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The prospect of -a formulation of quantum mechanics on path space,
ison's stochastic mechanics, is attractive to many.. So .
. ” . R ; O
gen shown to be in complete agreecment with the Schrodinger

and spectra. But stochastic

czuse it oper le-path level, seems to contain
srzoinformation than the mn-oa4:mm1 theory. The sample-paths in :
tochostic satisfy HNelson's generalization of Newton's equation
see 3 below)y it is tempting, therefore, to conjecture that the
‘e-paihs of {ne process provide us with the ensemble of actual .
griisle pains., In this paper we explore one consequence of this
oniscture. -
1f the delscn thedry is {0 be more then a very elegant reformulation
f mn;«mmmamux_m wave-mechanics, one must find areas where the predictions
and quantum theory differ. One area wnich merits
Teulation of first :¢ﬁw*:@ times in stochastic
toction times in quantum theory. As-a first step
nsider the stochastic mechanics of the stationary
tom, @ readily identifiable quantum system.
In this paper we @nalyze in detail the diffusion process corresponding
] ground state of the Hydrogen atom; we obtain-a skew-product e
& for-the procsss and give detailed results on first-hitting times,
a3 ) we describe how Tirstoarrivel times of quantum particles can be ‘
ziculated in the cuunium theory of counting processes due to Davies ﬁmw.
inally, we irndicate how our results may be extended to excited state
Since this is addressed to a mixed audience of physicists and

i
H
i
i
i

3

ne

mathematicians, we have concontrated on explaining the idees.
are given in outline; deteils will be given in [1]

It is a pleasure to thank David Hilliams and Barry Simon for heipfu
conversations-and to acknowledge SCRC support through rescarch grong
GR/C/13644.

§2. Diffusion Processes and SchrGdinger's Equation

First we recall some results about diffusicn processes (sce [3] Tor
details). Let X be a process on wa satis ng the Itd-aquation

dX¢ = b(Xgst)dt + dBy (eo1
where B8 is a mzAwav. a Brownian motion on %a, so that each component
g8d of B is a Gaussian process with E[BJ)=0 and .

E[BYBE] = gyes &, 1,5 =1,...,4d. (2.2)
Here E [ . ]1denotes the expectation with respect to Wiener measure 7.
If the drift b is sufficiently well-behaved, the process X has a :
transition density p(x,s ;y,t), defined for t>s by

PIXy Ay Xg = x] = p plx,s s y.t)dy, (2.3}
and p is the fundamental solution cf the forward Kolmogorov gqguation

ap def :

P div: (3 gradyp - bly,tip) = Lyp, {z.4)
subject to the condition

plx,tyy,t) = s(x-y): (2.5}

The subscript y on the differential operators indicates that differ~
entiation is with respect to the final point y. Regarded as a Tunction
of the starting point x, the transition amsm4n< p-satisties

3D , def S

it " Fayp + b(x,t) grady = L*p, {(z.6y
the backward Kolmogorov equation. - Here L* is the formal £? - gcieint
of L.

R £ [N .

Now let f{x,t) be a classical solution of the Schrddincer equation




P o= = hafoF VT, (2.7)

shere V is a real-valued potential function. Multiplying by f*, the
complex conjugate of f, and equating real parts, we find that the

continuity equation
L osdivi =0 . : (2.8)

is satisfied by the quantum mechanical probabi]ity'density p=|fi2 and i
- 5(F* grad f-fgradf¥).

the quantum mechanical probability current  J _
exp(R + iS), where R and

Jow assume that f is nowhere zero and write f

“n

5-are real-valued; then ) . .
p = eZR 5= ¢2R grad s, - : (z.9)

fence we see that (2.8) may be written as ) R
g% = div (i grades - » grad S). {2.10)

Tomparing this equation with (2.4), we recognize it as the forward

Kolmogorov equation with drift 15

b = grad (Re-log T + Im log f). (2.11)

This leads to:

Proposition O

Let V be a real-valued potential functicon and let f be a classical

solution of the Schrodinger eguation U
sz L

P = = da f o+ VT, (2.12)

g e .

1D

Suppose that f is nowhere zero and that the corresponding drift b is a
continucus function of (x,t) satisfying : Y
R

iblx,t)t < Wizl + 1), (2.13)

for some positive constant M. Then, if there exist positive constants
B and C such that S
. 2 . : .
PF{xyt)l <8 explClxl®), (2.14)

and if the transition density p(x,0;35,t) exists for the diffusion process

X-which satisfies

' B [ . i o

dX¢ = b(X¢,t)dt + dBg, (2.15)

2
s [Flyse) 12 = Jop(x,05y,8)17(x, 001 Zox. (2.16)
e The proof is a straightforward application of the uniqueness theoren

for parabolic equations {see [4]). ‘As an application we cite the foilcw%ng

Example:
e Consider the solution
— ity2 _ 2% . it it
flx,t) = expl-d(x-ae’®)% - 7 (1-e7€7%) - =) (2.17)
o ~
of the equation 8
S _
,.Sf‘-:_lazf 2 - \.
o 1;€ B 3 + Ax4f, . (ZfISJ
1 Then i
i |f(x,t)1% = exp { -(x-a cos t)21. (2.19)

1‘ 3 o~ » . >
~— " The corresponding diffusion process X satisfies

— dXt = - (X¢ - a cos t + a sin t)dt + dbg, (2.20)

- and the transition density p is given explicitly by

E ‘ 2 L

-3 (y-x) ' -

p(x,0 35 y.t) = (2xt) fexpl-—5r—+A(t,y)-A(0,x) E(x,0 ; y,t) (2.21)

17

where

18 ‘ b .

- E(x,0;y,t) = E[exp(t&;F(ut,(y-x)u + teb(u)ydul); (z.22)

“— here b is the Brownian bridge with 5(0) = 5(1) = 0, and il

20 Alu,x) = -3(x-a cos u + a sin u)2, P (z.23)

LA Fluyx) = A(u,x) + x{a cos u + a sin u) + 3. (2.24)

22 As Nelson [5] has pointed out, not all diffusions arise in this way;

these which do are the conservative diffusions. To describe them, we

"7 need some definitions: the mean forward derivative Dy is defined by

24 :
DyXg = lim %E[Xt+h = Xelved. (2.25)
25 h+0
From (2.15) we deduce that
26
(2.26)

DyX¢ = b(X¢ut) = (grad R)(Xg,t) + (grad S)(X¢,t).
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be interested particularly in the diffusion asscciated
ate W of the Hydrogen atom with nucleus of charge

. N 2
Gaussian units we have V(x) = - Ze¢/|x| and

f

(x,t) = Nexp (~]x|/a) exp (-iEt/n), (3.3)

rm

vhere a is Bohr radius and £ is the ground state energy. (In Gaussian

inits, we have a = h%/me?Z and E = -n2/2mal.) The ground state process

o= - gw,Af_aﬁ + dBy. . _ (3.4)

Xy 1ok st
m

‘he forward and umnx,owa derivatives are used to define a mean accelera-

vion 3(D,D.+D_D3)X of a diffusion process X; for ﬁ:m ground-state Uﬁonmmm

‘he mean acceleration satisfies Nelson's ‘generalization of Newton's

-

iguat 10

Xt

(D4D_+D-Ds)Xs = -Ze© X
Mxﬁ_u

%

(3.5)

[SRE=

‘c sce this, use the formulae (which come from (3.4) and Itd's formula)

. |\j Xﬁ > Sy
DiXy =% — N . (3.6)
o ma | X¢l RE

D+h(Xt) = grad h-DiXg £ .mlmﬁbr:xﬂv, (3.7) )

T N

‘or an arbitrary s$mooth function h. When 3~xv = x/1xl, we :m<m grad )

+0,%=0 and (£h)(x) = -2x/|x]3, so that D4D.X; = D.DyXs = - B2 Xt &
: (x) = -2x/ix] +0-4t t T Rz TxeTd

as shown that his generalization of Newton's equation is

mﬁk wide conditions. This leads to the suggestion that — ..27
s could be thought of as the unseen trajectories of the
nical particle; we now examine the sample paths of the

process in more detail. He begin with: 21

The process |X| satisfies

mw.wv 24

diXel =

rZexp (-2r/a).  The process § = T
T X

Z is a mzﬁmmv, a Brownian motion on

initial distribution uniform on $2,

4 . . . § .
~-—the martingale characterization of Brownian motio

Q

‘be the radial part of the Hydrogen atom Hamiltonian;

—

Proof: Using (3.4) and Itd's formula, we ge 3.8) with db = R-dB; by
on,

d<b>¢ = Mﬁ tdt = dt. Now apply Ito's formula to & = Ile we have
. 1X]
3
QIR (LA ot 1
dy = L (1 - xx")dg - Al 4t 3.8}
moIX] mixi2 (3.9)
. N, - :.W ds ; K )
Let u(t) be the inverse of t + I » and put Z¢ = Xy(t)s then, by
mo |Xg|2
.§2.5 of Mckcosa [ ], we have . . E
dzy + Zydt = (1 - 227)ds. (3.10)

We recognize (3.10) as Stroock's equation for mzﬁmmvmmmm the contribution
by J.T. Lewis in this volume) and the result follows. .
We study the radial process |X| in more detail:

~

Proposition 3

Let gplx,y: t) = PLIXgl dy, I%gl = x] for x,y in (0, =). Let

“and let moﬂxv =exp (- x/a). Then

where En(n = 0,1,...) are the eigenvalues cf Hy. i

He = - qm 14
MMax

—t

xmmr-Nmmg Aw.wﬂv
dx X’ :

gpx,ys t) = foly) exp (= t (He=E) /i) (x,y)fg(x)"] {3.12)

and, for each t>0, we have -

- ,&wﬂ exp (-tE/m)g (x,x; t))dx = o exp (-tE,/F), (3.13)

. The proof is & straightforward calculation. Next we investigate
first hitting times for the radial process.

54, First Hit

ot

ing Times for the Radial Process

In this section we present some results on the distribution of

hitting times for the radial process associated with the ground-state

" of the Hydrogen atom.

B R AT W TR
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