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exist erm1 in :. In vector notation, (36) and (37) nay be put into

tne term

-( •

= _L zNc z Dz (3w)

ZJ Az

1)
dotLs t1 h conjumtc of Ak

L s

tos D a’d C() 1o’neaiL deiinte

sot

bt ta s D d C() are re 1, cod for any we hve

- 0

a

-

(4’)

as the are positive.

us notice here that matrices D and C(), though nonnecative definite,

cause the are ciw—syametric.

Isa-it theorems for stochasttc :eu elpitcatlve

differential esustions [3—I7. For our case the relevant versions of

ciseore:s are eivon in tie parers of Paeanicolaou and Varadhan

[ts. It is not dafficult to ecoonize that

is analotous to the one considered in Theorem 3 of :15], and

cransfornatiom, the general, abstract Theorem I of [15]

I would be sore convenient, however, to recall the theorem

of It aanicolaou and holler L10 (PK Thee-rem). Because F(t1 are bounded

is linear (and not explicitely cerendent on

tjcc scale) all the beundcdness cendt:ions needed for

ore satisfied. horeover, the existence cf the drift b(z)

and the diffusion ci-j(z) ccefficient, in the sense of limits (35).

and (37)1and their explicit forms (38) and (39), ensure tne fulfiillout

of the further conditions of the PK Theorem. Thus the PK Thoren aced 10,.

Ito relevance for the formulation of our problem may be expressed us

The or en

Let z1() Cc) Of L- “‘f ‘ , be

defined by equation (29). Let (iF) — (5F’), (5F’), (20), (22) and (23)

hold. Then the process converges weekly as i—eQ (t —p and

O t= o o arbitrary) to the diffusion Xarkov process

with infinitesimal generator L defined by

L + Z ) (12)

where b(z) and Cij(Z) are, respectively, drift and diffusion coefficients

given by (38) and (39).

Remarl 3

Theorems also exist ([17], theorems 2 and 3, chapter 7, 3) which

allow us to determine the behavinu of the solution :2(i) of the ,bcve r:-oL’lcr

for a L C o/ —
. It turis out that br such ta:ne—antervel-; ta-coo

does not mo;e significantly from its initi5lpesitien [ip,2S]
• _•,o ‘m-f,i’ e

L ta--) Icr as are cc tee orcor , ann mc: cc tao cc.

as expected for from the above theo:em, 17,25. Ts saaldns,

to some extent, why we have formulated our problem in the Van

6. Comseeueoccs of tIec diffusion li role sodutdct for tm v;rcs

For further discussion it would be more convenient to repre5enc the

diffusion Xari:ov proces :(-) with drift vector b(z) and

as the solution 0f the Ito type stochastic equation 2d,3D. ho- hoes

b(z a -i- (:i)) t()’L- -:‘ -:

where C(s) is a square root centric: of 0(z) (because 2(c)

definite matrix it has a unioue square root Ot’:) (so), and )‘v 1
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st4cd.rd, n—&.:ensional Wiener process.

3

Th: mean valbe of the process zci),’tQ is contained in

‘r!. :gt tz!.’r’ there r = jz (o)j , and z(O) denotes the

starting pont of the evolution.

Proo.’

Let t.s coasidor the function

we hzva

Lca’)t 2Z (i E, 1c A!; k%zhV) ; zj*

14
—

:(z=jzj (44)

Becae of the bUoying identities

0!:
jzfl 2pz;izit4) (45)

and (46)

b

-0(3..)(LJ 2: ,

%b

n .1

1’
. j_

‘r r; ‘it.,

3

and by nonnegative definitness of C(:) we obtain

Lez)O for Cp4.

By Ito’s formula we have also

thrczet) L.. r(zc.c))ck .r

Applying the average to the last expression we obtain

E(z’n)=9Lr(zcLfl U for Oa pCI.

Hence, for p = 4, flts tI

1Ezct’J EIzer)(E(z(c))cjz(o)j

Thus Lemma 3 is true, and evidently also it implies that the inequJ ity

is preserved during the evolution of the sync:.

ActuaL.y, the relations (49) and (51) are stronter thar, art’ nee.i:

to obtain (52). They also give an opportunity for comment n the .n..tW.ty
of the process :c5). Such discussion is, however, com;leate. :y z.;e fa:

that L nay be a degenerate elliptic operater 3c]. The de;ener.cy of I

appears if cc:) turns out to be zero for so.. e set N o.’ points ef . Th%t

form of C(:) implies that if stch a set Nxsts it :..t ‘e :ara.ar -

subspace of R4. This is true, since i. Il N(A’), where ,çA’,: .: -.

Moreover, we may notice that for tN L’:)sand c:)cG
Sy (43), N is an invariant subspace with repect to the pcocez.s .2

decanposition of the process z&c) for ; and :c’ (w:t- :.:_:.—t.”’

allows us to see it as the direct sum of two vecters volvin: in ti .e. 7 g

first vector is a constant voctor z,. tn N, ad the s’conJ is eq 1 -‘

relevant diffusion process zc’c) in N wit:1 stricrl ellIptic i:,fnttesi ..i

generator 17 (for z 0) (this is also clear if the equatien 29)

linearly transformed so that the components in S and N are sr,tc.,,.

.a< -,

tte first .ud th: third terrs in (.,7) cancel, since natrices Ak are

skew—a ;$atric. Tterefcre (47) yields

:-çZ

c (-i) z1 C(z)z

(47)

(4S)



Cc

L I

rZL ZZfL J J 1 EL
[ I

ihitflIJI-

! LLL ‘iLL LL
L

] ‘ ...s.. i 1”’

1”

C) - -F

C’, (3

H
P Ci C I-,

H,

H F”
H C’-’” I.

U” ‘U C’
‘U ‘3

- H 0 r)
‘-3 U H

(3 / 4” v c

I--’ (N I”’- 1,

(C’ (C’ H
C) I”-”’, C— H
C H’ (I

U H” H’
Cl”) H” U <—4-

C’ “““— c”-t
H’ H H,

CC 2 H C’

2 ‘H

C) ‘13 C)

C) ‘13
ci ,-t (C’ H
U - H ‘3 H
H’ ‘-- C) — (C’

( ‘--‘H
CC ‘“‘ P H’

CC (EL
LI H’ H H’
C) CC CC C”)

H
““‘, ((3 C’C CL.
,i’ I, (C’ H F”

7 c-F H H” ‘‘,
U H

(3 CC U
H

(3”””” (t CC

H’
() (“I” H 0

I”” U C”’ U U

C),.C, CC

U H
() H

H’
H —“-‘U U
p ,-‘ p
U C-) H H

‘-Ci ‘—‘ U H
H’ ‘“3
C)
(C C’

‘-0 C’) (3

CC
(.4

H c’3 ‘“ “ C, C’ 0 ‘3) LI 4, ‘0 H CU H ‘Ci
‘ ‘3 , CL ““ ‘3 H H” H C) ‘3 P CC C” )

C) ‘3 H (i, ‘3 C) ‘“3 H C) ‘3
I’ ‘3 Ci C’” U , C’ 3’”,

C) ‘C.) “ U” CC’ (C’ (3 U”’ ‘“-C (C, “4 C”) “C’ H (.4 ,‘“t

C ‘U (,‘ —“- ‘3 c”

“—

‘. (3’

‘ H” ‘- H c Cl C) (‘3 ‘“-‘-‘ H’
“

‘3
‘3 ‘--“3 3 CL ‘“C’ ‘—‘ H ci ‘3 0 k) C’”- ‘“‘3

C 13 Ci (C’ H’ c. U U ‘ (‘3 ‘3) C) (it
-“-““- “—‘ 3 H U ‘“-“- 0 CC

cr
U H H’ C)

3 C’ C) C) ) ‘ C) (C, CC (34 ““-v’ ‘, <- 4 0 U

1 / ‘ C0””"”””’— ‘3.
C’ C’- ‘3” ,-C, C 1--’ 0 C- ‘3 p P
,3 Ci ci U “C H’ C) C) C) C) H- cF
E) C ‘“- H” C’ 3 —““- H” CC C/C U 4-, H H U C)

CC ‘3 ‘3 ( (“ LI H’ H <1 h-’, ‘3
‘‘, c-C C.., I”, ci ‘—‘ C) Ci H <“4 (3 H ‘-‘, H
n 3” ‘CC’ (‘3 13 c’” U ‘3 H 3 ‘1 (3”’ H’ fl H H
“C (3’H ‘“—C I-”’ ‘C’ ‘“——“ U 1/ (T”i (C. C) (34

U C’S “3 ci C) H’
H CL C’ C’ — H’ C’ C’ (C’ H () ‘1
3”- ‘-“C H (U 4-’,

‘-.--‘
CC 0 ‘3 d” U U (U H’

‘ CC H c” 1) “3 (34 ‘3 (5 C’ C) cC H-’ H
<‘5 (34 (34 C-. “ ‘ U (C U ‘3 (‘3

3 (3 (3.-”- S—’ U C) C-’ ‘3 (3 cC-) (C’ C) (I LI
--“C U ‘I i— Ci. ‘3

,““-, S H H C’ H’ CC C) H’ H’
3) (3,

-“-—- ,_ C) H U ,‘ Cl’ U C) H
Cl C) C’ C” , ‘-,“ ;, ‘—“. C) H U H U H-’
“.4 Ci CL ‘-3 4 ‘C” c-U U (3 4-

I) U C) CL r (N C-’” c-F C) H C) ‘ H .—, ci
C’) U c-F U , -‘ ‘— C) H- -3 ‘Ci U H’

‘, ‘i-.- H
I) H’ ‘“C’ H Li C) H”’

o (

‘ C.- LI Li (El” C H H c-F U, .,‘U ‘— U
(C (,) “C’ C) (3 (C’ (3’ C) ‘ H
El ‘1 03 ‘““-“‘3 CC’ H C) H I, 4-’, 0 -“--‘ 0”’
4””- 1”, C) 4”- S””-- “““““3 -. C;-” C’ C) i-’ C) U cc” (3
C - CC’. C” Ci C-, ‘, Ci U U ‘3 CC
‘3 “‘3 ‘3 4— “—--‘ -3 H’ (F C) C) C) -t c-F ‘0

“‘“C H’ OU—’’5 H”’ C) C) (C’ H H 37 P C)
‘“C’ U C/ CU U C) H’ U CC LI
C.. C) H C-C - ...,.-‘ H’ U C) (.4 C/C ‘-‘3 H’ C/i

‘-3 (3 ““ U “U U .0 U ci H’
H’ H H Ci H’ U U —3 (3 H H ci”’
C) C-C” —. (‘) U C) CL H’ H H H U H

H” -3 H I CL CC”f) H H’ H C) CC ‘3

‘3) CC ‘3) C) H’ H H-’ H H’ C’) H - “ H
CL-’ P H’ (0 C) H C) H’ “0 U

U” H H Ci C) (5 U U 35 0 C) 0 H’
I’ P 3” ‘3 C) U H’ c” C) f”, U H
U H- H (i H 0 H’ U P U Cl) (35 ()
(C’ CL’ H’ ‘-‘3 0 H’ (U (3 U H H . U

‘Ci C) H H (3 CC H (El H’ H
Cr” ..- H C) I”-’, (EL. CL ‘0 U (3”’ (5 H’
(C) CC C) c-F (C’ C) c-F C-) F-’ “-‘ (C’ C)
C) Ci H ‘ U U”’ c-F C’”’ CC H H H .0 Ci
0 U’ (C’ C) ‘-3 H’ P (3 H’ U 4--’
U ‘“-“- C) U U H U CL ct Cl H
C) CL, (C’ C’ U H’ H’ ‘Ci ‘3
CC “"‘C (C) H <C H’ Ci 0 c-F 0 H’

— H P i” C) U H’ Ci U”’ H F-” H ct p
C) ‘— C) H “ U H’ c-c C) U c-” C/c
H-’ C’ H’ P U H’ c--F ‘, (U
C) H C) I’ H Os P I’S CC (3”’ ct CC IC
P —“‘ C) (34 H” (Ci H C) Ci”’ ‘—‘ P
U C-cc (3 c-F CC cC, ‘- CC

‘Ci ,0 Os c C-C”’ C) H
<C “ U H- (‘3 (U C) ‘ (34 H’ CL
U”’ — P <C cc U c, U C)
(.4 “ Ct C) “3 ‘-‘-- CL , (C’ CI
U H-CC ‘-““ c< H’ - ‘3

C) —‘

(I “ ““-‘ H’ C__c,

C.-’i 1,Jc o C’)
,cc -1”- CI
CL ‘— CC

CC”

J
-- -- ---“ —.



t ±LH -H—+E
Th± _LL JZL

.tzfLztLiz
I ItI ---il-I—

ZL
-

11-LI LLi11 1L

1. JL1J H
I i— I

ii J H 11
Ii -.——!

IT H r IHH
I--- -

HI

i_ I I —

—I

JLL
—3

:_3________ :,

I -

H
H

-H
--3

H

C),
3-)

--

3-)

ci -‘

C 3-)

H

-

H C’

—,—‘ C)

-H

_<

o t

HO U)
S- /)

o ii C)
‘H C)

C-) 0
-p .-i-i

-H —i C).
0

-,-4 C)
3-4 .. -

C), 0 4.)

4.)

C) U
4-)

4.) Z c)

C)
4-C) 4),
C) C) U)

-3--C C.) C)
I) Cd 4-.

z C).
t

P4-) 4)

c-I

I-,

‘--3

C)

4-

C)-)

±

33)

,1

C
x

‘—I

CI

I.- I

(3)

z
NJ

ii

I—)

N

-o

-H

C))-’
3, C,
C) C)

(3

‘H

--4

CC,

Cd
to

3) CC

34 V

‘H 0

0
4.)

C——- U)
3) C)

‘..1

4-C

I-us)
C)
--3

3) C)

-1

Ni

r

C) c—)

cdt)
4-)
z

) (:

C) Cd
0

‘H 0
3.) 4.)
Cd C)r-1 H
C)
C) 4-1)

C)
C) -H
N -Cd
o Cd

_1D p
Cd

C) 1

0
lEt C)
o s-.
C) a

)EC. X

C))

-1-

33)

-I

CC-)

C))

>3

7—

IE2. 4
U) CC) H ltJ

C)3-H

-

- 33
Cl

0 cC C
4—’ CC G-
.3 C) H )

12 “
4--’
- ) C-I

U)
‘1)

C: C) I—
C) (—4 1)

IC) .3 3)4-4 1—
0

4-) 3) C) C -

000.42 rHCI 4-

C— 3.)

,S1 0 c
- -‘-----4

I)) -H C) (.) -

H ‘H -H ‘

0 4.)

÷ C) C) 0 -
C) 0

.cC —___-—--- -H C-- C), 4--1

- 41
- C c-) \j

C) -C-) r—4
H C)

C). C-4’H, H C
4-) —---S

Ii 4-)
C)

C) sC C)

4-)

I
C)

‘i_CC

4-
/__—_-- ‘ft

—12;’
‘C-_) \jC

‘----C

c-C

C_U 4_)

‘2.)

ci

-_1

LU

ii

‘—--7

‘N

-II
‘-I-)

NJ

C-;

-‘
T

-I

sJ

‘-C)
l)j

C))

C)
N

33)

N

lj

4_— 3

—I

—C

I Li
4-

I
I LI

4-_._1

II

r -I

I

4-

‘C,

7---——

4-

—---7

Cl

(--121
/



4)

4--

C-) 9-4
4-) I
o

‘Cl C)

-4 4.)

C-) C-)
C) - -H LO

-H
H C-,

(2 -,4 H
C) H C:

C) o

H C: C) -H
-,- C-) 4-)
-‘ H ) H

4—’ CD H
C: ‘i H
o H 0. —4

-H CC C. ‘1)
4—’ H C-’ C-.
H C) 0.
4-C C-. C:.
H (4) CC

H H -C: t—-4
C) H -C--’ C)
C--. C: C)

-H H -H
Cl C) ‘Cl C) 90

4: 0 C:
4- 4—’ C) C)

-H 4-4 4),
CC 4-4) --4 I_,

C: 4-) C)
C) 40,

‘CI H C:
C)— C-)
4.)

C) C--. 4-) 4-,
C- 0 H 0
0. P C--C 4-’
0 c-J H H
Ci) 1-, H C,

C) (4) C)
CD 42, $. 4),

•H 0 C-)

C: H
42 --i 4)) -,-4

p. p.
o CC CC CC

H
C

CC H ‘ti H
-H 4) (4) 4—)

C) 4-) C)
—C 4) C) 4-.)

C:-’ C--.
C) Cl, C-)

C) ;) C) I-)
1-. 4-)
C) 44 C: ‘Ci
= 0 -H 0

C-)
C..

7 C)

C) fCC
(—4 * C)

2 -

CD
i_-I C) C)
-4 IC —
C:- -0

o C-)
C.. ‘Ci

C-, C:
C,) H

--4
‘CC

C) ‘CC 4—’
4 C) C:

‘I) C)
• CC 1’

HO
• C) 0

‘) CC C)
-H

C-. ‘CC H
o 0
C’) (4) ‘C-i
C/) I-. P.
C) C) (—I

‘4-i 4: C)
o
C-, £4

C-. C) C-.
H 0

iC4 4) ‘4)-i
HO
H C-. H

40, (C)

p.
(C) H

C-) 4: H
O- 4-’ 4-)O

Cl) 4’) C:
C) C: H
4: -H C:—

CC C:
-H C--.
:: C) C)

CC 0
4)) C:-. C: C-C
C: 0 0
C) 4: 0 C-.
4-4 4) 0

C-) C’) CC
C-I H C: CC

‘C) C) C)
C-) C) -H 4-4

H sO 4-’ 0
H C,) C-.

O C-) C-C..

C: C-i)
Cl) ‘CC

0 0 C:
-‘C ) H

4)

CC

(2
-.-1

4-,
P.
H

H

(i_C
0

CC)

C:
0

‘H
4’
H
C)

-H
H
P.
p.
H

C:
C)

CI)

C:
(2

-H
CC_I
C))

H
0
CI)

‘H
‘CC

C-i)
C:

C:
C-)
4.)

H
C:
C)

0)

C:
C)

-H
4-)
H
H

(C)

C)
-H
4)

CC
H

C)
0

CC)

CC)
4)

C) Cl)- C:

- \J
‘

F) Cl C-. C)
$. 0 ‘4) H
C) F) ‘.4—i CI) C)
4.) ‘H
C) Cl C: ‘C:)

‘H P 0 4-4 C)
H H C--. C--.

C--) 4-4 -H C-) -H
0 C,4 C)

H 4-4 H 0’
o 0 C) (C)

C:— 4: Cl
Cl CC C) 4)
‘C) 4’ (C)

0
C) 0 CD -P

“0 H 4
C: C) 4-) 4-’
H H C-. I:) H

C) 0 ,H
H H

—C C) ‘H
-CC) C’) P C--. ‘d

C-) -H 4) CD
,C: C) H -H

‘,—i P -H H H
O H

-i C:(, 4-4 CC)
CCC: —C C) )
C) -H 0
‘04_C —‘

-H C) C/)-j C.

4 ‘o CC C’) C)

C-i 4.) —--

Cl -23 -,

C: 4) C) C:’
C) CD

-
) Cl -H

C) CD CC
CC) — 4’ -H C)

-H t 4) (i-C C)
C-, C-CC ‘C) C) -H

‘0 C-.
C-) C) p

C: 4’ C) H
4.) C-) 4: H

-H C--. C-)
C: 4-’ C-. cH

H H 0
4 C’) C)

C-.—’ ‘2 C-.
) C) C) H-. CC

-.D.-’ C.) ‘-0
-1$: C) C-p

CD C) C:
C)

--‘ H C) ,A

C: C-i C--, —i C:
C-’ 1-4 CC

C) CC’)

NJ

-H 91 CC)

CD 4-—, _-:: C: Co

C (4

-ii

.4-

C-C)

F

—3--

—-4

D

0

n

44

‘CC

C-.

(Th

2

—If

()

(-) —4- 10 -C) C— O) C7-

‘0 -4) CC) -C) ‘C) ‘:) ‘C)
‘— ,, Nc,—- --— —‘

ç:
C: -HC
H — 5-.-

,C: -. C,
4) C-. D4 —--‘

C- C

4-4
4-’ 1-”

C- H C1

2 ‘-1-

4-, ‘C;

C: 0 ,-
CC4 C—I

2:) ,— 4:

C-. ‘) I”
C) C) -

‘1-4 ,c:C
C) 4-’ J\
‘ 00 -H

__
\r3 —I

C “

(Th__ -- NJ —

- —0 1:) S

44
-3

/
C H

-I

C - - ‘;

4-3 “Ca

— ,4 4 4-
- I- -

‘- /_

4)
II

4.42 -:_)

4) -3 ‘-‘C) - -

C) Hi 9)
I—)

IC
C)

—

‘—9Cfl - -‘-

4- -

- -2
—4-

CC
-H C C’

CC C)
Cl

C
C_i)

CCC- ,
- 2;- -

•--0

4--::-)

—

4: C-i /\ ‘C ---i ---.1
Cj ‘C /\ ,

C-C 41

,-
40 4.) CC [) ‘--fl :4

2 ‘- I 2 - I ‘CJ C H ‘C
‘

(4 H 4.) -, —-- 4-- - 1
C- Nj C’-’ -

‘

-—-3—

Dr

C)

-T

C)

—C’-]

C)

C-)-,

CC C’

C-C )

(

C)
P

H
C-C
C-I
C-CC
C)

C)
C-.
H



—22— —23—

Proc. Synp. Appl. Math. 13, 227 (1962).

1. Kubo, R., Lectures in Theoretical Physics I, ad. by Brittin, W.E.,

and Dutharn, L.G., Interscence Publishers, New York, 1959.

2. Subo, R., Fluctuation, Rclaxation and Resonance in Magnetic Systems,

ed. y ter Haar, Oliver and Boyd, EdInburgh, 1962.

3. Kubo, R., S. PLta. Phys. 4, 174 (1c63).

4. Van ICamea, N.G., Physica 74, 215 (1974).

5. Var. anpen, N.G., Phys. Rep. 24C, 172 (1976).

6. Reifield, A.G., IBM I. Research Develop. 1, 19 (1957).

7. Howe, H.S., S. fluid Mccli. 45, 769 (1971).

. Setrret, tO., Can. .. Phys. 40, 782 (1962).

‘. Baurret, R.C., Nuovo Cm. 26, 1 (1962).

i. Keiler, 3.3.,

11. Van Love, L., Phrsica 21, 517 (1955).

Van Szv, 1.., Physica :a, 342 (:956).

4. Stri.:...tovich, ILL., Conditional Markot Processes and their Application

to Theory of Optinal Control, Elsvier, New York, 1968.

14. flias.inskii, R.Z., Theory Prob. Appl. 11, 390 (1966).

:5. apa.;icolaau, 0.2., Van.dhan, S.R.S., Cozm. Pure Appl. Math. 26, 497 (1973).

:. ?.y.ai.clazu, 0.2., !otler, V., Co::a. Pure Appl. Math., 27, 641 (1974).

.7. Ven:zel, 4.D., rcidln, LI., flu!ctuacii v Dinamitcheskikh Sisciemakh

estfl:L Kalykh Shatchaiaykh Vozmushtchenii, Nauka, Moskva, 1979.

i. Tcszita, •: Pros. Thear. Phys. (Kyoto) 19, 541 (1958).

I). AbraLtu. A., The Principles of Nuclear Magnetism, Clarendon Press,

2sf%:.a, 1ói.

atb.rc, P.S., Rev. Mad. Phys. 33, 249 (1961).

.rahr., :!. Rev. Mod. Phys. 53, 569 (38O).

2:. S1oz.een, N., Purcell, E.M., Peund, R.V., Phys. Rev. 73, 679 (1948).

2. Foru, G.W., La.a, J.T., McConnell, J.R. Phys. Rev. A 19, 907 (1979).

.4. abbard, P.S., Ptys. Rev. 180, 319 (1969).

25. McConnell, J.R. Rotational Brownian Motion and Dielectric Theory,
Academic Press, London, 1980.

26. Rozanov, Y.A., Stationary Random Processes, San Francisco, 1967.

27. Ibragimov, l.A., Ro:auov, LA., Gaussian Random Processes,

Springer—Verlag, New York, 1978.

23. Khasmnskii, R.Z., Theory Prob. Appl. 11, 211 (1966).

29. Arnold, L., Stochastic Differential Equations, John Wiley & Sons,

New York, 1974.

30. Friedman, A., Stochastic Differential Equations and Applications,

Academic Press, New York, 1975.


