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. Introduction

Brcniac otion on 3 Submonifold of Euclidean Space Price and Williams [1 proved a marinqale characterization of

Browni an motion on the unit spiiere 2 in . They used the

by marti ngale representation which, by Jaod s theorem 2 ,

implied by martingale characterization, to prove a result on the

d.T. Lewis structure of Brownian motion on 2• Their rnartingaie

characterization was generalized to Drownian motion on a
Dublin Institute far Advanced Studies d -hypersurface in lB in [3]: Let f ne a real-valued u-functon

10 Burlington Road ddefined on an open set in lB ; a process X on h with = c is
Dublin 4, Ireland

o Brownian motion on the hypersurl ace f Cc) if and only if iS a

sernimarti ngale such that

(i) dXt - H(Xt)n(Xt)dt - dWt, where Mis a contiwous local

rn art i n g a 1 e.

(ii) d<XXT>t -P(Xt)dt.

Here H(x) is the mean curvature at x, n(x) is the unit normal at x

and P(x) is orthogonal projection of onto the tangent space at

x. In this note we prove a generalization of this result to a

submanifold of of arbitrary co-dimension: a process x on

which starts on a C2-suhmanifold V is a Brownian motion on V if

and only if X is a semimartingale such that
rLract.

Ci) dXt - j(Xt)dt = dMt, where M is a continuous local

A martingale characterization of Brownian motion on a martingale.

sbmanifo1d of Euclidean space is proved and the implications (ii) d<XXT>t = P(Xt)dt.

cf the consequent martingale representation are discussed. Here j(x) is the trace of one-half times the second fundamental

form of the imbedding, and so is normal to the submanifald; the

term
- j(Xt)dt is the drift which is required to keep the process

on the submanifold. This martingale characterization is proved in

§3; the proof makes use of Baxendale’s equation for Brownian

motion on a sub-manifold of IRd given in [41, and this is described

in §2, In §4 we give a result which generalizes the theorem of

Price and Williams [1] on the structure of Brownan motion on S2.

§2 Brownian Motion on a Submanifold

Let V be aC2-submanifold of d;
we claim that a process X on

IRd which starts on V and satisfies

dXt - j(Xt)dt = P(Xt)dB , (2.1)



ard let a be the differential operator defined on C2-functicns

5 a Brn,nian nation on ‘I. Here B is a BMCC), a Brownian motion

21x is ort’ogonal projection of on the tangent space

T(V) to V a: x, and j(x) is one-half times the trace of the second

funcamental form of the inbedding evaluated at x. We have to show

that t stays on V for all toO and that X is a diFfusion whose

qerator is a constant multiple of the Laplace-Beltrami operator

on V. Now these are all local matters, and it follows from the

inverse function cheoren that aC2-subinanifold of° is locally a

leve1 set f(c) of some pd_valued C2-function f defined on an open

set in d where r is the co-dimension of V, and such that the rank

of the derivotive f(x) is equal to r for all in x in f(c). It is

eflCL;n then to establish our claim for a submanifold V which is a

level set; in this case it is easy to define j(x) and P(x) on an

ocen neighbourhood N of f1 Cc), the open set on which f’ Cx) has rank

and (2.1) has meaning as an It equation on an open set in td. To

cc crecise, let P(y) be the orthogonal projection of on

go her f(v) for all y in H; when x is in V. the subspace 2

coincides with T(V), the tangent space to V at x. A vector field

v defined on N is said to be a tangent vector field if v(y) belongs

to Ey for each y in N; it is said to be a normal vector field

if iCy) belorgs to for all y in W. Given a pair v,w of CLtangent

vector fields, we define a normal vector field s(v,w) by

sCvw) = P(y)Cvgradw)(y) (2.2)

d J
where P y) = I - P(y) is the orthogonal projection of on Ly.

Then v,w s(v,w) is bilinear and symmetric; the restriction of

s to V is the second fundamental form of the imbedding of V in d•

Define the normal vector field j by

j(y) tracegyCsy) (2.3)

which makes sense since s, is a quadratic form on E.

Let 7 be the differential operator defined on C1-functions on W by

(vg)(y) = PCy)(grad g)(y), (2.4)

on W by

(ag)(y) =traceCP(y)(P(y) grad g)(y)).

It is important to notice that both (vg)(y) and (ag)(y) depend only

on the restriction of g to Vend that V is the covariant derivative

on V, and a is the Laplace-Beltrami operator on V. We shall require

the following identity:

Cag)Cy) = trace (P(y)g(y)) + j(y).(grad g)(y). (2.6

A process x in which satisfies (2.1) is a diffusion since

(2.1) is an It equation with continuous coefficients; to compute

its generator, we apply It’ôs formula to the process g(X) with g

an arbitrary C2-function:

dg(X) = (grad g)(Xt).dXt + trace (g(Xt)d<XXT>). (2.7)

It follows from (2.1) that the bracket process <XXT> satisfies

d<XXT>t =P(Xt)dt, (2.8)

so that (2.7) becomes

dg(X) = (grad

+ trace (P(X)g(X))dt. (2.9)

Using the identity (2.6) we have

dg(X)
- Cag)(Xt) = dMt, (2.10

where M is a continuous local martingale satisfying

dM=gradg(X).P(X)dB; (2.11



4

it ol lows from (2.10) that the generator of the diffusion X

is . lloo let f1(y) ,....f(y) be the components of f(y) in

sore ortoonorral basis for
2r; then applying (2.10) with g = f

we have

dfj(Xt) = 0, tD’O, j=l r, (2.12)

since grad f(y) is orthogonal to Eso that dMt 0 and

(aj)(y) C for all y in W. Hence Xt stays on V for all t>0

almst surely. This establishes the claim.

\ow consider aC1distribution E of kdimensiona1 subspaces

on We can define P, s, j and a as before; the only difference

is that s is symmetric if and only if E is involutive, where the

cracket operation ,‘ on vector fields is defined by

(v.gradw)(y) (w.grad v)(y).

Supoose that C is involutive; then, by the classical theorem

of Ercoenius (see [5], for example), there is a unique aximal

integral manifold of E through each point and the above proof

establishes the following proposition: Let C be an involutive

C2-distribution on and let X be a process d such that

x and

dXt - j(X)dt P(Xt)dBt.

(2.i3)

(2.14)

her X is Broenian motion on the maximal integral manifold through

x of C.

3 Martingale Characterization

The description of Brownian motion on a submanifold V given

in 2 suggests the following Martingale Characterization of

BM(V)

A process x on which starts on V isa BM(V) if and only if

X is a semimartingale such that

(1) dXt J(Xt)dt dMt, where M is a continuous local

marti ngal e

(2) d<XXT>t
= P(Xt)dt.

We have to show that if (1) and (2) hold, then there exists B, a

BMORd] such that

dMt P(Xt)dBt.

Let be a BM(lRd) independent of X, so that

d<XBT>t 0, d<BBT>t = Idt,

and B be the process on lCd with B0 = 0 and

dBt P(Xt)dXt + P(Xt)dat.

Then it follows from Cl), (2) and (3.2) that

local martingale on lCd and

d<BBT>t = Idt,

B is a continuous

so that B is a BM(lRd). Moreover, from (3.2) we have

(3.1)

(3.2)

(3.3)

(3.4)

P(Xt)dMt = P(Xt)dBt; (3.5)

it remains to show that dMt = P(Xt)dMt. Let

given by M0 = 0 and

M be the process on lCd

dMt = P (Xt)dMt (3.6)
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Fe n ark

For a hypersurface we have r1 and then x— n(x) is the Gauss

map of the hypersurface. When the hypersurface is the unit sphere

S2 in , the normal subspace P±(Xt) is spanned by the vector

and we recover the theorem of Price and Williams [1] as a special
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