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Abstract

After reviewing briefly the dimensional reduction of Chern–Pontryagin densitie, we define new Chern–
Simons densities expressed in terms of Yang-Mills and Higgs fields. These are defined in all dimensions,
including in even dimensional spacetimes. They are constructed by subjecting the dimensionally reduced
Chern–Pontryagin densites to further descent by two steps.

1 Introduction

The central task of these notes is to explain how to subject n−th Chern–Pontryagin (CP) density C(n),

C(n) =
1

ω(π)
εM1M2M3M4...M2n−1M2n

TrFM1M2
FM3M4

. . . FM2n−1M2n
(1.1)

defined on on the 2n−dimensional space, to dimensional descent to IRD by considering (1.1) on the direct

product space IRD
× S2n−D. The resulting residual density on IRD will be denoted as Ω

(n)
D .

The density C(n) is by construction, a total divergence

C(n) = ∇ ·Ω
(n) , (1.2)

and it turns out that under certain retrictions, the dimensional descendant of (1.2) is also a total divergence.
This result will be applied to the construction of Chern-Simons solitons in all dimensions.

Some special choices, or restrictions, are made for practical reasons. Firstly, we have restricted to the
codimension S2n−D, the (2n−D)−sphere, as this is the most symmetric compact coset space that is defined
both in even and in odd dimensions. It can of course be replaced by any other symmetric and compact coset
space.

Secondly, the gauge field of the bulk gauge theory is chosen to be a 2n−1 × 2n−1 array with complex
valued entries. Given our choice of spheres for the codimension, this leads to residual gauge fields on which
take their values in the Dirac matrix representation of the residual gauge group SO(D).

As a result of the above two choices, it is possible to make the symmetry imposition (namely the di-
mensional reduction) such that the residual Higgs field is described by a D−component isovector multiplet.
With this choice, the asymptotic gauge fields describe a Dirac-Yang [1, 2, 3] monopoles..

The central result exploited here is that the CP density C
(n)
D on IRD descended from the 2n−dimensional

bulk CP density C(n) is also a total divergence

C
(n)
D = ∇ ·Ω

(n,D) (1.3)

like C(n) formally is on the bulk. From the reduced density Ω
(n,D)

≡ Ω
(n,D)
i , where the index i labels the

coordinate of the residual space xi with i = 1, 2, . . . , D, one can identify a Chern–Simons (CS) density as the
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D−th component of Ω(n,D). This quantity can then be interpreted as a CS term on (D − 1)− dimensional
Monkowski space, i.e., on the spacetime (t, IRD−2). The solitons of the corresponding CS–Higgs (CSH)
theory can be constructed systematically. Note, that this is not the usual CS term defined in terms of a
pure Yang–Mills field on odd dimensional spacetime, but rather these new CS terms are defined by both the
YM and, the Higgs fields. Most importantly, the definition of these new CS terms is not restricted to odd
dimensional spacetimes, but covers also even dimensional spacetimes. Such CSH solutions have not been
studied to date.

2 Dimensional reduction of gauge fields

The calculus of the dimensional reduction of Yang–Mills fields employed here is based on the formalism of
A. S. Schwarz [4], which is specially transparent due to the choice of displaying the results only at a fixed
point of the compact symmetric codimensional space KN (the North or South pole for SN). Our formalism
is a straightforward extension of [4, 5, 6].

2.1 Descent over SN : N odd

For the descent from the bulk dimension 2n = D+N down to odd D (over odd N), the components of the
residual connection evaluated at the Noth pole of SN are given by

Ai = Ai(~x)⊗ 1I (2.1)

AI = Φ(~x)⊗
1

2
ΓI . (2.2)

The unit matrix in (2.1), like the N−dimensional gamma matrix in (2.2), are 2
1

2
(N−1) × 2

1

2
(N−1) arrays.

Choosing the 2n−1 × 2n−1 bulk gauge group to be, say, SU(n− 1), allows the choice of SO(D) as the gauge
group of the residual connection Ai(x). This choice is made such that the asymptotic connections describe
a Dirac–Yang monopole.

For the same reason, the choice for the multiplet structure of the Higgs field is made to be less restrictive.
The (anti-Hermitian) field Φ, which is not necessarily traceless 1, can be and is taken to be in the algebra
of SO(D+1), in particular, in one or other of the chiral reprentations of SO(D+1), D+1 here being even.

Φ = φab Σab , a = i, D + 1 , i = 1, 2, . . . , D . (2.3)

(Only in the D = 3 case does the Higgs field take its values in the algebra of SO(3), since the representations
SO(3) coincide with those of chiral SO(4).)

In anticipation of the corresponding situation of even D to be given next, one can specialise (2.3) to the
a D−component isovector expression of the Higgs field

Φ = φiΣi,D+1 , (2.4)

with the purpose of having a unified notation for both even and odd D, where the Higgs field takes its values
in the components Σi,D+1 orthogonal to elements Σij of the algebra of SO(D + 1). This specialisation is
not necessary, and is in fact inappropriate should one consider, e.g., axially symmetric fields. It is however
adequate for the presentation here and is sufficiently general to describe spherically symmetric monopoles 2.

1In practice, when constructing soliton solutions, Φ is taken to be traceless without loss of generality.
2While all concrete considerations in the following are restricted to spherically symmetric fields, it should be emphasised that

relaxing spherical symmetry results in the Higgs multiplet getting out of the orthogonal complement Σi,D+1 to Σi,j . Indeed,
subject to axial symmetry one has

Φ = f1(ρ, z)Σαβ x̂β + f2(ρ, z)Σβ,D+1x̂β + f3(ρ, z)ΣD,D+1 , (2.5)

where xi = (xα, z), |xα|2 = ρ2 and with x̂α = xα/ρ. Clearly, the term in (2.5) multiplying the basis Σαβ does not occur in
(2.4).
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In (2.1) and (2.2), and everywhere henceforth, we have denoted the components of the residual coordinates
as xi = ~x. The dependence on the codimension coordinate xI is suppressed since all fields are evaluated at
a fixed point (North or South pole) of the codimension space.

The resulting components of the curvature are

Fij = Fij(~x)⊗ 1I (2.6)

FiI = DiΦ(~x)⊗
1

2
ΓI (2.7)

FIJ = S(~x) ⊗ ΓIJ , (2.8)

where ΓIJ = − 1
4 [ΓI ,ΓJ ] are the Dirac representation matrices of SO(N), the stability group of the symmetry

group of the N−sphere. In (2.7), DiΦ is the covariant derivative of the Higgs field Φ

DiΦ = ∂iΦ+ [Ai,Φ] (2.9)

and S is the quantity
S = −(η2 1I + Φ2) , (2.10)

where η is the inverse of the radius of the N−sphere.

2.2 Descent over SN : N even

The formulae corresponding to (2.1)-(2.8) for the case of even D are somewhat more complex. The reason
is the existence of a chiral matrix ΓN+1, in addition to the Dirac matrices ΓI , I = 1, 2, . . . , N . Instead of
(2.1)-(2.2) we now have

Ai = Ai(~x)⊗ 1I +Bi(~x)⊗ ΓN+1

AI = φ(~x)⊗
1

2
ΓI + ψ(~x)⊗

1

2
ΓN+1ΓI ,

where Ai, Bi, φ, and ψ are again antihermitian matrices, but with only Ai being traceless. The fact that Bi

is not traceless here results in an Abelian gauge field in the reduced system.
Anticipating what follows, it is much more transparent to re-express these formulas in the form

Ai = A
(+)
i (~x)⊗ P+ +A

(−)
i (~x)⊗ P− +

i

2
ai(~x) ΓN+1 (2.11)

AI = ϕ(~x)⊗
1

2
P+ ΓI − ϕ(~x)† ⊗

1

2
P− ΓI , (2.12)

where now P± are the 2
N

2 × 2
N

2 projection operators

P± =
1

2
(1I± ΓN+1) . (2.13)

In (2.11), the residual gauge connections A
(±)
i are anti-Hermitian and traceless 2

D

2 × 2
D

2 arrays, and the

Abelian connection ai results directly from the trace of the field Bi. The 2
D

2 × 2
D

2 ”Higgs” field ϕ in (2.12)
is neither Hermitian nor anti-Hermitian. Again, to achieve the desired breaking of the gauge group, to lead
eventually to the requisite Higgs isomultiplet, we choose the gauge group in the bulk to be SU(n−1), where
2n = D +N .

The components of the curvaturs are readily calculated to give

Fij = F
(+)
ij (~x)⊗ P+ + F

(−)
ij (~x)⊗ P− +

i

2
fij(~x) ΓN+1 (2.14)

FiI = Diϕ(~x)⊗
1

2
P+ΓI −Diϕ

†(~x)⊗
1

2
P−ΓI (2.15)

FIJ = S(+)(~x)⊗ P+ΓIJ + S(−)(~x)⊗ P−ΓIJ , (2.16)
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the curvatures in (2.14) being defined by

F
(±)
ij = ∂iA

(±)
j − ∂jA

(±)
i + [A

(±)
i , A

(±)
j ] (2.17)

fij = ∂iaj − ∂jai . (2.18)

The covariant derivative in (2.15) now is defined as

Diϕ = ∂iϕ+A
(+)
i ϕ− ϕA

(−)
i + i ai ϕ (2.19)

Diϕ
† = ∂iϕ

† +A
(−)
i ϕ† − ϕ†A

(+)
i − i ai ϕ

† , (2.20)

and the quantities S(±) in (2.16) are

S(+) = ϕϕ† − η2 , S(−) = ϕ† ϕ− η2 . (2.21)

In what follows, we will suppress the Abelian field ai, since only when less stringent symmetry than
spherical is imposed is it that it would contribute. In any case, using the formal replacement

A
(±)
i ↔ A

(±)
i ±

i

2
ai 1I

yields the algebraic results to be derived below, in the general case.

We now refine our calculus of descent over even codimensions further. We see from (2.11) that A
(±)
i

being 2
D

2 × 2
D

2 arrays, that they can take their values in the two chiral representations, repectively, of the
algebra of SO(D). It is therefore natural to introduce the full SO(D) connection

Ai =

[

A
(+)
i 0

0 A
(−)
µ

]

. (2.22)

Next, we define the D−component isovector Higgs field

Φ =

[

0 ϕ

−ϕ† 0

]

= φi Γi,D+1 (2.23)

in terms of the Dirac matrix representation of the algebra of SO(D + 1), with Γi,D+1 = − 1
2ΓD+1Γi.

Note here the formal equivalence between the Higgs multiplet (2.23) in even D, to the corresponding one
(2.4) in odd D. This formal equivalence turns out to be very useful in the calulus employed in following
Sections. In contrast with the former case of odd D however, the form (2.23) for even D is much more
restrictive. This is because in this case the Higgs multiplet is restricted to take its values in the components
Γi,D+1 orthogonal to the elements Γij of SO(D) by definition, irrespective of what symmetry is imposed.
It is clear that relaxing the spherical symmetry here, does not result in Φ getting out of the orthogonal
complement of Γij , when D is even.

From (2.22), follows the SO(D) curvature

Fij = ∂iAj − ∂jAi + [Ai, Aj ] =

[

F
(+)
ij 0

0 F
(−)
ij

]

(2.24)

and from (2.22) and (2.23) follows the covariant derivative

DµΦ = ∂iΦ+ [Ai,Φ] =

[

0 Diϕ

−Diϕ
† 0

]

. (2.25)

From (2.23) there simply follows the definition of S for even D

S = −(η2 1I + Φ2) =

[

S(+) 0

0 S(−)

]

. (2.26)
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3 New Chern–Simons terms

First, we recall the usual dynamical Chern–Simons in odd dimensions defined in terms of the non-Abelian
gauge connection. Topologically massive gauge field theories in 2 + 1 dimensional spacetimes were first
introduced in [7, 8]. The salient feature of these theories is the presence of a Chern-Simons (CS) dynamical
term. To define a CS density one needs to have a gauge connection, and hence also a curvature. Thus, CS
densities can be defined both for Abelian (Maxwell) and non-Abelian (Yang–Mills) fields. They can also be
defined for the gravitational [9] field since in that system too one has a (Levi-Civita or otherwise) connection,
akin to the Yang-Mills connection in that it carries frame indices analogous to the isotopic indices of ther
YM connection. Here we are interested exclusively in the (non-Abelian) YM case, in the presence of an
isovector valued Higgs field.

The definition of a Chern-Simons (CS) density follows from the definition of the corresponding Chern-
Pontryagin (CP) density (1.1). As stated by (1.2), this quantity is a total divergence and the density

Ω
(n) = Ω

(n)
M (M = 1, 2, . . . , 2n) in that case has (2n)−components. The Chern-Simons density is then

defined as one fixed component of Ω(n), say the 2n−th component,

Ω
(n)
CS = Ω

(n)
2n (3.1)

which now is given in one dimension less, where M = µ, 2n and µ = 1, 2, . . . (2n− 1).
This definition of a (dynamical) CS term holds in all odd dimensional spacetimes (t, IRD), with xµ =

(x0, xi), i = 1, 2, . . . , D, with D being an even integer. That D must be even is clear since D + 2 = 2n, the
2n dimensions in which the CP density (1.1) is defined, is itself even.

The properties of CS densities are reviewed in [10]. Most remarkably, CS densities are defined in odd
(space or spacetime) dimensions and are gauge variant. The context here is that of a (2n− 1)−dimensional
Minkowskian space. It is important to realise that dynamical Chern-Simons theories are defined on space-
times with Minkowskian signature. The reason is that the usual CS densities appearing in the Lagrangian
are by construction gauge variant, but in the definition of the energy densities the CS term itself does not
feature, resulting in a Hamiltonian (and hence energy) being gauge invariant as it should be 3.

Of course, the CP densities and the resulting CS densities, can be defined in terms of both Abelian
and non-Abelian gauge connections and curvatures. The context of the present notes is the construction of
soliton solutions 4, unlike in [7, 8]. Thus in any given dimension, our choice of gauge group must be made
with due regard to regularity, and the models chosen must be consistent with the Derrick scaling requirement
for the finiteness of energy. Accordingly, in all but 2 + 1 dimensions, our considerations are restricted to
non-Abelian gauge fields.

Clearly, such constructions can be extended to all odd dimensional spacetimes systematically. We list
ΩCS, defind by (3.1), for D = 2, 4, 6, familiar densities

Ω
(2)
CS = ελµνTrAλ

[

Fµν −
2

3
AµAν

]

(3.2)

Ω
(3)
CS = ελµνρσTrAλ

[

FµνFρσ − FµνAρAσ +
2

5
AµAνAρAσ

]

(3.3)

Ω
(4)
CS = ελµνρστκTrAλ

[

FµνFρσFτκ −
4

5
FµνFρσAτAκ −

2

5
FµνAρFστAκ

+
4

5
FµνAρAσAτAκ −

8

35
AµAνAρAσAτAκ

]

. (3.4)

3Should one employ a CS density on a space with Euclidean signature, with the CS density appearing in the static Hamil-
tonian itself, then the energy would not be gauge invariant. Hamiltonians of this type have been considered in the literature,
e.g., in [11]. Chern-Simons densities on Euclidean spaces, defined in terms of the composite connection of a sigma model, find
application as the topological charge densities of Hopf solitons.

4The term soliton solutions here is used rather loosely, implying only the construction of regular and finite energy solutions,
without insisting on topological stability in general.
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Concerning the choice of gauge groups, one notes that the CS term in D + 1 dimensions features the
product ofD powers of the (algebra valued) gauge field/connection infront of the Trace, which would vanish if
the gauge group is not larger than SO(D). In that case, the YM connection would describe only a ’magnetic’
component, with the ’electric’ component necessary for the the nonvanishing of the CS density would be
absent. As in [12], the most convenient choice is SO(D + 2). Since D is always even, the representation of
SO(D + 2) are the chiral representation in terms of (Dirac) spin matrices. This completes the definition of
the usual non-Abelian Chern-Simons densities in D + 1 spacetimes.

From (3.2)-(3.4), it is clear that the CS density is gauge variant. The Euler”=Lagrange equations of the
CS density is nonetheless gauge invariant, such that for the exaples (3.2)-(3.4) the corresponding arbitarry
variations are

δAλ
Ω

(2)
CS = ελµνFµν (3.5)

δAλ
Ω

(3)
CS = ελµνρσFµνFρσ (3.6)

δAλ
Ω

(4)
CS = ελµνρσκηFµνFρσFκη . (3.7)

This, and other interesting properties of CS densities are given in [10]. A remarkable property of a CS
density is its transformation under the action of an element, g, of the (non-Abelian) gauge group. We list
these for the two examples (3.2)-(3.3),

Ω
(2)
CS → Ω̃

(2)
CS = Ω

(2)
CS −

2

3
ελµνTrαλαµαν − 2ελµν ∂λTrαµAν (3.8)

Ω
(3)
CS → Ω̃

(3)
CS = Ω

(3)
CS −

2

5
ελµνρσTrαλαµαναρασ

+2 ελµνρσ ∂λTrαµ

[

Aν

(

Fρσ −
1

2
AρAσ

)

+

(

Fρσ −
1

2
AρAσ

)

Aν

−
1

2
Aν αρAσ − αν αρAσ

]

, (3.9)

where αµ = ∂µg g
−1, as distinct from the algebra valued quantity βµ = g−1 ∂µg that appears as the inhomo-

geneous term in the gauge transformation of the non-Abelian curvature (in our convention).
As seen from (3.8)-(3.9), the gauge variation of ΩCS consists of a term which is explicitly a total divergence,

and, another term
ω(n) ≃ εµ1µ2...µ2n−1

Trαµ1
αµ2

. . . αµ2n−1
, (3.10)

which is effectively total divergence, and in a concrete group representation parametrisation becomes explicitly
total divergence. This can be seen by subjecting (3.10) to variations with respect to the function g, and taking
into account the Lagrange multiplier term resulting from the (unitarity) constraint g† g = g g† = 1I.

The volume integaral of the CS density then transforms under a gauge transformation as follows. Given
the appropriate asymptotic decay of the connection (and hence also the curvature), the surface integrals in
(3.8)-(3.9) vanish. The only contribution to the gauge variation of the CS action/energy then comes from
the integral of the density (3.10), which (in the case of Euclidean signature) for the appropriate choice of
gauge group yields an integer, up to the angular volume as a multiplicative factor.

All above stated properties of the Chern-Simons (CS) density hold irrespective of the signature of the
space. Here, the signature is taken to be Minkowskian, such that the CS density in the Lagrangian does not
contribute to the energy density directly. As a consequence the energy of the soliton is gauge invariant and
does not suffer the gauge transformation (3.8)-(3.9). Should a CS density be part of a static Hamiltonian
(on a space of Euclidean signature), then the energy of the soliton would change by a multiple of an integer.

3.1 New Chern–Simons terms in all dimensions

The plan to introduce a completely new type of Chern-Simons term. The usual CS densities Ω
(n)
CS , (3.1), are

defined with reference to the total divergence expression (1.2) of the n−th Chern-Pontryagin density (1.1),
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as the 2n−th component Ω
(n)
2n of the density Ω

(n). Likewise, the new CS terms are defined with reference
to the total divergence expression (1.3) of the dimensionally reduced n−th CP density, with the dimension
D of the residual space replaced formally by D̄

C
(n)

D̄
= ∇ ·Ω(n,D̄) . (3.11)

The densities Ω(n,D̄) can be read off from Ω
(n,D) given in Section 5, with the formal replacement D → D̄.

The new CS term is now identified as the D̄−th component of Ω(n,D̄). The final step in this identification
is to assign the value D̄ = D + 2, where D is the spacelike dimension of the D + 1 dimensional Minkowski
space, with the new Chern-Simons term defined as

Ω̃
(n,D+1)
CS

def
= Ω

(n,D+2)
D+2 (3.12)

The departure of the new CS densitiess from the usual CS densities is stark, and these differ in several
essential respects from the usual ones described in the previous subsection. The most important new features
in question are

• The field content of the new CS systems includes Higgs fields in addition to the Yang-Mills fields,
as a consequence of the dimensional reduction of gauge fields described in Section 4. It should be
emphasised that the appearance of the Higgs field here is due to the imposition of symmetries in the
descent mechanism, in contrast with its presence in the models [13, 14, 15] supporting 2+1 dimensional
CS vortices, where the Higgs field was introduced by hand with the expedient of satisfying the Derrick
scaling requirement.

• The usual dynamical CS densities defined with reference to the n−th CP density live in 2n− 1 dimen-
sional Minkowski space, i.e., only in odd dimensional spacetime. By contrast, the new CS densities
defined with reference to the n−th CP densities live in D + 1 dimensional Minkowski space, for all D
subject to

2n− 2 ≥ D ≥ 2 , (3.13)

i.e., in both odd, as well as even dimensions. Indeed, in any given D there is an infinite tower of
new CS densities characterised by the integer n subject to (3.13). This is perhaps the most important
feature of the new CS densities.

• The smallest simple group consistent with the nonvanishing of the usual CS density in 2n− 1 dimen-
sional spacetime is SO(2n), with the gauge connection taking its values in the chiral Dirac represen-
tation. By contrast, the gauge groups of the new CS densities in D + 1 dimensional spacetime are
fixed by the prescription of the dimensional descent from which they result. As per the prescription of
descent described in Section 4, the gauge group now will be SO(D + 2), independently of the integer
n, while the Higgs field takes its values in the orthogonal complement of SO(D+2) in SO(D+3). As
such, it forms an iso-(D + 2)−vector multiplet.

• Certain properties of the new CS densities are remarkably different for D even and D odd.

– Odd D: Unlike in the usual case (3.2)-(3.3), the new CS terms are gauge invariant. The gauge
fields are SO(D+ 2) and the Higgs are in SO(D+ 3). D being odd, D+ 3 is even and hence the
fields can be parametrised with respect to the chiral (Dirac) representations of SO(D + 3). An
important consequence of this is the fact that now, both (electric) A0 and (magnetic) Ai fields
lie in the same isotopic multiplets, in contrast to the pseudo−dyons described in the previous
section.

– Even D: The new CS terms now consist of a gauge variant part expressed only in terms of the
gauge field, and a gauge invariant part expressed in terms of both gauge and Higgs fields. The
leading, gauge variant, term differs from the corresponding usual CS terms (3.2)-(3.3) only due
to the presence of a (chiral) ΓD+3 matrix infront of the Trace. The gauge and Higgs fields are

7



again in SO(D+2) and in SO(D+3) respectively, but now, D being even D+3 is odd and hence
the fields are parametrised with respect to the (chirally doubled up) full Dirac representations of
SO(D + 3). Hence the appearance of the chiral matrix infront of the Trace.

As in the usual CS models, the regular finite energy solutions of the new CS models are not topologically
stable. These solutions can be constructed numerically.

Before proceeding to display some typcal examples in the Subsection following, it is in order to make
a small diversion at this point to make a clarification. The new CS densities proposed are functionals of
both the Yang–Mills, and, the ”isovector” Higgs field. Thus, the systems to be described below are Chern-
Simons–Yang-Mills-Higgs models in a very specific sense, namely that the Higgs field is an intrinsic part of the
new CS density. This is in contrast with Yang-Mills–Higgs-Chern-Simons or Maxwell–Higgs-Chern-Simons
models in 2 + 1 dimensional spacetimes that have appeared ubiquitously in the literature. It is important
to emphasise that the latter are entirely different from the systems introduced here, simply because the CS
densities they employ are the usual ones, namely (3.2) or more often its Abelian 5 version

Ω
(2)
U(1) = ελµν AλFµν ,

while the CS densities employed here are not simply functionals of the gauge field, but also of the (specific)
Higgs field. To put this in perspective, let us comment on the well known Abelian CS-Higgs solitons in 2+1
dimensions constructed in [13, 14] support self-dual vortices, which happen to be unique inasfar as they are
also topologically stable. (Their non-Abelian counterparts [15] are not endowed with topological stability.)
The presence of the Higgs field in [13, 14, 15] enables the Derrick scaling requirement to be satisfied by
virtue of the presence of the Higgs self-interaction potential. In the Abelian case in addition, it results in
the topological stability of the vortices. If it were not for the topological stability, it would not be necessary
to have a Higgs field merely to satisfy the Derrick scaling requirement. That can be achieved instead, e.g.,
by introducing a negative cosmological constant and/or gravity, as was done in the 4 + 1 dimensional case
studied in [12]. Thus, the involvement of the Higgs field in conventional (usual) Chern-Simons theories is
not the only option. The reason for emphasising the optional status of the Higgs field in the usual 2 + 1
dimensional Chern-Simons–Higgs models is, that in the new models proposed here the Higgs field is intrinsic
to the definition of the (new) Chern-Simons density itself.

3.2 Examples

As discussed above, the new dynamical Chern-Simons densities

Ω̃
(n,D+1)
CS [Aµ,Φ]

are characterised by the dimensionality of the space D and the integer n specifying the dimension 2n of the
bulk space from which the relevant residual system is arrived at.

The case n = 2 is empty, since according to (3.13) the largest spacetime in which a new CS density can
be constructed is 2n− 2, i.e., in 1 + 1 dimensional Minkowsky space which we ignore.

The case n = 3 is not empty, and affords two nontrivial examples. The largest spacetime 2n−2, in which
a new CS density can be constructed in this case is 3+1 and the next in 2+1 Minkowski space. These, are,
repectively,

Ω̃
(3,3+1)
CS = εµνρσ Tr Fµν Fρσ Φ (3.14)

Ω̃
(3,2+1)
CS = εµνλ Tr γ5

[

−2η2Aλ

(

Fµν −
2

3
AµAν

)

+ (ΦDλΦ−DλΦΦ) Fµν

]

. (3.15)

5There are, of course, Abelian CS densities in all odd spacetime dimensions but these do not concern us here since in all
D + 1 dimensions with D = 2n ≥ 4, no regular solitons can be constructed.
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The case n = 4 affords four nontrivial examples, those in 5 + 1, 4 + 1, 3 + 1 and 2 + 1 Minkowski space.
These are, repectively,

Ω̃
(4,5+1)
CS = εµνρστλ Tr Fµν Fρσ Fτλ Φ (3.16)

Ω̃
(4,4+1)
CS = εµνρσλ TrΓ7

[

Aλ

(

FµνFρσ − FµνAρAσ +
2

5
AµAνAρAσ

)

+DλΦ (ΦFµνFρσ + FµνΦFmn + FµνFmnΦ)

]

(3.17)

Ω̃
(4,3+1)
CS = εµνρσ Tr

[

Φ

(

η2 FµνFρσ +
2

9
Φ2 FµνFρσ +

1

9
FµνΦ

2Fρσ

)

−
2

9
(ΦDµΦDνΦ−DµΦΦDνΦ+DµΦDνΦΦ)Fρσ

]

(3.18)

Ω̃
(4,2+1)
CS = εµνλ TrΓ5

{

6η4Aλ

(

Fµν −
2

3
AµAν

)

−6 η2 (ΦDλΦ−DλΦΦ) Fµν

+
[(

Φ2DλΦΦ− ΦDλΦΦ2
)

− 2
(

Φ3DλΦ−DλΦΦ3
)]

Fµν .

}

(3.19)

It is clear that in any D+1 dimensional spacetime an infinite tower of CS densities Ω̃
(n,D+1)
CS can be defined,

for all positive integers n. Of these, those in even dimensional spacetimes are gauge invariant, e.g., (3.14),
(3.16) and (3.18), while those in odd dimensional spacetimes are gauge variant, e.g., (3.15), (3.17) and (3.19),
the gauge variations in these cases being given formally by (3.8) and (3.9), with g replaced by the appropriate
gauge group here.

Static soliton solutions to models whose Lagrangians consist of the above introduced types of CS terms
together with Yang-Mills–Higgs (YMH) terms are currently under construction. The only constraint in the
choice of the detailed models employed is the requirement that the Derrick scaling requirement be satisfied.
Such solutions are constructed numerically. In contrast to the monopole solutions, they are not endowed
with topological stability because the gauge group must be larger than SO(D), for which the solutions to
the constituent YMH model is a stable monopole. Otherwise the CS term would vanish.
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