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Abstract: This is a continuation of a study of time-evolution
of a state of an infinitely-extended one-dimensional boson lattice
system, which was initiated in the paper {11 under the same title
we consider here finite range, pair interaction potentials and
prove that the family of the time-evolved states provides a solu-
tion to the corresponding Liouville equation and BBGKY hierarchy.
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1. Introduwction

This paper is & continuation of {11 . iWe studied in the paper
[11]the non-equilibrium time-evolution problem for a "locally-un-
bounded" phase space gquantum model where the "traditional" anproact
[ 2] based on a limiting * - automorphism group oi an underlying

C*-algebra does not work. The model was on the one-dimensional lat-

4
tice 2/ and was given by its formal Hamiltonizan
+ ..
H=-4§ Z &5(’3@);, 2 q)('J—J'l)n:)h,S, ) (4.1)
vez' y,vez!
) + + .
where & . o O and W, = a. Q. are, respecti-
osonid J S o

vely, theYcreation, annihilation and particle number operators in

4
the Hilbert space 3‘6:3 which is realized as 22_ ( 7Z+ ) with

(D) 4
the standard orthonormal basis { g ., s€ Z... } Tet %5

denote the C*-algebra of bounded cperators in 3L€3 and
.’b = ®@ &j be the corresponding qugsilocal C*-algebra.
Jez2! 4
Je have constructed in [21 1 a family { Iy, te R } of
states of B which describes the time-evolution of an initial
state F =¥ . The states \‘Pt are given by
3, (M= b 3 (A) Ach, +e R (1.2)
t 4 Mt ’ s N -
ANrZ
where
Wt H L H
\.9 = t A =0 A 1.3
At (A)= ¥ (e Ae ) (
and H/\ is the kRamiltonian (1l.1) confined to the finite volu

A
/\ C Z (bounded interval on the lattice).
In the paper [ 1 ] we assumed that the (locally normal) ini-
tial state P is diagonal. This condition means that the densit

1
matrix of the state ¥ in any bounded interval A C Z/
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(es 1afl1]1, w2 sugli 453 tTue moscetion X C.', N). ‘the dliezonell
of e sscte ¥ Jeeus in physicsl terms tnet 16
cleesicel prrticle systea on ths lsbttice. Of course, tils pro-
party Ls desuro,ed Dy .us tligs—-gvoluuion, but it meskes possivls
to foruaulete fursner essuaptions on the initisl state in nstura.
prooebilistic tsrmse. for exaupls, the opesic assumption that The
stste hes longspace "holes'" which are free of psrticles
is pelased to Borel - Centelli type zssertions (see [11).

Tq the situstion under considerstion we sre able to prove

that te stetes ¥, , t €& Qt given by (1.2), (1.3) provids a

t
solubion to tae infinice-volume Liouville eguation
l W Ay —
2 F - [ + o ‘l N
d{’ lt A \A P 3 ,\*_
(L.4
+ ‘b Z— ‘t’A_ [ (AU{J)A })
g, FHYIA Py C?(‘ A\Bnn 1
J, ez
An{V#P
(M) o .
Zguetion (1.4) is on =& Icuﬂll,y { (a{ k of density metricses
in fiaite voluaes A C Z wnica obey the standerd consist-
A ) A) /
gacy coadltlion J\—A'A,\A Pi = t( s AN> A. The term
A -0 ) . -
[F( +) H/\ in she RHES of (l.4) corrasponds TO the xina-
r +
tlc snscgy: dere A, is EV -4, V,+4 ] for A=Cv

for & gencral cece /\.\_ 1s defirned es {J&Z : o{;s‘t (3, N«



Z‘LQ -3 a2 (13

i +A
g Jef\ JEA,: JEN
J"" E A.\. :5*'4 61\4
(the nodegtion H is used to stress taat uo opouandesry con-

dision is invalved i1 the RHS of (1.5)). rhe partisl trecs
~ . . . B a— ~——
.., N C z" , is tsken in S{Aﬁv ; in ths case A =
. 3 . . S .
(whicn occurs wuasn { JsJ } c N in the second-term sum
in the RYS of (l«) uo trece 1ls taken.
dguivslently, sguation (l.4) may ve rewritven in the follo

ing form

4 N e T (1.8)

A—'t P'E ) Lt"'/\.M.\/\[ F‘c 2 H/\H— ] .

=Lds P.
. 4 . 7 Aulm Supp
Here znd below ,\w:{‘\‘el st (G, A) ¢ \r}, r=  (Llhe pracise for-

mulstion of Gthe result is given in the next sectlion.
Ltnother ooject related to the time-evolutvlon in statistic-

cl mecheaics ie the BBGKY hiercrchy:

(~+1) \ (L.7)

Akfe =ile  HTT Ap, | w0, teR

This is s systeam of equstions for a ssgueice { ?_\: ’ h.v,0§
(W) (w) (w)

of opscretors f :-}6 — where }Q _ (B{LA))@»\,

ba\mm

is tue s aaetrized tewsur product of W copies of the under=-

(1 (o)
lying Hilbsrt space = 62(71.) (e " is cet to oe

tae one~diminsioncl couplex spsee). Theresby the melirix ele.uent
(wy ,
of ft sre 1lsbel ed v, peirs (%, 2 ) of occupatlo.

. . . e o /
numeer conilguretions X, ‘x, C Z witn lxi=1x | =
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(Ly Tmt s deava, &5 nl 1 7, ths nuwods Of perticles in

an oocupctive ruwoer coaflijurstion K Puﬂ = 3 i)
he fires Tera in tue RIS oI (l.7) 15 tue couauietor wWisvi tne
. o . H (=) .
h —perticls Haalltonlen corresponding %o (l.1). Liks
(W) (w) (»)
PO Tag  cpszotorn H cclbs in H oo LuC LEeTiolx
>

= # wWoQ N . / . V4 ® )

slenentsVeoesin lebalsd by pelrs (X, % ) wnere x, x C yA 5

AI v u-M.N @u:?::xfxﬁsv

Y 4

3,3 e L
.n . ;. . ’ Lo
fooopmmdwobbc..pcmhooakm;nmf.obmoﬁ mbmoﬁoﬁbmwom.

A
4 ] % Vs

?S
nlsuﬁ¢ Rﬁ.i +A
AI vuﬁwﬁ A J A ,_.Tgv v u

3340

and
Y — : .
X, O p) otherwise.
Tare asnd below mw derotes the ons-perticle configuretion
. - A
coicentr.tad at & sits Gy € Z .
As to th: secoud tera in tas UG oI (L.7), tuls 1s the

= 8

()

following operetor Lo u& -
(w+4)

Uy, Py (), (1.8)

BERE® %_n Ci) is en opirstor



(w+4) (w+4) 'ZL
c')) , = ( ) x,x' TAL 1xel=\x1=
f't J €T, x ?‘h 14.%,1/4-5' 3 3
(w+4) J (~+1)
(racell inet N scts 1n Jo sud tuerefore 1tcs
aetrix ¢lesuents ere lsbeled oy pelrs (y> a’) witn

Ld . (k')
\3\:.\5H-= htA, LLXSWLES, (I(J) is sn Operstor in g2

‘:Ur :— ’G n

(Uay), , =2 Pk
ke

: : : . : ’ co
if occupetion nuuaoer confligurstions x snd % coinside,
lf(')) = ‘ i
( D)y g o , otherwise.

In our situstion we prove Ghet a solution to (1.7) is

ven by the femily oI oparstors with

:c.’(;)) x (k)

(8, Jun™ % (N L

ye! ) h_e?k4
,' 1 , 4
x, X CZ, lxl=1x"1=w , W0, + ¢ R

of course, Guas existence of tas axpectstions 1n the RS of (1.
should be _uersateed. for the precise formuletion oL this re-
- .lt, sse Sasctlion D

Notice thst .o do not stete t. T our solutions to the L0
vills so.ad bBGXY ejustions ere anigue: 0.9 must be zuls for to

o co.ctruct Sre Tius 2Vo

’,‘.J
<
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@]
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uily of

iaiticl stuses J.
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2. The Liouvills =yustion

Theorsw 1. Suppose taet ¢ ilgguizel stete 7P hes propsr-
sics (d*) end ( d*”) from [ 1] . Yhea, £or ey vouanded in-
capvel  A® Lid suy opsiedor A € B locelized in A°
(AE. :E)A") tna function £ t?t (A) is swoota sid the

following egqustion Gexes plece

wiers tne RHS of +the equality is defined &s the limit

& e w)
5::;0 \j“: ( r\ s [ HA° Al ﬂ ) , (2.2)
(A)

ﬂ ¢s Ls the orthogonal projection in ’3-9,,\ onto the subspac
generated by the occupation nuuber configurations x ¢ A
with 1=l <s. 4

dquation(2.4)may be considered es ¢ vegk Zorm of Une in-
finita=-volune LlOU.VlllG equatlon. From this point of view, a
family of skates , t € P is cslled souatimes a weax
solution of tne Liouville equation.

Proof of lheorem l. At the first step we shall checg sgua-

(A%
tion (a.l) for A = E )3 s Ix\ = \a\ .
Lemas 1.1. Givew vounded A D f\o s tip coivergsnce
(A%

\5’%* ( [ \-—-‘/\oﬂ. s E x,Y ] ) =
‘ (N%er) (A%) (A“.) (2.3)
= g:m 3/«,-& (n [t E 1 n

is unlrora Ior N > Niv e ¥ io coapscts, emd the

-~

Suetion



g (LH | E ﬁv 3, (LH, vmmo%d

is ocoundsd 2o cowpacts uniforaly for N> 7*% . Oracver,

- (A%)
f,w>n.mﬁm/..~>o+1»m wu”

X,y

) (M) (A% (A) (2.4)
@?5) %\:.wA: M monu.wﬁAwuu )

&—> &0 <s

end the convergence (2.4) i1s slso uniform for + in compscts.

(M) - = ::L
?*ASAV _..“ £>o+T»MA>v.u : v"
(A%r) (A°) n>+1u 5
uNo%f&Ajuw MDM.VADPV..._ umﬂvw“’ v * .
3 € Ay
. ey A>HL n>a (A%)
* M.l oﬁfu.& _v,w?.wﬁ ) ¢s M..s\..,s\.u: ..#3 vu

22 thet it suffices to cilacsx thet every tsra in the RHS ol

(2.5) coaverges uniformly to the corrsgpounding guentity as
S —>o00.,

Wwe rectrict raeglves to the teru

ﬂ>ﬂ.1v n)v h>o+1v
/m?wﬁﬂhw s‘.wF..,\mR.m 2Aw Vv ,wm>ov w\ﬂ>o. mm.m

Do -rova tae colwer.ewnce ©f (g.8) 1t suriices t0 chaca tnat



( >o+1J n>o+L ( >o+.rJ

woere s'>s Mew = M > s M <! o wha Im8 ol (2.7) is
zotoactsd Oy (X
(A%) G (A% +r (") (AS,)
9 + +r
_ >v+.ﬂj?w~ Sd( <ls j s, 8 vf +f/w>vwﬁﬂv.v v\m?w: 5, ¢ v N
(3 (i) (A% )
Z +r
. :A@awv« Qumrw ﬂ,..wn«AS : v
ﬁ>+1q 3/ n> v
4 N“ ﬂflw G4 ) ¥
Lol s At Aﬂg @\ ﬂgnur ﬂ# v* £
(A L (%)
m?.m — if.w hﬂg . MM“ W — Jwvﬁ A ﬂaavr vﬁ <
k> les
- (2+d - o
c, bos . o= +n~N. kL~ (2.8
. L» s
where C4, €z, & sre gome positive constents. The lest

Dousd in (2.8) is the conseguence of ovounds obtelned in the
prooi oi Thsorem 2 mhoaﬂwu

The prooi of aguality (2.4) procesds along the ssme scneus
Ihig finishes tns proui of Leama 1.1. O

Note thet the simple modificestion of these arguments gives

. 1 . 1
tuat for eny %:.-.»,.g /4 and oy, . -- omnm.N*

o
.t y ¢ oo (2.9)
A - - &m

uniformly for t in compacts.

from Leama 1.1 one obbalns thet,for rixed \/..
(A®)

,w?,ﬁgﬂfwi mx& .: i

cng ohe rollowlag sgue

a continuous functlon of the varigble

m

Ty ls velia
0 +
(A9 (A . - C: .,
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fcuas Lez. The followlng liaise exist uwaiformly for t

in couapects

- (A%)
([ H
A?Q.TTJ n>°¢

= b (N, [He B30

Nov > %

a1l
aiil

¢ A%)
@w nn A m. I > m X, Y uv (&.11)
AP
soreover, tue oota liuwius ars equal. d
Proof . from Leams l.l one hes thet the convergence in
(2.3) is unifora for A D >M1 , from{ 1) (see Theorem 3)
one cen oobtein the convergence

s ¢n:A>+L_HI>

AP

(N)) ﬁ>+1¢
3.v uj uﬂ
5 (N g £ 0

Hence, the pota E.E.,nm exXlst zad are m@pnw Lemus le.2 1s prover

from (z.10) end Leuaa l.2 one obtezins thet
: ( A%)

Q“I m x u is & continuous function of ..n and

Ao X
t
(A% (A%) ,M

+ 1
()

s

7, ([R ENaY

Leuna l.3. Let > e D pe an oparstor locglized
0 4
in > . Fbmbu for awny w € N +

- (A°) (A%
t— %>}Aﬁr>o j P RN uv (z.1¢

$EL )

0

ig & convinuous fuctivn whico 1s bounded urniforumly for t
in coupects. Lfhe vAluTe (2.12) coavergas to O as w —> 00

walicraly in AL <
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(‘rr"

00f of Lewia l.3 is iven oy & couclnsgtion o1 ergu-

The pr
Here one usas

+ha proois Of Lewaa le.l sid Léuwae lece

.

(A%) (A%)
[, (g, ML A T |

IN

<[y i) uar Ly ("

A,‘t J J A,t N

Y'he detells ere omitted. O
Froam Lemuwa 1.3 ons obts.ns

t
?t(A) = Y (A) +L§3{'(E Hi\°+.. , A])OHZ,

0
Ae locelized in A . ihe last reuark is

to (2.1). Yhesorem 1 is proven.D

(2.13

for any
that (2.1%) 1s equivalent

Corollary 1. sssuus thet a

tng conditions of Theorem 1. Let
. /\0 a X
in s voluas ., The family of

diagonsl stste § setisfies
(A°)
P_t be the deusity

aebrix of the stste 5ft

. (M) 4 . - . e
matrices Ff +te R , provides e soluiion o the infinite-

volume Liouville egusbtion written in the operestor forn

f'.l. | (A%) - U\oﬂ—) v
A‘c(F{- )“Lt*ir\,\o[\DJC : HAOWAX, te R,

he derivetive in the LHS is understood in the weak operator

topology. 4
dquivelently, this eguetion mes ce rewrLtten in the form

(L4)e
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4. The BBGKY hisrarciny.

— N S . %

Theorew 2. Les & dlagonsl stsue g have properties (d )
o %

and ( ) froa [il « Then, for aiy W > O and eny

of occupstion numpber configurstions with Ix\=

=1l =n the function
t Rt (x, x’)

is smooth and the following egustion tedes place:

0{ (w) ] WY (W) (w44
W Rt(x’x’)-:t(“'\ Rt)(x,x')-\-(AR% Ya,x) | G

Here R{:(x’ «’) is defined by ,
(A%) () k)  (A”)

R.(x,x)=b o SN oo, N

“:( s ) srw\jt(ﬂ(s .[;174, 3 e k 45)}(3.2)
/\°=r\°<x,x')={€€7/-’:xghm’mm} is the support of (x+rx’),
the projectors (:; were introduced before. ‘HLW’Q‘:‘
is given by

(WY (W) (W) {w) () (v

"o _ 5.3
K R,cax,x)—a (RyugH ), (H )x’aQ%(a,xI)) (5.3
(Ww+1)
snd A\\R{- is given by

(w+1)

(A\Q{ )x,x’ =
(wt4) (3

N 4 D -k (2= () R 28, x+3)) o
I, kel

iquation (3.1) may De considered ss & wesk form of the

infirice—volume BBGKY hiererchy for the tine-svolution under

counglieration.
A
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Proof of ‘heorem <. {he proof of Thecrsa z follcws the ssu
lige or srouweuts as thet oL Theorea L. to gvolid repetitvions

?

vwe saasll oait tvzcnnlcel detellse

Let x, . c A° vz occupation nuavsr coafiguretic
in N9 us dsuove
Rk.¢
rw -
+ 4 (3)
o () = 1 or.w 5 aQiy) = N G
Jen Y

o]
Leune %3.L. Given oounded > > A , the limivus
Sa4 (a0 atyy)

o0 atgy] )

%) vr)
@»\5) /..w>v¢A ; ﬁI?l.u Glo%muu: v

S>30
are uniform for > DN ead +  in cowpscts. whe func-

tions

+T|v%>vwgr>a_,.,9+§5&@vv t +— N>} (§,%)

. . . ol 0
ere coabinuous c¢.d vounded on compacts ualformly for A DN,

sioresover, the followiiy liunlts exist

) (A (A)
m?w&gﬁn b %?Z: P:&ﬁ%i ,v

5> 00 ’

/w?* C“ ﬂ>o+1 , & x) ?&Q un
@)
= b I, A ;J ﬁI> go.nw@ﬂ u

s—>00 Mt

end .3 convargence in G.ov Ls uniforam for .rn in coapacts. ¢

e
o
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The procf of Leuils %.1 procseds 1o tng ssne wsy ss Leama
a‘l.

l - . e e Y

Aron Lemus 3.1 one obtelus tast for flxed AD> Niv
tne following equelity is velid

+
L (0060 o.(aw =

(3.7)
=3 (Coaly) + *j ‘3 [H amat@}}df o

Lennag J.2. Unlformly for ‘t’ in compacts the following
limics exis%:
, * _—
R, g3 = Fy (afmatyy) =
(A°)

X (A°)
= g”_";‘oo ‘:?,c (ﬂ o ma(a\\_\ ) =
= QA»~« F:l ( & x)
Aﬁ7/-4 )

and

\3"([;*A° ; C:“"Mé;.\)
\f (H(AM[H a.(xmtaﬂ ﬂ ”>
- .QQWW4 EyA,t ( {‘¥{Aﬁw-’ af(xJCXLéﬂil ) . 9

AP

The proor oI Lewna 5.2 repeets thset of Leunma 2e2.

Ls in Sectlon 2, erm (3.7) sud Lemnma 5.2 ons obtsins
. ; ,
(y,x)= J(eaae)+ i v + ’ )
Rytpmr= St s ([, dwugl)dd 0
e

Hance, tus function r — Q_\:(é, x ) is saooth, and direc
computstion gives tnet the squeallty (3.8) may rewritten la the

form (%.1). Ltheorea < is groven. [
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