drastically change all thermodynamic properties
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of the system by instantly switching the usual Perfect Bose gas to a gas of quasi-particles: the
Bose-Einstein condensation becomes non-conventional in correlation with the creation of the
Bogoliubov condensate and the formation of Cooper pairs (Section 5.2).
Whereas the non-diagonal interaction UND

Λ is not strong enough to imply alone the Bose-
condensation at the critical temperature or density of the Perfect Bose Gas, for very small
temperatures it strongly dominates all thermodynamics of the system. The non-diagonal in-
teraction UND

Λ obviously has a strong impact on the system (see for example the divergence
of the grandcanonical pressure of HB

Λ,0 [1]). It would have implied the non-conventional Bose
condensation without the Bose statistics at sufficiently low temperatures or high densities.
In particular, if the Fermi statistics now holds, a similar non-diagonal interaction characterizing
by an effective attraction g00 (2.1) (figure 5.3) drastically opposes the repulsion from the Pauli
exclusion principle and would finally become strong enough at sufficiently low temperatures
to imply alone the non-conventional Bose condensation (Cooper pairs) and the superfluid
gas of quasi-particles explained above. This means of course that the critical temperature for
the corresponding Fermi system should be quite lower than that of the Bose model HB

Λ,0.
Experimentally, the critical temperature of 3He is very low in comparison with that of 4He
(2.17 K) : it is only two milli Kelvin for 3He [60, 61].

We reserve this analysis on Fermi systems for another paper. To conclude, notice also that
the 3He liquid forms, at sufficiently low temperatures, several superfluid phases (A&B), which
are much richer properties than those of the superfluid 4He. For a complete review of properties
of 3He at low temperatures, see [64, 65].

Appendix A. : the Bogoliubov u-v transformation

In this subsection we recall the Bogoliubov canonical u-v transformation by applying it on the
Bogoliubov approximation [25]

HB
Λ,λ0

(α, c) =
∑

k∈Λ∗\{0}

[
εk − α + λ0 |c|2

]
a∗kak +

1

2

∑

k∈Λ∗\{0}

λk |c|2
[
a∗kak + a∗−ka−k

]

+
1

2

∑

k∈Λ∗\{0}

λk

[
c2a∗ka

∗
−k + c2aka−k

]
− α |c|2 V +

λ0

2

(
|c|4 V − |c|2

)
(A.1)

of HB
Λ,λ0

(α) ≡ HB
Λ,λ0

−αNΛ (2.4) for any λ0 ≥ 0. Then, we compute the corresponding pressure

pB
Λ,λ0

(β, α, c) =
1

βV
lnTrF ′

B
e−βHB

Λ,λ0
(α,c). (A.2)

After the canonical gauge transformation to boson operators

ake
−i arg c, k ∈ Λ∗\ {0} , (A.3)

note that HB
Λ,λ0

(α, c) depends only on x ≡ |c|2. Since HB
Λ,λ0

(α, c) is a bilinear form in boson
operators {ak, a

∗
k}k∈Λ∗\{0}, the Bogoliubov canonical u-v transformation diagonalizes it by using

a new set of boson operators {bk, b∗k}k∈Λ∗\{0} defined by

ak = ukbk − vkb
∗
−k, a

∗
k = ukb

∗
k − vkb−k, (A.4)
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with real coefficients {uk = u−k}k∈Λ∗\{0} and {vk = v−k}k∈Λ∗\{0} satisfying:

u2
k − v2

k = 1, 2ukvk =
xλk

EB
k,λ0

, u2
k + v2

k =
εk

EB
k,λ0

.

Here
fk,λ0 = εk − α + x (λ0 + λk) ,

EB
k,λ0

=
√
f 2

k,λ0
− x2λ2

k =
√

(εk − α + xλ0) (εk − α + x (λ0 + 2λk)),
(A.5)

where we recall that x ≡ |c|2. Thus

u2
k =

1

2

(
fk,λ0

EB
k,λ0

+ 1

)
, v2

k =
1

2

(
fk,λ0

EB
k,λ0

− 1

)
.

Notice that fk,λ0 ≥ xλk and, |c|2 and α satisfy the inequality:

α ≤ |c|2 λ0+ min
k∈Λ∗\{0}

εk. (A.6)

The Hamiltonian (A.1) becomes:

HB
Λ,λ0

(α, c) =
∑

k∈Λ∗\{0}

EB
k,λ0

b∗kbk +
1

2

∑

k∈Λ∗\{0}

(
EB

k,λ0
− fk,λ0

)
− α |c|2 +

λ0

2

(
|c|4 − |c|2

V

)
. (A.7)

Therefore, the pressure pB
Λ,λ0

(β, α, c) (A.2) equals

pB
Λ,λ0

(β, α, c) = ξΛ,λ0

(
β, α, x ≡ |c|2

)
+ ηΛ,λ0

(
α, x ≡ |c|2

)
,

ξΛ,λ0
(β, α, x) =

1

βV

∑

k∈Λ∗\{0}

ln
(
1 − e−βEB

k,λ0

)−1

,

ηΛ,λ0
(α, x) =

1

2V

∑

k∈Λ∗\{0}

(
fk,λ0 −EB

k,λ0

)
+ αx− λ0

2

(
x2 − x

V

)
,

(A.8)

and has the following thermodynamic limit:

pB
λ0

(
β, α, x ≡ |c|2

)
≡ lim

Λ
pB

Λ,λ0
(β, α, c) = ξλ0

(β, α, x) + ηλ0
(α, x) ,

ξλ0
(β, α, x) ≡ lim

Λ
ξΛ,λ0

(β, α, x) =
1

(2π)3 β

∫

R3

ln
(
1 − e−βEB
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)−1

d3k,
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Λ
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(α, x) =
1

2 (2π)3

∫

R3

(
fk,λ0 − EB

k,λ0

)
d3k + αx− λ0

2
x2,

(A.9)

with EB
k,λ0≥0, fk,λ0≥0 defined by (A.5) and α ≤ xλ0 (cf. (A.6)).
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Appendix B. : Technical proofs

Lemma B.1. For any sequence {EΛ}Λ⊂R3 of subsets EΛ ⊆ Λ∗ we have

lim
Λ
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V
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〈a∗kak〉HSB
Λ,λ0

(β, µ) =
{
∂γp

B
0 (β, α, γ, x)

} ∣∣∣∣
α(bx),γ=0,x=bx

,

with

pB
0 (β, α, γ, x) ≡ 1

(2π)3 β

∫

R3\E

ln
(
1 − e−βEB

k,0

)−1

d3k +
1

2 (2π)3

∫

R3\E

(
fk,0 −EB

k,0

)
d3k

+





1

(2π)3 β

∫

E

ln
(
1 − e−βEB

k,0

)−1

d3k +
1

2 (2π)3

∫

E

(
fk,0 − EB

k,0

)
d3k






∣∣∣∣
α→α+γ

+
(
α + γ lim

Λ
χEΛ

(0)
)
x,

for any α ≤ 0 and γ ≤ 0. Here χEΛ
denotes the characteristic function of EΛ and the set E is

given by E ≡lim
Λ

EΛ ⊆ R3.

Proof. Let

pSB
Λ (β, µ, γ) ≡ 1

βV
lnTrFB

Λ
e−βHSB

Λ,λ0,γ
(µ)

be the pressure associated with the perturbed (superstable) Hamiltonian HSB
Λ,λ0,γ (µ) defined by:

HSB
Λ,λ0,γ (µ) ≡ HSB

Λ,λ0
− µNΛ − γ

∑

k∈EΛ⊆Λ∗

a∗kak.

Since HSB
Λ,λ0,γ (µ) is superstable, its pressure is well-defined and convex for any real µ and γ.

Consequently the theorem 3.2 is still valid for γ ∈ R:

pSB (β, µ, γ) ≡ lim
Λ
pSB

Λ (β, µ, γ)

= sup
x≥0

{
inf
α≤0

{
pB

0 (β, α, γ, x) +
(µ− α)2

2λ0

}}

=

{
pB

0 (β, α, γ, x) +
(µ− α)2

2λ0

}∣∣∣∣
α=αγ(bxγ),x=bxγ

, (B.1)

with the corresponding pressure pB
0 (β, α, γ, x) . Here αγ (x̂γ) and x̂γ are the corresponding

solutions of the variational problems. We also have

∂γp
SB
Λ (β, µ, γ) =

1

V

∑

k∈EΛ⊆Λ∗

〈a∗kak〉HSB
Λ,λ0,γ

(β, µ) ,

and, via the Griffiths lemma [36,37], we get:

lim
Λ

1

V

∑

k∈EΛ⊆Λ∗

〈a∗kak〉HSB
Λ,λ0

(β, µ) =
{
∂γ lim

Λ
pSB

Λ (β, µ, γ)
} ∣∣∣∣

γ=0

=
{
∂γp

SB (β, µ, γ)
} ∣∣∣∣

γ=0

. (B.2)
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From remark 3.3 for µ 6= µc (β) or β 6= βc (µ) combined with (B.1) we get

∂γp
SB (β, µ, γ) = ∂γ

{
pB

0 (β, αγ (x̂γ) , γ, x̂γ) +
(µ− αγ (x̂γ))

2

2λ0

}

=
{
∂γp

B
0 (β, α, γ, x)

} ∣∣∣∣
α=αγ(bxγ),x=bxγ

for |γ| sufficiently small and µ 6= µc (β) or β 6= βc (µ) . Consequently the limit (B.2) combined
with the last equation for γ = 0 gives the lemma. �

Lemma B.2. Let k ∈ Λ∗\ {0} . Since Λ is isotropic, then for Λ sufficiently large we have:

〈a∗kak〉HSB
Λ,λ0

(β, µ) ≤ 1

eBk(µ) − 1
+

βλk

2 (1 − e−Bk(µ))

〈
a∗0a0

V

〉

HSB
Λ,λ0

(β, µ)

with

Bk (µ) ≡ β

[
εk − µ− λk

2V
+ λ0

〈
NΛ

V

〉

HSB
Λ,λ0

(β, µ)

]
> 0,

cf. remark 3.3 (α (x̂) < 0) and (3.49).

Proof. By the correlation inequalities [28, 66, 67] for the quantum Gibbs state ωSB
Λ (−) =

〈−〉HSB
Λ,λ0

(β, µ) we have

βωSB
Λ

(
X∗
[
HSB

Λ,λ0
(µ) , X

])
≥ ωSB

Λ (X∗X) ln
ωSB

Λ (X∗X)

ωSB
Λ (XX∗)

,

where X is an observable from domain of the commutator
[
HSB

Λ,λ0
(µ) , .

]
, thus we obtain

βωSB
Λ

(
a∗k
[
HSB

Λ,λ0
(µ) , ak

])
≥ ωSB

Λ (Nk) ln
ωSB

Λ (Nk)

ωSB
Λ (Nk) + 1

(B.3)

for X = ak with k ∈ Λ∗\ {0}. Since

[
HSB

Λ,λ0
(µ) , ak

]
= −


εk − µ+ λk

a∗0a0

V
+
λ0

V

∑

q∈Λ∗\{k}

a∗qaq +
λ0

V
aka

∗
k


 ak −

λk

V
a2

0a
∗
−k,

one gets

ωSB
Λ

(
a∗k
[
HSB

Λ,λ0
(µ) , ak

])
= − [εk − µ]ωSB

Λ (Nk) − λk
ωSB

Λ (N0Nk)

V

−λ0
ωSB

Λ (NkNΛ)

V
− λk

ωSB
Λ

(
a2

0a
∗
ka

∗
−k

)

V
, (B.4)

with Np ≡ a∗pap. Notice that because ωSB
Λ

(
a∗k
[
HSB

Λ,λ0
(µ) , ak

])
∈ R we get from the remaining

term of (B.4) that ωSB
Λ

(
a2

0a
∗
ka

∗
−k

)
∈ R. Therefore

2ωSB
Λ

(
a2

0a
∗
ka

∗
−k

)
= ωSB

Λ

(
a2

0a
∗
ka

∗
−k

)
+ ωSB

Λ

(
aka−ka

∗2
0

)
.
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Moreover, since the functions εk and λk are even for (k → −k), we have

ωSB
Λ (N0Nk) = ωSB

Λ (N0N−k) .

Thus it follows

ωSB
Λ

(
a∗k
[
HSB

Λ,λ0
(µ) , ak

])
= − [εk − µ]ωSB

Λ (a∗kak) −
λk

2V
ωSB

Λ

(
a2

0a
∗
ka

∗
−k + a∗20 aka−k

)

− λk

2V
ωSB

Λ (N0 (Nk +N−k)) −
λ0

V
ωSB

Λ (NkNΛ) . (B.5)

Since

a2
0a

∗
ka

∗
−k + a∗20 aka−k + a∗0a0a

∗
kak + a∗0a0a

∗
−ka−k =

(
a∗0ak + a∗−ka0

)∗ (
a∗0ak + a∗−ka0

)

−a∗kak − a∗0a0,

and
ωSB

Λ (NkNΛ) ≥ ωSB
Λ (Nk)ω

SB
Λ (NΛ)

we deduce from (B.5) the following estimate:

ωSB
Λ

(
a∗k
[
HSB

Λ,λ0
(µ) , ak

])
≤ −

[
εk − µ− λk

2V
+ λ0ω

SB
Λ

(
NΛ

V

)]
ωSB

Λ (Nk) +
λk

2V
ωSB

Λ (N0) .

Therefore, (B.3) and the last inequality implies:

Bk (µ)ωSB
Λ (Nk) −

βλk

2
ωSB

Λ

(
N0

V

)
≤ ωSB

Λ (Nk) ln
ωSB

Λ (Nk) + 1

ωSB
Λ (Nk)

.

Combining (3.49) with remark 3.3 we have

λ0

{
lim
Λ
ωSB

Λ

(
NΛ

V

)}
− µ = −α (x̂) ≥ 0

i.e.

inf
k∈Λ∗\{0}

Bk (µ) = B‖k‖= 2π
L

(µ) ≥ 1

L2

(
2 (π~)2

m
− λk

2L

)
> 0,

for an isotropic Λ sufficiently large. Hence, to estimate x ≡ ωSB
Λ (Nk) ≥ 0, we have to solve the

inequality

Bk (µ)x− βλk

2
ωSB

Λ

(
N0

V

)
≤ x ln

x+ 1

x
. (B.6)

Notice that the solution of (B.6) is the set {0 ≤ x ≤ x1} , where x1 is a solution of the equation

Bk (µ) x1 −
βλk

2
ωSB

Λ

(
N0

V

)
= x1 ln

x1 + 1

x1
.

Let

x2 =
1

eBk(µ) − 1
, (B.7)
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be a nontrivial solution of the equation

Bk (µ)x = x ln
x+ 1

x
.

Then the inequality x ≤ x1 can be rewritten as

x ≤ x2 + (x1 − x2) . (B.8)

Since the function f (x) ≡ x ln x+1
x

defined for x ≥ 0 (we put f (x = 0) = 0) is concave, we have

f (x1) − f (x2)

f ′ (x2)
≤ x1 − x2,

and using (B.7) and (B.8) the lemma follows when k ∈ Λ∗\ {0}. �

Lemma B.3. Under the assumptions using in section 4 the following holds:

(i) ∂λ0 x̂ = 0 for any ρ /∈
[
ρc,inf (β) , ρc,sup (β)

]
.

(ii) For ρ1 = ρ− x > 0 with ρ > ρc,sup (β) the free-energy density f̂B
0 (β, ρ1, x) satisfies

{
∂xf̂

B
0 (β, ρ1, x)

} ∣∣∣∣
ρ1=ρ−bx,x=bx

=
{
∂ρ1
f̂B

0 (β, ρ1, x)
} ∣∣∣∣

ρ1=ρ−bx,x=bx

= ∂ρf
B
0 (β, ρ) < 0.

Proof. (i) For ρ < ρc,inf (β), i.e. µβ,ρ < µc (β) or β < βc

(
µβ,ρ

)
, the first statement (i) is a direct

consequence of remark 3.3 (x̂ = 0). Moreover, again from remark 3.3, (3.22), (3.34)-(3.36) we
find for ρ > ρc,sup (β)

{∂xξ0 (β, α, x) + Ω (α, x) = −α (x)}
∣∣∣∣
x=bx,α=α(bx)

,

which through remark 4.3 implies

{∂xξ0 (β, α, x) + Ω (α, x)}
∣∣∣∣
x=bx,α=∂ρfB

0 (β,ρ)

= −∂ρf
B
0 (β, ρ) .

The derivative of the last expression as a function of λ0 gives:

∂λ0x̂
{
∂2

xξ0 (β, α, x) + ∂xΩ (α, x)
} ∣∣∣∣

x=bx,α=∂ρfB
0 (β,ρ)

= 0. (B.9)

Via direct computations we have for any α ≤ 0 and x ≥ 0

∂2
xξ0 (β, α, x) > 0 and ∂xΩ (α, x) > 0,

and therefore the equation (B.9) implies (i) for ρ > ρc,sup (β) .
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(ii) By (4.6)-(4.7), one directly gets

{
∂ρ1
f̂B

0 (β, ρ1, x)
} ∣∣∣∣

ρ1=ρ−bx,x=bx

= α (ρ− x̂, x̂) = α (x̂) ,

and {
∂xf̂

B
0 (β, ρ1, x)

} ∣∣∣∣
ρ1=ρ−bx,x=bx

= α (x̂) −
{
∂xp

B
0 (β, α, x)

} ∣∣∣∣
α=α(bx),x=bx

.

Using remark 3.3 combined with remark 4.3 the last two equations imply the second statement
(ii) of this lemma for ρ > ρc,sup (β). �
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[33] E. Buffet and J.V. Pulè, Fluctuations Properties of the Imperfect Boson Gas, J. Math.
Phys. 24:1608 (1983).
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