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Abstract

Waves on “commutative” spacetimes like R? are elements of the commutative
algebra C°(R?) of functions on RY. When C%(R?) is deformed to a noncommutative
algebra Ag(R?%) with deformation parameter 6 (Ag(R%) = C°(RY)), waves being its
elements, are no longer complex-valued functions on R?. Rules for their interpre-
tation, such as measurement of their intensity, and energy, thus need to be stated.
We address this task here. We then apply the rules to interference and diffraction
for d < 4 and with time-space noncommutativity. Novel phenomena are encoun-
tered. Thus when the time of observation 7" is so brief that T' < 20w, where w is the
frequency of incident waves, no interference can be observed. For larger times, the
interference pattern is deformed and depends on GT“J. It approaches the commutative

fw

pattern only when =% — 0. As an application, we discuss interference of star light

due to cosmic strings.

'Regular Associate, Abdus Salam ICTP, Trieste, Italy
2E-mails: bal@phy. syr.edu, gupta@theory.saha.ernet.in, seckin@stp.dias.ie



1 Introduction

Studies on the formulation of physical theories on the Moyal plane were initiated in recent
times by Doplicher et al. [1]. Interest in such algebras was also stimulated by the work of
string theorists who encountered them in a certain decoupling limit [2].

The d-dimensional Groenewold-Moyal spacetime is an algebra Ay(R?) generated by
elements 2, (1 € [0,1,2,---,d — 1]) with the commutation relation

[j;u ) ﬁjl/] = wuul ) (1)

0, being real constants antisymmetric in its indices. In the limit 6, = 0, 2, and Z;
are time- and space- coordinate functions. If z = (z¢,%) is a point of R? when 6, = 0,
then

Thus %o, #; are operators in Ay(R?) which become time and space coordinate functions
when 6, = 0. There is an extensive literature on the formulation of quantum field theories
(qft's) on Ap(R?) and on their phenomenology [3]. The focus of much of this work is
on space-space noncommutativity (6;; # 0, 4,7 € [1,2,...d — 1]). But it is time-space
noncommutativity (6p; # 0) with its implications for causality and foundations of quantum
theory which leads to strikingly new physics. The formulation of unitary ¢ ft's when y; # 0
is nontrivial and was carefully done already by Doplicher et al. [1].

In recent papers [4, 5], Balachandran et al. formulated unitary quantum mechanics
when 6y; # 0 basing themselves on the ideas of Doplicher et al. Consequences of spacetime
noncommutativity in the quantum mechanics of atoms and molecules have been explored
by Balachandran and Pinzul [6].

Previous work on Ag(R?) was focused on the formulation of quantum theory. Effects
of noncommutativity on classical waves and particles have largely remained untreated in
particular when 6;; # 0 (see however [7]). In this paper we discuss “classical” waves on
Ag(R?), assuming time-space noncommutativity (6;; =0, 6q; # 0).

In the algebraic approach (which is mandatory if 6, # 0), waves are elements of the
spacetime algebra. That is the case also for the commutative space-time C°(R?). The
act of observation, such as measurement of mean intensity over the time interval 7', is
represented by a state on this algebra. In the following section, we describe this approach,
valid equally for commutative and noncommutative algebras. Subsequently it is applied to
interference for a double slit experiment for the algebra Ay(R?). In cases where a double
image of a star is formed by a cosmic string, it causes interference as well which is affected
by 6p;. This phenomenon is examined in the final section.

Novel phenomena are observed in interference when 6y; # 0. For instance if the time
of observation 7' is too small, then, as indicated before, one sees constant intensity and
no interference on the screen. Interference returns for larger times, but it is shifted and
deformed as a function of 2 (§ = /%,6% ,w : frequency of the wave). The familiar

interference pattern is recovered only when %2



2 Classical Waves and Particles on Algebras

The algebra Ag(R?) has generators &, with relations [z, , #,] = i0,,,, 0, = —0,,, being real
constants. We assume that 6;; = 0, and orient 8y = (61 , - - - fpg—1) in some direction 7.
Thus, for us,

[fl,i']]:o, [i‘o,.’/ﬁz]:Zenz, PeR, n-n=1. (3)

We can set € > 0. This does not entail loss of generality since 6 flips in sign when
#i —> —2i. So 0y = 07, 0 > 0.

For 6§ = 0, Ag(R?Y) is the algebra C°(R?) of functions on R%. We first outline the
algebraic approach for § = 0. It generalizes easily to 6 # 0.

i.  Classical Theory on Commutative Algebra:

Let us first examine waves. They are fields @2 on spacetime so that zﬂ € Ap(R%). Tt is
enough to consider scalar waves. Then ¢(z) for z = (¢, Z) € Ag(R?) is the amplitude of
the wave ¢ (x) at z. It is the solution of a wave equation such as

(83 —~ Zé&) d(z) =0. (4)

The algebra Ay(R?) contains not just &, but functions of qﬁ as well. It is reasonable to
assume that a general element & € Ay(R?) has the Fourier representation

&= / A% Gu(k) eihoto ik (5)

where #,, are the coordinate functions: z,(z) = z,.
We can measure many attributes of a wave. For example, we can measure its mean
intensity over the time interval [zg — £,z 4+ £]. Tt is

1 IE0+%

I = n dzo |t (zo , T)[% . (6)

S
We want to interpret this measurement as the application of a state on a particular element
of the algebra since states are defined also for noncommutative algebras.

A state w on a x-algebra A with unity 1 is a linear map [8],

w:ae A—C (7)

which is positive
w(@*a@) >0 (8)

and normalized :
w(l)=1. 9)



Thus states define probabilities and w(d) is the mean value of &.
Coming back to (6), for intensity, we associate the observable I € Ay(R?) where

=9 (10)

Measurement of the mean value of & € Ag(R?) at  in the time-interval [zo— L, 2o+ Z]
is represented by the state w where

RO Y
w(a):f/ ) dxga(zg, ). (11)

0—73
So w depends on xg, T and #. Then
I=uw(I). (12)

Thus to an observable, we assign an element & € Ag(R?) and to a measurement, a state w
on Ag(R?). The result of this measurement of & is w(&).

A classical particle too can be described by a similar formalism. Instead of working
with R?, it is best to include momenta also and work with R??~1. A point of R?¢! is
(w0, 7,p) where P’ denotes momenta. The algebra is then Ag(R??1). If & € Ay(R*1),
a(zo, &, p) is the value of the observable & at time z, for a particle with position ¥ and
momentum p. For energy E € Ap(R271) in a possibly time-dependent potential, we can
have E(z,Z,7) = % + V(xo, 7).

States too can be introduced. For example, define w by

1 Io—i—%

wl@) == dxga(xg, 2, p) . (13)
T zo-T

So w depends on xg, T, ¥ and p. w(E) is the mean energy in the time interval [zo—% , $0—|—%]

for a particle at ¥ with momentum p.

We, however, will not pursue point-particle theory any further.

ii.  Classical Waves on Noncommutative Algebra Ag(R?)

As remarked already, states can be defined also on Ag(R?). Thus to carry the discussion
forward, we must identify waves in Ay(R?) say by wave equations, associate observables to
waves and define suitable states. We will do so in the context of interference and diffraction
for d < 4 in what follows. But we must emphasize one strikingly new feature of 8 # 0. Then
since o and z; do not commute, by the uncertainty principle, we can not simultaneously
localize time in an interval T and sharply localise spatial coordinates. So a state like w in
(11) with exactly the same features does not exist for 6 # 0. We can at best approximate
it.

We consider free massless scalar fields i € Ag(R?) for d = 2,3,4. Such massless scalar
fields obey the standard wave equation

(02 = V)i =0 (14)
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for # = 0. We must find its analogue for 6 # 0.
For simplicity, we choose 77 = (1,0, 0), if necessary by applying a spatial rotation on ;.
Let

~ 1
PO = ——ad [lAi'l
adé = [a, ). (15)
Then R R
Pyio =i, Dyi;=0,i>1. (16)
So ]30 substitutes for 2'8%0 and we can identify 0y with —z']30:
8y — —iPy. (17)
Similarly ‘
81 — ’Lﬁl = —%adi’o (18)
while R
Oy — Oy :=1P,, a=2,3, (19)

0, in (19) being the conventional differentiations. So the noncommutative elementary
massless wave equation is

(P — PP =P}y =0. (20)

It has plane wave solutions R
¢E — ezkimie—zwmo 7 (21)

with a standard dispersion relation:
w— kK =0. (22)
The general solution is a superposition of plane waves.

a)d=2:

The problem we examine is the interference of two plane waves with the same frequency.
It can be generalized, but several essential points are well illustrated by this example. Thus
we consider

1@ = lﬁk + 1/;—k
b = eIk ) (23)
We see that the intensity A .
I= P (24)

is an operator in Ay(R?).
It is not possible to achieve a state with a sharp localization in position and time.
Instead, we look for a state w with a reasonable spatial localization around a point x1, it



will be rather delocalized in time. We define w = w, in terms of a density matrix according

to Trid
. ryQ

— 25

w7<a) TT’/}\/(]_) ? ( )

where R R A
= ¢T('i'0 - 950)5(5%1 - 901) wT(i’o - 330) . (26)

Here by 6 and @T we mean the following operators:

1

6() —x1) = o [ dk eik(@1—21) (27)

3
1/JT(Z%0 — Io) = /T dA\ (5(.%0 — Xy — )\) . (28)

-3

Let |z}) be the eigenstate of Z; for the eigenvalue z:
Ti|rh) = 7h|ah). (29)
Then R

0(2y — m)|ah) = 6(zy — 2)[7h) (30)

where on the right hand side stands an ordinary delta function.
Yr is defined on eigenstates |xy) of Zo:

Eol ) = o|&o) -
br(Zo — o) |p) = br(xg — xo)|ag) - (31)
Here t7(€) is the characteristic function on the interval [-Z , Z]:

1 for |¢] <L

Yr(§) = { 0 for |£]>0. (32)

It is easy to show that 4 is a positive operator and that w, is a state. Now ¢7. = ).
Hence for § = 0, we can write 4 = §(&1 — x1)¥r(Zo — 2o). The corresponding w; describes
an experiment at spatial location x; which is averaged uniformly over the time interval
[xg — % , To + %] For 6 # 0, 4 is an approximation to such an experiment.

But for 6 # 0, 4 does not have sharp spatial localization. If it did, then for

& =081 —y1), (33)
we should get
w(@) =d(x1 — 1) (34)
Instead we find (cf. Appendices 1 and 2)
“ _26 1 . 92 T(:cl—yl)
wy (@) = T o =90 sin [ 50 : (35)



As % — 00, it approaches to §(z; — 1) as it should.
A convenient way to calculate the traces such as those in (35) is to use the coherent
states. Let

=, aQa = ———— 5 a 5 a — ]_ , 36
o o [a,a] (36)
and L
|2) = eva =)o) (37)
where a|z) = —%|z) and (z[z) = 1. We have
(z|Zu]2) = 2, (38)

where z = x¢ + 1x7.
We can now compute (35) using the resolution of identity

- [ EARYEL (39)

In particular we find that

d?z' T
T 5 pum A ! = . 4
" /47ﬂ9 Sl 270 (40)

Appendix 1 contains the details.

Note that (40) diverges as # — 0. That is because 0(i; — 21) is not normalizable in the
commutative limit just like a plane wave.

The object I of our interest is the intensity as measured by w,:

o). (41)

We find, using coherent states for example, that

I'=ws(

I

_ TrA|[2 _ { 2[1+ (1 —22) cos2w(z; — w)| for 20w < T, (42)

T
Tr4y 2 for 20w >T

as Appendix 3 shows.

This result is remarkable. It asserts that there is no interference at all i %w > %/ Thus
the higher the frequency, the larger is the time of observation needed to perceive interfer-
ence. There s interference for %“’ < %, but its pattern is shifted and extrema modified
depending on frequency and time of observation. Figure 1 illustrates the phenomenon.
We recover the usual pattern when HT“’ — 0, and in particular in the commutative limit.

Variation of I w.r.t. 26w is plotted in Figure 2.
b)d=3:

We now consider the algebra As(R?). A good problem to study is Young’s double slit
experiment. For this, let us imagine a screen (a line) along the 2-direction. The two slits



Figure 1: Variation of intensity [ as a function of wz,, for fixed %“’ < % The plots are for

r= %w = %, Lll, % and Ow? = 5. Clearly, as the ratio 9?“) gets smaller, it converges to the
commutative result.

NV
IS

a o

Figure 2: Variation of intensity [/ as a function of y = 20w. It is plotted at x; = 0 and for
the values of T' = 2.5,4,6.5. Note that for # = 0, [ = 4 and for any given T', I takes the
value 2 and becomes independent of y at y = T and thereon.



are a distance a apart and the line joining them is also parallel to 2-axis. This line is at a
fixed distance from the screen.

As spatial coordinates commute, there is no intrinsic difficulty in realizing an arrange-
ment like the above with arbitrary precision.

Let 77 = (1,0). Then time-space non-commutativity is expressed as

[Zo,21] =0,  [Z0,22] = 0. (43)

The wave is considered to be associated with a massless scalar field. Then as in (23),
a plane wave is

77[)1 = eik'f‘e_ikio , r= (i’l ,ZIAL‘Q) , k-t= l{fzfi‘l, |k| =k= \/ k’% + ]{/‘% . (44)

We can also spatially translate this wave by @ and evolve it for time 7 by applying
e de=iT the result is still a plane wave:

e—iﬁoreiﬁa(ez‘k-fe—ik%) = (eRTe ko) elag kT (45)

The last factor is the complex-valued phase of the wave. It lets us to unambiguously
compare the phases of waves related by space-time translations. As the phase does not
change if @ = %7‘ for k # 0, the phase being zero for k = 0, we can say that the wave
travels in the direction k as in the 6 = 0 limit.

We want to consider the interference of the waves from the two slits at a point P on
the screen, assuming for simplicity that they have the same frequency w.

Let k and K’ be the directions of propagation from the slits to P. Then the wave at P
is

1/; = 2/}1 + 1&2
772;1 — eik-f‘e—ik’i‘o ’ ,172;2 — eik/-f'/e—ik:io ’ (46)
where A A
k=Fkk, kK=KK, t=1+a4a (47)

Here a = a(0, 1) is the displacement of the primed slit relative to the other one.

Note that the waves do not acquire phases as they arrive at P from the slits a time 7
later as the remark after (45) shows.

We generalize the density matrix 4 according to

~ ~

f = 7ﬁT( To — 330)5(331 - IB1)(§(3§2 - $2)¢T(5€0 - 1’0) ) (48)

where 6(&; — x1) and ¢y are given by (27) and (28) respectively, while 0(y — x3) is a
regularized version of the delta function centered at x5 (see below). Consequently, the state
generalizing (25) is given by

Trlé

— . 49
TrI’ ( )

wp (@) =



Then the intensity I due to ¢ at P is given by wf(@ZTzZA)).
Note that the standard J-function (29 — x5) is not normalizable, having infinite trace.

Hence, to regularize its contribution to the traces, we replace it, for example by 5 (Tg—mxq) =
|a) (| where

(5] o) (afa)) (50)
is a Gaussian of width d centred at x}, = x5. For this purpose we introduce the momentum
P, conjugate to @, with the eigenfunctions e#2(*2=22) and eigenvalues pj € (—oco,00).
Consider

1 Vd
(@hla) = Nt dphe
1

—_ — gz (wh—12)?

= 7T1/4\/E€ 2d2 \"2 . (51)
(51) will do the job: (50) is a Gaussian, which in the d — 0 limit is a delta function centred
at xq, while Tr|a)(a| = 1.

iy (vh—2) o — 5 d*PF

With §(25 — 22) = |a){a|, traces can easily be computed in the basis |2/) @ |25) (|2)
being the coherent states used in the previous section). We observe that TrI" = %, while

for the intensity I we find

Ok - K

I =wa(leh) = lim2[1 + (1 T |)e}1d2(k2kl2)2 cos ((/ﬁ — k) (xy — kO)

d—0

+ (kg — kb)xo — k‘;aﬂ

Olki — K,
:2[1+ (1—%) cos ((kl—ki)(:r:l—k8)+(k2—k§)x2—k§a>}
for Ok — K| < T,

[=2 for 20|k, —K|>T. (52)

Note that the final result is independent of d.

This result is similar to the d =2 case. There is no interference at all for 0|k; — k}| > T
and the interference pattern is distorted for 6|k; — k7| < T in a similar manner encountered
in (42).

When 6|k, — k}| < T, the dependence of I on (k; — k})x; can be plotted for fixed values
of M. With suitable choice of the phases in (52), the plots will look similar to those
in Figure 1.

c) d =4 : Interference Phenomena from Cosmic Strings

As an example we here study interference of waves from a distant source caused by a
cosmic string. For simplicity we consider a straight cosmic string. The metric around it is
flat with deficit angle (1 — 4Gpu), where u is the mass per unit length of the string and G
is the gravitational constant.

Figure 3 shows a spatial slice where () is the source and S is the string. We assume that
S is normal to the spatial slice as it is sufficient for our purposes. The string causes deficit

10



Q= identify

Figure 3: Double image of @) is observed by O = O'.

angles and requires the straight lines SO and SO’ to be identified. This identification
causes a double image of Q. A = OSO' is the deficit angle (1 —4Gp). @, S, O and O are
on a plane P. Calling [ the distance from the string to the source and d the distance from
the observer to the string, the angular separation of the images is [9]

[1]

=&+n=—-A, (53)

(where & and 7 are explained by Figure 3.)

It should be clear that the problem is effectively of two spatial dimensions.

Consider now the identified observers at O and O'. Call her €. It is not hard to see
from Figure 4 that keeping her distance d from the string S fixed, she can observe double
images due to @ on all points on an arc A of length dA. (See Figure 4).

Suppose now that she can observe the intensity of waves of definite frequency w coming
from (). Let us denote the wave vectors of the two plane waves 121 and % emerging from
@ that reach the observer ¢ at O = O’ by k and K/, respectively. At O = O’ the angle
between k and k' is equal to =. The intensity observed by ¢ at O = O’ is then given
by (52), where a in that formula (the separation between the slits) is now zero as there
is only a single source ). The observer € can shift the observed intensity by shifting her
position on the arc A. Thus we can think of A as a screen, where the interference pattern
is recorded.

After some trigonometry we find that (see Appendix 4)

[k = K| = | (ks + k%) tan (54)

no | [1]

From this result it is possible to estimate an upper bound on £ in order that the two

T
0lk1—K, |

waves interfere. Recall that for this we must have === < 1. Substituting for |k; — k]
Olka+Fs|

from (54), we get —7-2 < ‘ cot %’ It is known that double images of quasars are usually
separated by a few arc seconds [10]. Taking for example an angular separation of 5 arc

11



Figure 4: The observer € at O = O’ can barely observe a double image of the source Q.
Keeping her distance from the string fixed, she can shift her position along the arc A and

can observe a double image of Q from O = O’. At O = O’ she again can only barely
observe a double image of .

seconds puts the bound 222l 8 955 10*. We note that |ko+ kS| = ak where 0 < ar < 2.

T
2~ 820x100 g1 for a given k the lowest upper bound will be approached as

Therefore, 7 >
a — 2. Finally, suppose that a wavelength at the red end of the visible spectrum is
observed, say at A = 27“ = 700nm. Then we find % < 4.6 x 1073m. Only under this

condition is the interference observable for light with wavelength A = 700nm.

3 Conclusions

In this work we have studied the general theory of waves in Groenewold-Moyal spacetimes
where time and space coordinates do not commute. We have given the rules for the
measurement of their intensity and applied them to interference and diffraction phenomena
in spacetimes of dimensions d < 4. The latter produced novel physical results. Namely, we
found out that for observation times T" which are so brief that 7" < 26w, no interference
can be observed. For larger times, the interference pattern is deformed and depends on
%w. It approaches the commutative pattern only when %“) — 0. These results are given
concretely by the equations (42) and (52) for d = 2 and d = 3, respectively. Finally, we
have used these results to discuss the interference of stellar light due to cosmic strings,
where with the help of the present stellar data we have estimated that for a given k, we

4 .
must have % < % to observe interference.
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Appendix 1

In this Appendix we calculate Ty where 4 is given by (26). In the coherent state basis
|2") we have

A d?2' S,
Ty = [l
dQZ/ "o N 2/ A A ~ /
= " (2|1 (2o — x0)0(Z1 — x1)Yr (20 — x0)|2"). (A.1)
Using (27) and (28) in (A.1), we get

Try = /d/\ld)\Q Tr §(70 — 0 — A1) 0(&1 — 21)0(Z0 — 2 — Ao)

1 . oo o
= Gy / dNdadkydksdley Tr e (Fo=mo=An) gika(F1=a1) giks(Fo =0 =A) (A.2)
™
_ (21)3 /d/\ldAQdkldedksei[eka;;—kl(a:0+)\1)—k2x1—kg(aro—i-/\z)]Trei(kl—&—kg)ioeikzﬁu
™
Using (36) and in the coherent state basis we have
T,r,ei(kl-i-k‘g)ioeik’zil — <Z/|ei(k‘1+k’3)ioeik2§:1 |Z/>
= / %6[2{(k1+k3)2+k3}ig(k1+/€3)k2]ei(k1+k3)x6€ik2x’1
2m
2 )
— %6[2{(k1+k3)2+k§}—1%(k1+k3)kz]5(k1 + k) (ko)
2m
= 75(]?1 + k3) 0(k2), (A.3)
where we have used 2’ = z) + iz} and d?z’ = 2dzdz}. Substituting (A.3)in (A.3) and
remembering that —% <\ < %, 1=1,2, we get
1 )
Ty = 55 / d\1dNodkzes M1 HA2)
T
1
= ﬁ dAldAga(Al + )\2)
T
= — A4
2m0 (A4)

13



Appendix 2

In this Appendix we give the derivation of (35). Using (26), (27), (28) and (33) we get

TT’?/CAY = TT‘@Z)T(Z%O — .170)5({%1 — 371)’@[]7“([%0 — Jfo)g(i'l — y1>

_ (271T)4/d'u Tretk1(@o—zo—A1) ika(B1—21) ik (Fo—zo—A2) pika(21—y1) (A.5)
_ 1 i[0koks—Fk1 (vo+A1)—kow1—k3(xo+A2)—kay] i(k1+k3)Eo i(ko+ka)i
@) du e Tre e ,
n

where dy = dM\idN\odkdkydksdky and —L < )\ < %, i = 1,2. Using (36) and in the

2
coherent state basis we get

Trei(k1+k3)§foei(k‘2+k4):%1 —_ 2771-62[(k1+k3)2+(k2+k4)2]6(k1 + k3)5<k2 + k4)

2l6(k1 + k3)0 (ko + ky) (A.6)

where we have used a technique similar to that was used to derive (A.3). Using (A.6)in
(A.6) we get

. 1 i WimT1) oy —e)
Trya = W/d)‘ldM M gt
1 o [T(z1 — 1)
= —_=— —_— AT
7T2(.I'1 — y1)2 S |: 20 ( )
Using (61) and (58) in (25) we get
“ 20 1 . 92 T(l‘l — yl)
_ 20 A.

w (&) o — sin [ 50 (A.8)

Appendix 3

In this Appendix we provide the derivation of the intensity formula (42). Using (23),
we get

TT&WP = 2Try+ 8_2ik26T7”’3/62ik£1 + 62i/€20TT,76—2ik§:1
= 2 [TT:Y + Re(e_%k%TT”A)/eQikil) . (A.9)
Substituting for 4 from (26), we can write

2tk —

Trie / ekt b o) ozt (ao-+Aa)] Ppilhntha)ingithat2R)i (A 10)

1
(27)?

14



where du = d\1dAsdkidkodks. Using (36) and in the coherent state basis we get

Treilkiths)dogilka+2k): 2%63[(k1+k3)2_(k2+2k)2]5(k1 + k3)6(ky + 2k)
2
- gfwg1 + k3)d (ks + 2k). (A.11)
Hence
. o p2i(kz1—k20) Z
O KR T / ) / dAy 6(Ay — Mg — 20k)
T T
2 T2
p2ilkz1—k20) 5 —2k0
= d)s. A12
(2m)0 / T 2 (#.12)

2

Remembering that 0k > 0, we see that the integrand in (A.12) vanishes if 20k > T'. If
20k < T instead, we have

2i(kx1—k20) L —2k0
—2ik20r, .~ 2ikz €
G & P — d\
e Ce e Y
2i(kx1—k20) T

From (A.9), (A.12), (A.13) and (A.4) we finally get

I —

T _ { 9 [1 + (1 20w> cos2w(x — Qw)} for 20w < T, (A.14)

Tr4y 2 for 20w >T ~
where we have used w = k.

Appendix 4

In this appendix we give a derivation of the result (54). From the figure above we see
the following relations between the angles

W —p =%, (A.15)
26+2=180 = [=90— g (A.16)
280+ —1p =180 = ' +[5=180—3+1. (A.17)

Noting that cosy = T siny) = == (ﬁ being the unit normal in the direction of
k xr) and |k| = |K'| =k, We eXphCltly have
1 I ) . 1
costh = — (k1—+k2—) sing = - (/ﬁ——kz—> , (A.18)
k r r k r
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vl - ,
0=0"'

=

Figure A. 1: The diagram provides the definition of angles v, and £.

and similarly

1 1
cost) = P (ki% - k;%) siny)’ = z <k1% - k§ﬂ> : (A.19)

,
) =t (k; sin
r

1 = = =
cos(180 — B+ ) = % [(—k‘l sin 3 + ko cos 5) % + (—kg sin 5 k1 cos

Using the above relations we find that

—_

1 = =
cos(f+ ') = % {(k"l sin 5+ ki, cos — kK cos 5) xﬂ :

El

(A.20)

no | [1]
2o | [1]

ol [ % |

Due to (A.17) the difference of the the cosines above vanish. For this to happen, we observe
that the coefficients of ' and %2 must separately vanish. Thus the coefficients of £2 must
satisfy

(A.21)

b | [1]

(ko + K5) sin — = (k] — ky) cos

2o | [1]

and hence (54).
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