Title
Creators
Date

Citation

URL
DOI

DAIR

DIAS Access w .
Institutional Repository Institivid Ard-Léinn | Dublin Institute for

DIAS

Bhaile Atha Cliath | Advanced Studies

D3/D7 quark-gluon plasma with magnetically induced anisotropy
Ammon, Martin and Filev, Veselin G. and Tarrio, Javier and Zoakos, Dimitrios
2012

Ammon, Martin and Filev, Veselin G. and Tarrio, Javier and Zoakos, Dimitrios (2012)
D3/D7 quark-gluon plasma with magnetically induced anisotropy. Journal of High
Energy Physics, 2012 (9). ISSN 1029-8479

https://dair.dias.ie/id/eprint/285/
DIAS-STP-12-04



arXiv:1207.1047v1 [hep-th] 4 Jul 2012

PREPARED FOR SUBMISSION TO JHEP
ITF-UU-12/23, SPIN-12/21, DIAS-STP-12-04

D3/D7 Quark-Gluon Plasma with Magnetically Induced
Anisotropy

Martin Ammon', Veselin Filev?, Javier Tarrio®, Dimitrios Zoakos*
L Department of Physics and Astronomy, University of California,
Los Angeles, CA 90095, United States

2 School of Theoretical Physics, Dublin Institute for Advanced Studies,
10 Burlington Road, Dublin 4, Ireland

3 Institute for Theoretical Physics and Spinoza Institute, Universiteit Utrecht,
3584 CE, Utrecht, The Netherlands

4 Centro de Fisica do Porto and Departamento de Fisica e Astronomia,
Faculdade de Ciéncias da Universidade do Porto,

Rua do Campo Alegre 687, 4169-007 Porto, Portugal

E-mail: ammon@physics.ucla.edu, vfilev@stp.dias.ie,
1.j.tarriobarreiro@uu.nl, dimitrios.zoakos@fc.up.pt

ABSTRACT: We study the effects of the temperature and of a magnetic field in the setup of an
intersection of D3/D7 branes, where a large number of D7 branes is smeared in the transverse
directions to allow for a perturbative solution in a backreaction parameter. The magnetic
field sources an anisotropy in the plasma, and we investigate its physical consequences for the
thermodynamics and energy loss of particles probing the system. In particular we comment
on the stress-energy tensor of the plasma, the propagation of sound, the drag force of a quark
moving through the medium and jet quenching.
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1 Introduction

One of the amazing developments emerging from the research in string theory, is the idea of

a gauge/gravity correspondence [1]. The remarkable feature of this correspondence is that it

relates the strongly coupled regime of the gauge theory to the weakly coupled regime of the

string theory and vice-versa. Consequently, it has become a powerful tool in studying strongly



interacting systems by using a conjectured dual weakly coupled string/gravitational theory.
At present, holographic descriptions of non-perturbative phenomena include, among others
applications to condensed matter physics, high energy physics and quark-gluon plasma.

One of the most distinctive uses of the gauge/gravity correspondence has been the study
of the physics of heavy ion collisions. Through collisions at Brookhaven and LHC a strongly
coupled plasma of quarks and gluons was created which cannot be described by the standard
perturbative techniques. Also other methods such as Lattice Gauge theory fail in com-
puting transport coefficients of the plasma and the rapid thermalization rate of the quark
gluon plasma observed. This is where the gauge/gravity duality enters in the field and pro-
vides interesting new insights. For example, for large-N gauge theories at strong coupling,
gauge/gravity duality predicts that the ratio of the shear viscosity to entropy density is 1/4x
(see [2]) in natural units and therefore very close to the measured value. The small value
of the ratio of the shear viscosity to entropy density can be understood as an effect of the
strong coupling of the system. Within the framework of Gauge/Gravity duality we can also
compute the thermalization rate 7, ~ 0.5fm of the plasma, which is in agreement with the
observed value indicating again the strong coupling nature of the plasma. The energy loss of
the heavy/energetic partons in the plasma also acquires a gravity dual description (see [3]).

Despite the remarkable insights into the quark-gluon plasma and QCD in general gained
by studying gauge/gravity dualities, the application of the correspondence to real-world sys-
tems such as QCD remains a challenge and has to be developed further. So far, we do not
have a rigorous string dual of QCD at hand. However, under extreme external parameters
(such as temperature and chemical potential) different gauge theories exhibit similar proper-
ties. Therefore, it is natural to apply holographic techniques to study phenomena which are
believed to be of universal nature.

An important example in this class of phenomena is the effect of mass generation and
spontaneous chiral symmetry breaking in the presence of an external magnetic field. The
effect is known as magnetic catalysis and has been shown insensitive to the microscopic
physics underlying the low energy effective theory. Using conventional field theory methods,
the magnetic catalysis has been demonstrated in various (142) and (143)-dimensional field
theories [4], while the holographic study of the effect initiated in [5]'. Additional holographic
studies of magnetic catalysis at finite temperature or chemical potential appear in [7].

Until recently all the holographic studies of the magnetic catalysis were in the probe ap-
proximation, where the backreaction of the flavor branes on the supergravity background
is neglected [8]. On the field theory side, this corresponds to an approximation in which
the flavor degrees of freedom N; are much smaller than the color ones N.. Unquenching
the holographic description means a large number of flavor branes that backreact on the ge-
ometry. Due to the technical difficulties that arise from a set of localized flavor branes, we

'For a comprehensive review we refer the reader to [6].



distribute them along the compact directions. This procedure is called smearing? and restores
a significant part of the global symmetry of the geometry.

A promising framework for the construction of such a geometry was developed in [12],
where the ten-dimensional black-hole solution dual to the non-conformal plasma of flavored
N = 4 supersymmetric Yang-Mills theory is presented®. The authors outline the smearing
procedure, derive the corresponding equations of motion and present a perturbative solution
for general massless non-supersymmetric flavor D7-brane embeddings.

The first steps towards unquenching the holographic description of magnetic catalysis have
been undertaken in [16] and [17]. More specifically in [16], a string dual to SU(N.) N = 4
SYM coupled to Ny massless fundamental flavors in the presence of an external magnetic field
is presented. For sufficiently strong magnetic field, the supergravity background is unstable,
suggesting that the theory undergoes a phase transition to a stable phase with dynamically
generated mass for the matter fields. In [17], the external magnetic field couples to Ny massive
fundamental flavors and the background has a hollow cavity in the bulk of the geometry,
where it is similar to the supergravity dual of a AN/ = 1 non-commutative SYM. The radius
of this cavity is related to the dynamically generated mass of the fundamental fields. After
developing an appropriate renormalization scheme, the free energy and the condensate can be
expanded in powers of the perturbative parameter. While at leading order, both agree with
the previously obtained results in the probe approximation, at next to leading order the effect
of magnetic catalysis is enhanced and the contribution to the condensate runs logarithmically
with the finite cutoff Ayy .

An overview of the paper is as follows: In section 2 we continue the studies initiated in
[16, 17] and present a string dual to the finite temperature SU(N.) N/ =4 SYM coupled to
Ny massless fundamental matter in the presence of an external magnetic field. The solution
is analytic and perturbative in a parameter that counts the number of internal fundamental
loops. Given the non illuminating expressions for the functions of the background we provide
some numerical plots, and since we have a perturbative solution we supplement it with a
hierarchy of scales.

In section 3 we study the thermodynamics of the anisotropic black hole, which provides a
non trivial check for the validity of the gravity solution. Since the solution is first order in
the expansion parameter, our computations have some overlap with those of [18] and extend
those of [12] in the presence of an external magnetic field. While in the absence of a magnetic
field the breaking of conformal invariance happens at second order in the expansion parameter
[12, 14, 19], in its presence conformal invariance breaks at first order.

2For a detailed review on the smearing see the review [9], while for other solutions employing this technique
that appeared after the review see [10, 11].

3All the hydrodynamic transport coefficients of the model were analyzed in [13], while the addition of a
finite baryon density was presented in [14]. For a review on unquenching the Quark Gluon Plasma see [15].



In section 4 we holographically calculate the stress energy tensor of the boundary field
theory. The presence of the magnetic field sources an anisotropy in the medium, which is
realized through a difference between the pressure transverse to the magnetic field and the
pressure along the direction of the magnetic field. We present thermodynamic arguments
supporting the holographic computation.

In section 5 we calculate the energy loss of the partons as they propagate through the
anisotropic plasma. The jet quenching parameter depends on the relative orientation between
the anisotropic direction, the direction of motion of the parton and the direction along which
the momentum broadening is measured. We consider a parton moving parallel to the magnetic
field with the momentum broadening taking place in the transverse plane. The presence of the
magnetic field enhances or reduces the jet quenching parameter of a theory without magnetic
field, depending on the conditions we make the comparison. The drag force experienced by
an infinitely massive quark propagating at a general angle through the plasma is calculated
using an appropriate set up to compensate the Lorentz force on the probe quark. In this way
we obtain an expression reflecting the anisotropy of the plasma due to the external magnetic
field.

2 Constructing the black hole

The present section is devoted to the construction of a supergravity background describing
an anisotropic black hole. The field theory duals are realized on the intersection between a
set of N. color D3-branes and a set of Ny, homogeneously smeared, flavor D7-branes, with
an additional coupling between the fundamental fields and an external magnetic field.

2.1 Setup

The smearing of the flavor D7-branes allows for an ansatz where all the functions of the
background depend just on the radial coordinate. Having this in mind and inspired by
[12, 16, 17], we adopt the following ansatz for the metric

dsty = b3 [ = 0 dt? + b (dat + da}) + daf]
B3 [B203 SV F2do? 4 $2dstps + F2(dr + Acp)’ |, (21)

where the C'P? metric is given by

1 1 1
dst pz = —~dx* + ~ cos? X(d92 + sin? Bdp?) + = cos? X in2 K(ah/J + cos Odp)?
4 4 2 4 2 2
1
Acpz = 5 cos? %(d¢ + cosfdyp) . (2.2)

The range of the angles is 0 < (x,0) <7, 0 < (¢,7) < 2w, 0 < ¢ < 47. The ansatz for the
NSNS and the RR field strengths is given by

By = Hdx' Ndx?, Cy = Jdt Ada?,
Fs=Q:(1 + %)e(S%), Fi=Qs(dr+ Agp2), F3=dCy + BoAFy (2.3)



where £(55) is the volume element of the internal space? and Q.., Q 7 are related to the number
of different colors and flavors in the following way

- Qc VOZ(XSE)

N B 4Q¢Vol(Xsk)
¢ (271')4930/2 ’

N = V) 24

In our case Xgr = S° and the X3 = S2, a 3-sphere with volume 272. The fact that the
flavors are massless is encoded in the indendence of F} on o, see [11, 20] . All the functions
that appear in the ansatz, h, bp, b, S, F, ®,.J and H, depend on the radial variable o only.
In the convention we follow, S and F have dimensions of length, b, by, h, J and H are
dimensionless and o has a dimension of length™®. The function b in the ansatz for the metric
reflects the breaking of the SO(1,3) Lorentz symmetry down to SO(1,1) x SO(2). The
blackening function by allows for the existence of solutions with a black brane, whose horizon
sits at a position o}, such that by (op,) = 0, and which allows to study the field theory at finite
temperature.
Solving the 10d equation of motion for F3, we need to impose the following relation

—$72
e vby

J = Q.
@ h

(H — Hy), (2.5)

where Hj is an integration constant. In the next subsection we will keep the function J and
will see how this relation appears from an effective one-dimensional Lagrangian.
2.2 Effective actions and equations of motion

The action for the Type IIB supergravity plus the contribution from the Ny D7-branes in
the Einstein frame is

SZS]]B+Sfl R (2.6)
where the relevant terms of the S;;p action are
_ 1 10, — 1 M L 99,0 11 5. L1
11 3,9 1 /
———e "H - — Cy N Hg N F3
23! @1 242

and the action for the flavour D7-branes takes the usual DBI+WZ form

/d% e® \/— det(G + e=2/2F) — / (ég +Cs A ]—“) ] , (2.8)

Sp=—1Tr Z
Ny

with F = By +2ma/F. In those expressions By denotes a non-constant NSNS potential which
will model the magnetic field, F' the worldvolume gauge field and the hat refers to the pull-
back of the quantities, along the worldvolume directions of the D7-brane. The gravitational

“With [ £(S5) = Vol(S®) = =°.



constant and D7-brane tension, in terms of string parameters, are

1 T 1
e A — 2.9
2r%  gs  (2m)7gia 29)
We plug our ansatze, (2.1) and (2.3), into (2.6) and integrate out all the directions except the
radial one, since the dependence is trivial. After an integration by parts to get rid of second

derivatives we obtain the following expression

7T3V13
Seff: 2/{2’ /ﬁeffda (2.10)
10

where V 3 is the volume of the Minkowski space and the one-dimensional effective lagrangian
L.y is given appendix A. Since the function .J enters in the effective action only via its radial
derivative, there is a first integration given by a conserved quantity. We fix this constant of
motion in the following way

aﬁeff
oJ’

e ® Q. b%

= —Q.H ' =
Q 0 = J 5

(H — Hy) . (2.11)

which is precisely (2.5). The next step is to use (2.11) to eliminate J’ in favor of H in (2.10),
after performing the following Legendre transformation

~ 0L,
Lepr=Lesr — 5!]ij J' , (2.12)

J'=J'(H)

and then calculate the Euler-Lagrange equations from the transformed action (2.12). The
equations of motion are given in appendix A.

Setting @y = 0 in the transformed action, the Euler-Lagrange equations imply that a
solution with H # 0 is given by (black) AdSs; x Xgg with ® = &, and H = H constants.
We will use this solution later on as a starting point to obtain a black brane solution with
backreacted flavor in the presence of a non trivial H.

It is worth noting that by demanding 0y Lcrr = —QcHy exactly, with Hy the value of the
magnetic field in the unflavored limit, we are enforcing the field J to vanish when Ny — 0.
As such, J reflects magnetic effects by providing a field connected holographically to the
magnetization of the system, as we will see.

The equation for the blackening factor (A.3) decouples from the rest and can be solved
analytically

b2 = e~V (2.13)

where 7}, is a non-extremality parameter coming from the integration constants. The position
of the horizon is at o — oo, whereas the boundary would be at o = 0 (there is an additional
integration constant corresponding to a shift in o, which we set to zero).



Reduced five-dimensional action For the calculation of the stress-energy tensor in sec-
tion 4, we find convenient to write as well a truncated five-dimensional action, obtained after
integrating out the compact Sasaki-Einstein manifold in (2.1). Denoting the effective metric
as g, the action is

1
d°2v/=g [Lrin + Lpot] + 55 / A%z Ly (2.14)

S, =
5d 2/43%

2
2K§

where the kinetic, potential and topological terms are given by

40 1 1
Liin = Rlg) = 5 00" f — 200,000 — 28,50"P — ﬁgp%f Fp 1P (2.15)
1
_ Ee—¢—%fHWpHWP ,
Q7 Q7 2

Lopot = _4e§f+2w (eIOw o 6) o Tfel—ff—sww@ . Tfe<1>—gf—s;wBWBW - %e%

_ 4Qf€§+2f+2w \/eq)-‘r%ff + %BMVBMV , (216)

_ QC nvpoT
Liop = — 7 e By,0,Cor (2.17)

with the convention £*¥*" = 1 for the completely antisymmetric symbol. To make contact
with the ansatz presented in section 2.1 we identify 2 = x%,/Vsg and

1 5 1 F
f:—glog[S4Fh1], w:glog[g], Hy = dBy, F3=dCy, (218)

gudatda” = e 3 h2 [— b2dt® + b (da? + dad) + dad + e h 3 p%2do? |

1 1
By = EBde“ ANdx” = H(o)dz Ady , Cy = §CWda;“ ANdz” = J(o)dt Adz .

This effective 5d action is not enough to study perturbations, though, since the truncation of
fields that cancel in the specific background we are considering is not a consistent one [21].

2.3 Perturbative solution

The system (2.11) and (A.4)—(A.9) allows for a systematic expansion of all the functions in
power series of Qf, as defined in equation (2.4). In fact physically it is more relevant to

expand in the parameter, €,
€= Qe (2.19)

which takes into account the running of the effective ’t Hooft coupling (through the dilaton
factor e®*). We consider the following first order expansion in e,
R4
b =1+ eb +0(2), h=—7 (1+ ehy +O(e2))
S=r(1+eS1+0(), F=r(l+el+0())

: (2.20)
® =, +e.P+0(2), H=Hy(l+eH +0(e)) .



where R* = Q./4. We define the new radial coordinate 7, in such a way that the zeroth order
expansion in ¢, of h becomes R*/r*

etrho =1 - b (2.21)

The extremal limit corresponds to sending the horizon radius r; to zero. It is also convenient
to define the following parameter

rd =e **H2R', (2.22)

m

The result is a coupled system of second order differential equations which can be decoupled
by the transformations

A =5 — Fr, Ty =4F, + 1651 +5hy, A = h — b . (2.23)

This allows us to write

5 4 .4 4 2 A 4 B 4
o T gy Sy, At e, (2.24)
(rt —ry) rd—mr, (rt —rh/rr+
4 4 2 4
~ +3r, -~ 16r° - 4r
ar g T , (2.25)
ot - (rt —rh/rr+rd,
where
U= {b7A7T7A7<P} ) C{b,A,T,A,@} = {078787370} )
A{b,A,T,A,@} = {07 07 _167 _17 4} ’ B{b,A,T,A,CP} = {_47 27 _67 _17 2} . (226)

The solution to these equations of motion is described in appendix B. Let us comment here on
the boundary conditions we impose. In our solution there are four scales. We have already
introduced the first three: rj, is the radius of the horizon and we impose the fields to be
regular there; r,, is associated to the magnetic field, and r, denotes the point at which we
pierce the dilaton, this is, ®(r) = @, + ®(r) with ®(r,) = 0. With this scale we defined e,
and its interpretation is given in terms of the scale at which the gauge coupling is defined,

since [12] .
. = —gs N.e¥ L. 2.27
€ 2 gs iNc € Nc ( )

The fourth scale (which we will define as ry) is the scale at which we paste the thermal
solution presented in the appendix B to the "= 0 (supersymmetric) one [12], i.e. we impose
the following conditions

2

g Aq(rs) = L (2.28)

bi(rs) = Hi(rs) = Mi(rs) = 0, Ti(rs) = 12

Notice that bp(rs) # 1, which is the supersymmetric solution. This is not a problem in
Euclidean signature, since it can be solved by fixing the periodicity of the Euclidean time in



the solution without temperature, and we will use this in the following to compare the energy
and free energy of both solutions. In Lorentzian signature it introduces an error of order
(r1/7s)*, which is small provided rj, < 7.

From now on we set r; — 0o, which corresponds to push the Landau pole to infinity, or
more physically, to focus only in the IR properties of the theory. A UV completion of the
system is not known even in the supersymmetric case. The following results can be understood
as the leading terms in an 7, /ry expansion. At the same time, we will take r, = ry, therefore
describing the value of the dilaton relative to its value at the horizon, which implies that the ’t
Hooft coupling A\, = 4mgsN.e®» is evaluated at the energy scale marked by the temperature.

For completeness, let us mention that from (2.11) and (2.25) we have at first order in €,

Lo (1) om 2.29
il 4 T (2.29)

Qualitative behavior of the solution Given the gargantuan form of the solution to our

.J = ey,

system at first order in €, which can be found in appendix B, we give in this section a
description of the different functions presented above. In this section some numeric work is
presented, but in the rest of the paper we will restrict to analytic results.

The function by is easy to describe by focusing in its radial derivative, given by

24 2 4 4
b= —— o log LA VA 7 (2.30)
r(rt=ry) 24 /ri 4 rh

which for » > 7, and real non-vanishing r,, is always negative (it is exactly vanishing if
rm = 0), and asymptotes bj — 0 at large radius. As the boundary condition used in the
integration is by (rs) = 0, we conclude that this function is a monotonically decreasing function
of r for finite r,, (exactly zero if 7, = 0) with the maximum value at the horizon.

Similarly, we can analyze the radial gradient of the dilaton correction

g1 k) (rh+ )
1= )
[ Y e N R VA iy 8

which is strictly positive for » > rj, and real r,,. In this case the boundary condition used

(2.31)

to integrate the solution is ¢ (r.) = 0, where r, will be identified eventually with the hori-
zon position as the IR scale of our effective solution. At large radius the dilaton diverges
logarithmically, signaling the presence of a Landau pole, as discussed in [12].

For the other functions present in our solution —namely Ay, T1, Ay and H;— the gradient
does not take a simple form that is worth writing, so we provide plots of the functions for
several values of the parameters. For example, for A; one has that, numerically, the radial
gradient is strictly non-negative (zero if r,, = 0), and Ay (rs) = 0 from the boundary condition,
in a similar situation to the function b; but with different sign for the gradient. In figure 1



we plot this quantity as a function of r/r, for several values of r,, /r, = 0,2, 5,10 and observe
that it has non-negative gradient, and approaches Ay — 0 as r — 75 (with s — oo in the
figure).

_______________
- e
.- -
i -
. -
.

Figure 1. A; as a function of r/r), for several values of rp,/r, = 0 (blue straight line), 2 (orange
dashed line), 5 (brown dotted line) and 10 (purple dotdashed line). To produce this plot the limit
rs — oo has been taken analytically first.

As opposed to the previously presented cases, function Y; presents some structure. To
start with, the boundary condition at r = ry changes and is given by Y(ry) = 2/9. However,
when one works in the rs — oo limit this boundary condition is modified to Y;(c0) = 1/2,
which is the value of the function when r,, = 0. For small values of the magnetic field scale
(weighted by the horizon radius), 7, /r, < 1.23144, the value of T at the horizon is less than
1/2, and after that specific value of the magnetic scale it is always larger than 1/2. We plot
this behavior in figure 2. Given the analyticity of the function there is a minimum which,
numerically, we determined to be at r,, ~ 0.961122r;,. We have not found any characteristic

Y1(rn)
0.52f

0.51F

0.49¢

Figure 2. Yi(r;) as a function of r,,/r,. We observe a minimum at r,, = 0.961122r, with value
T = 0.485816 and the curve crosses T = % again at r,,, = 1.23144r,. To produce this plot the limit
rs — oo has been taken analytically first.

signature of the presence of this minimum of Y (rp) in the plasma.

— 10 —



In figure 3 we plot several examples of T as a function of the radial variable in three
graphs, classified according to the value of the function at the horizon. All the curves present
a minimum (on the horizon when r,, < 0.961122r;, and on the bulk otherwise) and asymptote
the 7, = 0 value (Y1 = 1/2) at large radius.

Y1
U T T e o) o S —
0498 . PR ) e
[ ’,‘ /¢ 1 Le*
0.4960 -
[ R4
0.494F ~
04%2r  /
r 4
0.490F /
E 7
0.488F /
L4
2 RS o S R
i 15 20 25 30 35 40 15 20 25 30 35 40
(a) 0 < rp < 0.961122r), (b) 0.961122r), < 7 < 1231447y,
Y1
[\
i
[\
3k '\‘
r \
Y
L \‘
2t .
," \Q
\0
i —
1 e Tl
L L L L L L L L L L L L L L L L L L L L L L L L L L L L r r
15 2.0 25 30 35 40 ™

(¢) rm > 1.231447r),

Figure 3. T; as a function of r/ry, for several values of 7, /r; represented by a blue straight line, an
orange dashed line, a brown dotted line, and a purple dotdashed line, with values given respectively
by (a) 0, 0.32, 0.64, 0.961122, (b) 0.961122, 1.05, 1.14, 1.23144 and (c) 1.23144, 2, 3.5, 5. To produce
this plot the limit ry — oo has been taken analytically first.

We have not given an analytic expression for A; because we couldn’t find an easy way
to write it, since it involves integrals of Legendre functions. However, from integrating the
equation numerically we find that its behavior is very similar to that of by or Ay (with reversed
sign), and we simply report here figure 4. We are not going to need to evaluate A; anywhere
in this work. The reason is that this is the mode describing the squashing in the compact
Sasaki-Einstein manifold, but from the point of view of the 5-dimensional system it is just a
scalar that does not enter explicitly in the 5-dimensional metric (its influence would be felt
just via the equations of motion, but recall we have defined A; precisely to decouple them).
In this paper we will focus on the thermodynamics, stress-energy tensor and energy-loss of

— 11 —



probes in the system, which do not depend explicitly in the matter content of our theory, just
in the 5-dimensional metric.

A

1
5/

-~
. -
. ~——
______
Sewn .
LTSS, e ———

Figure 4. A; as a function of r/ry, for several values of ry,/r, = 0 (blue straight line), 2 (orange
dashed line), 5 (brown dotted line) and 10 (purple dotdashed line). To produce this plot r4 has been
taken to ry = 807y in the numerics. We have checked that this value for r¢ gives indistinguishable
results from those in figures 1 and 3.

Finally, we present the flavor correction to the NSNS 2-form Hj;. As usual we take
the ry — oo limit analytically and we find, as it was the case for Yy, that the boundary
condition is not Hj(oo) = 0 but Hi(co) = —1/4. One might be puzzled by the fact that the
correction is not vanishing independently of the value of r,, in concrete when r,, = 0, but
recall that this correction is modulated by the flavoreless value of the NSNS field strength
H ~ 12, (1 + ey Hy + O(ep,)?), therefore at vanishing magnetic field we have H = 0. As the
value of the magnetic field is increased the correction gets smaller and smaller as can be seen
in figure 5.

-
e
-
———

—0050 e

~0.10} .

______
_____
.......
______
s T PO
~0.15} ~
-0.20} RN
[ Il T
_________

-0.25¢

Figure 5. H; as a function of r/ry for several values of r,,/r, = 0 (blue straight line), 2 (orange
dashed line), 5 (brown dotted line) and 10 (purple dotdashed line). To produce this plot the limit
rs — 00 has been taken analytically first.
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2.4 Hierarchy of scales and regime of validity of the supergravity solution

The perturbative solution, that we present in full detail in the appendix B, needs to be
supplemented with a hierarchy of energy scales (in terms of radial scales). Our analysis follows
closely similar sections of [12, 16, 17|, whose arguments we repeat here for completeness.

As usual, for the Taylor expansions in (2.20) to be valid in the region r, < r < rg we
need from the solution to ®;(r), which diverges logarithmically at large values of the radius
r o~ g, s < Tpet/h. The requirement that we discard corrections in 7y, /rs implies that our
perturbative corrections are much larger than the terms we discard, therefore €, > ry/rs.
Joining these two conditions we have

r
e« <, (2.32)
Ts
which for large rg > 7, (implying that the UV completion this theory needs is far from the
IR, where we study the physical properties of the system) implies that

0<epn~ )\h& <1. (2.33)
NC

The scale r,, is associated with the magnetic field and can be arbitrarily close to r,, = 0.
For large values of r,, (large magnetic fields/magnetization of the system, as we will see in
the next section), requiring that our solution remains in the perturbative level sets up a top
value. As can be seen from the plots given previously, the maximum value of the functions
appearing in the solution is at the horizon, and from the asymptotic values given in appendix
B it is easy to see that, at large values of ,,, all the functions diverge at the horizon as 2,/ r}%.
Therefore we must impose 1 > €72, /r#, which gives the condition

| < —L . (2.34)

€h

Similarly to [12], validity of the supergravity approximation requires to ignore closed
string loops (N, > 1) and o' corrections (A, > 1), where )\, is the effective 't Hooft coupling
at the energy scale set by the temperature. In addition, validity of the smearing approximation
suggests a dense distribution of flavor D7-branes. In summary we have

A, N
{Ne, Nib>1, Ay>1, =t

= 1. 2.35
812 N, < (2.35)

Finally requiring that o’ corrections, which scale as /\;3/ 2, are sub-leading relative to flavor
corrections, controlled by €y, requires

AP < e (2.36)
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3 Thermodynamics

In the previous section we presented in full detail the solution of an anisotropic black hole
and now we will extract its thermodynamic properties. This will provide a non trivial validity
check of the solution itself through the closure of the standard thermodynamical formulae. As
in [12, 14], all quantities are obtained in power series of the perturbative expansion parameter
and, therefore, the relevant thermodynamic relations are verified up to the relevant order.

3.1 Smarr formula

The temperature of the black hole is computed after imposing regularity of the Euclidean
action. A simple computation using (B.16), (B.19) and (B.23) gives®

1 4
1+ —en (1—2 1+T—’j;>]. (3.1)
8 T

The entropy density is proportional to Ag, the volume at the horizon of the eight dimensional

Th
T="h
mR?

1 T
1+Z€h(3A1_Tl_bl)] —m

T=Th

part of the space orthogonal to the £, plane (where £ is the Euclidean time), divided by the

27 Ag . NET?L
N K3y Vs 27 RS

infinite constant volume of the 3d space directions V3. Another simple computation using
B N? T?L
- 27T RS

(B.16), (B.19) and (B.23) gives
4
1—€—h<1—2 1+T—’Z>]
8 T
T=Th

€n Tfn
1+ —(1-24/1+ —¢ . 2
s ()] v

Note also combining (3.1) and (3.2) that

1—%(3A1—T1—b1)]

N2r2T3
2

3
sT = 2%7“% : (3.3)
K10
In principle this result is perturbative in €, and valid to order e,% in the present case, however,
it is not difficult to show that the statement is true, independently of the expansion parameter.
We define now the magnetic quantities. One natural identification for the magnetic field,
B, is given by the value of the H field at the boundary, which from (2.22) is%

B =r:R?. (3.4)

Looking at (2.11), we see that J' and Hj are conjugate variables. The existence of the
holographic duality implies that, if we associate Hp with the magnetic field then J has to

4
. . oL . . T .

5In this section all quantities have corrections coming from O(e%) terms as well as —4, where we are setting

s

T — 00.
SNotice that we cancel a factor of e®» by passing between the string and Einstein frames.

— 14 —



determine the magnetization density M. This relation reads

6511 .
= A reg s .
M= v3 5H 2&10 / T 2R4 Jreg (3.5)

and we will regularize the finite temperature result subtracting the zero temperature one.
Using (2.29), to obtain the integral of J', we arrive to the following expression for the mag-

2 4 4
N2 B Ty A/Th+Tm
M= Ne QB " . (3.6)

2R 2 r2)

netization

The next step in the determination of the Smarr formula is the calculation of the internal
energy. Starting from the ADM energy we have

1
Eapym = _?V_gtt/dsx\/ det gs(K7 — Ko) - (3.7)
10

The eight-dimensional integral is taken over a constant time, constant radius hypersurface.
The symbols K7 and K are the extrinsic curvatures of the eight-dimensional subspace within
the nine-dimensional (constant time) space, at finite and zero temperature, respectively. Using
the explicit solution in appendix A we have

E 3N2 4 4 2
ADM ¢ Tho|yy e 20 log Im . (3.8)

€ADM = = Q-2 p8 1 T
V3 8§ R 31 r2 4Tk

Another way to write (3.8) is, at order O(e?),

3 1
EADM:ZST_53M7 (39)

which implies that we must identify the ADM mass with the magnetic enthalpy of the system,
H = capy- The internal energy, U, is given in terms of the enthalpy by the following
expression

U=H+BM=3sT+ BM. (3.10)

3.2 Thermodynamic potentials

The relations that must be satisfied by the thermodynamic potentials are the following
F=U-sT, G=F-BM, (3.11)

where F is the Helmholtz free energy (in the ensemble where the magnetization is kept fixed)
and G is the Gibbs free energy (in the ensemble where the magnetic field is kept fixed), which
is the interesting ensemble in our case. These thermodynamic potentials are related by a
Legendre transformation

G=F -~ S—AZM (3.12)
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In a holographic set-up the thermodynamic potentials are related to the on-shell Euclidean
action (times the temperature to cancel the periodicity of the Euclidean time direction).
Given our previous discussion on the identification of the magnetization with the field J (see
(3.5)), which leads to the following relation
oM~ M
a7 T
we can associate the Legendre transformation defining the Gibbs free energy with the Legendre

(3.13)

transformation defining the action S in (2.12). By denoting the on-shell action” as I we have®

2 4 4
1 1 ERR Th T/ TR T
:}—Wﬂﬂl+%—i+l+%+hbg————ﬁ
T
h

2
8 7k r2, + O(ej,)

™|~

g:

(3.14)

The regularization is performed by subtracting the T' = 0 background and the action is sup-

plemented with a Gibbons-Hawking term. It is not difficult to check that, when subtracting

the 7' = 0 background, the contribution of that term vanishes up to order 1/r%. Now, it is
not difficult to check that indeed

1 1
= —-sT — =BM. 3.15
g h 5 M (3.15)

Applying the standard thermodynamic relations

we confirm the previously obtained results in (3.2) and (3.6) respectively. The calculation
of the Helmholtz free energy can be done in a similar fashion, but using the original action
(2.10). This can be seen as the Legendre transformation of Seff, which eliminates Hy and
adds a term + BM, after the proper renormalization. In this way we have

1

F=G+BM=U-sT = F=-

1
sT + 5BM. (3.17)

Once again we can check the thermodynamic relations

where, to work at fixed magnetization, we have to specify how r,, evolves with the tempera-
ture. For that we look at equation (3.6), from where the following evolution follows

T R2ry 1,

2 T 4]
2 4 4 ThtVTm ™ty
Th_1/rh+rm10g|: rZ,

"Notice that to obtain S, rs we have integrated by parts to get rid of second order differentials, introducing

Orrm = (3.19)

some boundary terms. These, in principle, are taken care of by the Gibbons-Hawking term and will not
contribute to the final expression. We have checked that this is the case by calculating the on-shell action with
and without these extra boundary terms.

8This calculation is detailed in appendix C.
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3.3 Speed of sound

Finally we analyze the speed of sound in the plasma with a magnetic field. Due to the
anisotropy of the gravitational solution we will find that there are two normal directions in
which the pressure waves propagate at different speeds. For a perturbation propagating in
the direction of the magnetic field we have

2 :813||:—(8g/5T)B: S
W= ou — (auU/dT), — Cvam

c , (3.20)
where Cy, g is the heat capacity at fixed magnetic field. To calculate it we have to derive
the internal energy with respect to the temperature, but we must take into account how the
parameters €, and r,, run with the energy scale. The case of the parameter € is easy to
understand from the profile for the dilaton and it follows that dre;, ~ €7, [12]. Since we work
at first order in e, the running of the coupling constant? — via the presence of factors of R

in the definitions of the physical magnetic field (3.4) and the magnetization (3.6) — does not

2

~ we observe that Or r,, = 0, therefore

affect our results. At fixed magnetic field, since B ~ r

ou 3N2r3 €n 1074 1
Cvp=(ZL) =22ln gl (o ZIm) = | Low)| . (321
v.B <8T>B 97RO 8 <+ 3rf;> — | (<h) (3.21)
1+

With this result at hand we can find readily the speed of sound in the direction of the magnetic
field as

1 2

——— 10| (3.22)
1+ e

which gives a lower speed of sound than the conformal result. For the speed of sound in the

|3

2 =— 11—

s 1 ERLT
sl — Cvp 3 6

SIS

r

direction orthogonal to the magnetic field we obtain, using the chain rule

oo_op_—FT)y (Gt Gr 5y s B (oM
s au (OU/OT) 4 (OU/OT) 5 Cvp Cyp \ 0T E{ ’ |
3.23
which leads to
1 Teprs 1
A= 5|1 o +0(e)] . (3.24)

[1 4 rh
L+ 2

In particular we see that the presence of a magnetic field in our setup breaks conformal in-
variance at first order in )\h% even when the fundamental degrees of freedom we included
are massless (in the absence of magnetic field the breaking of conformal invariance happens

9Recall that e ~ A\ Ny /Ne.
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at order e}%, see [12-14, 19]. This is one difference between the setup presented in this work
and the results in the quenched approximation A, Ny/N. — 0, [18]. Although for thermody-
namic quantities such as the entropy, the magnetization and the Gibbs free energy we obtain
agreement with the results of that paper, in our setup the anisotropy sourced by the magnetic
field is included, and this allows us to calculate the different speeds of sound, depending on
the direction of the pressure wave, and obtain conformality-breaking results.

For completeness we calculate here the heat capacity at constant magnetization, where
we need to make use of equation (3.19) to work at fixed magnetization. The result is

o (U _3N027‘2
YMTAOT) T 2mRS

€h

24

P+ O(er) | (3.25)

with
1

4
i1+ :—;’1: <r}2l —\/ri 41 log
2 (4 4 4 .4y rht V "m + T
+ <3rh (rp + 1) —2(3ry +7m) \/7E + r%) log | ————— . (3.26)

2
Tm

E%
Il

6r2 (ri +3rt) — 3riy/rd +
|:Ti+\/;‘;lnT7‘;t:|> [ h(h m) h h m
Tm

4 Stress-energy tensor with a magnetic field

In this section we will calculate holographically the stress-energy (SE) tensor of the boundary
field theory. As customary in the AdS/CFT context, we evaluate the Brown-York tensor at
a cutoff 75 from the 5d action (2.14)

T = N (KY —K~y7), (4.1)
TA

where ~ is the induced metric at the r = rj surface, where the indices 4, run, and K%
is the extrinsic curvature. The Brown-York tensor diverges when the cutoff is taken to the
boundary. To cancel this divergence we employ the same background subtraction as in the
previous section, which allows us to read the temperature and magnetic field contribution to
the SE tensor.

4.1 Expectations

Before presenting the actual calculation we will state what we expect the diagonal components
of the SE tensor to be. The presence of the magnetic field sources an anisotropy in the medium,
and therefore we will have a vev for the SE tensor of the field theory given by

(T';) = diag (~Eapar, Pu, P, Py) (4.2)
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where E4pys is the enthalpy, as was shown in the previous section, P, the pressure in the
directions transverse to the magnetic field, and P the pressure along the direction of the
magnetic field. When no magnetic field is present the two pressures coincide and are related
to the Gibbs free energy!? P, = P =-g.

The question that is immediately risen is whether in our case P, = —G or P| = —¢
—if any—, and if this is true what is the expression for the other pressure. Notice that the
difference Ap = P — P is a measure of the anisotropy of the medium, and therefore we
expect it to be proportional to the magnetization (times the magnetic field) Ap ~ BM.

The answer to this question is given by

Pj=-G., P =-F. (4.3)

To understand why this is the case, we will follow a thermodynamic argument that can be
found in a similar context in appendix C of [22]. In that paper the thermal N' = 4 SYM
plasma has an anisotropy sourced by a specific distribution of D7 branes along the horizon of
the black brane, translated in a value for the axion x = az, with a a constant. In the present
case the D7 branes are extended along the radial direction of AdS, reaching the boundary and
describing fundamental matter in the plasma, and the anisotropy appears by the presence of
a magnetization of the fundamental.

The key of the argument is to write the internal energy of the plasma as an extensive
quantity't U = U(S, Ly, Ly, L., M), with S the extensive entropy, L, . the length of the
sides of a box in which we have inserted our plasma and M the magnetization of the system.
The energy and the entropy scale with the total volume of the box V3 = L,L,L, = [ d3x, but
the magnetization does not. This may seem strange at first sight, since one would expect the
magnetic field to be an intrinsic quantity and the magnetization to be a density. One way to
see the scaling is to realize that the magnetization is a vector in the z direction whereas the
magnetic field is given by a 2-form B dx A dy. Therefore, to keep the magnetic field constant
when we scale L, or L,, we should scale B accordingly. In the same way, the magnetization
scales with L,. This suggests that it is more appropriate to talk about magnetic flux along the
xy plane, B, and magnetization linear density along the z direction. These are the quantities
that matter when considering a finite box is the presence of an external magnetic field.

Therefore, comparing with the calculation in [22], all we need to do is to repeat the
arguments in their appendix C with the identification a — M and ® — B —which we will
not write explicitely here since it is nicely discussed in the referred paper—, and we are led to
the result (4.3). From here, it is also straightforward to see that Ap = BM.

The identities (4.3) can also be written as Gibbs-Duhem equations

U+ Py =sT+BM, U+ P =sT. (4.4)

%Tn the absence of a magnetic field the Gibbs and Helmholtz free energies presented in (3.14) and (3.17)
coincide, but the presence of non-trivial charge density and chemical potential would make a difference between
the two. Actually, in a traditional nomenclature the Gibbs free energy should correspond to the thermodynamic
potential at fixed chemical potential and zero magnetic field; we use the same name here by analogy.

"' Note that in the rest of the paper thermodynamic quantities are intensive!
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4.2 Holographic calculation
We proceed now to calculate the components of the vev of the SE tensor in the field theory.
This is related to the Brown-York tensor (4.1) by

<Tij> = \/__'VTij,reg ) (4'5)

TA—0CQ

where we have assumed that the expression (4.1) has been regularized before taking the
rpn — oo limit. Notice that strictly speaking this is a density since we are not integrating over
the space. From the definition (4.1) we have

(Tt > = Lyﬁ 1— ﬁ 9, log <e—10fh—3/2b2) (4 6)
i 2r32 rd )" ’ :
1 rd
TN Y N T .5 _'h —10f7,—3/27, 1,2
(T"5) =(TY,) 2K§r <1 7‘4> O, log <e h bbT) , (4.7)
P - 7’% —10f7—3/21272
= g (1 B (i)

Expressions (4.6)-(4.8) can be expanded in powers of ¢, using the solution described in ap-
pendix B. With this we can write (7%;) = (7)o + en (7)1 + O(€2).

At zeroth order in €, we have b = 1, since this function describes the anisotropy between
the directions perpendicular to the magnetic field and the direction along the magnetic field,
which is an order €, effect caused by the presence of fundamental matter. Therefore, at zeroth
order in €, one obtains that (I'*,) = (TY,) = (T*.) and the Brown-York tensor is isotropic.
Actually, at zeroth order the solution to the type IIB action is nothing but AdSs x S° by
construction, and we know already what the Brown-York tensor is going to be. The explicit
calculation goes as

j Loy 4y 7
(\/—w@j)ovdw = H—g(?,rA —rp)diag (=3,1,1,1) , (4.9)
where the subindex div signs that the expression is divergent in the rp — oo limit and must
be regularized. Once again, the regularization is achieved by background subtraction

(T = lim | (vV=7) 00— 1]1— "h lim (V= 7') (4.10)

g0 = 17 5)0,div 74 10,5550 1T 3)odiv | > :

where the factor in the square root matches the euclidean geometries at the cutoff. A straight-
forward calculation gives

; Vs
(T"j)o = —>prjdiag (—3,1,1,1) (4.11)
2Ky
after use of k2 = k%,/Vsg. Considering now the observation made in (3.3), we can rewrite
this expression as

; T
(T';)0 = ~-diag (~3,1,1,1) . (4.12)
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This, of course, is just the AdSs result, which gives an isotropic contribution. Notice that
even when the entropy density and the temperature are sensitive to the magnetization of the
plasma, their product cancels out factors coming from M to give the contribution to the SE
tensor given above.

We consider now the contribution due to the presence of fundamental matter at first
order in ¢, (T j)1- This term is given prior to regularization by

4 4
(VA7) i = % [(b) — 3A] + 1) Iyng — 2bdiag (0,1,1,0)] . (4.13)
5

Once regularized we read the vev of the field theory SE tensor. In this case the (T%;) compo-
nent must coincide with the ADM mass calculation (see appendix D) given in the previous
section. We have checked this explicitely by regularizing (4.13) and evaluating the expression
one gets in terms of by, A; and Y. This fact helps us to find the expressions for the SE
tensor with the aim of the following two properties

(V=T 1 a0 = VT72) L i (4.14)

ra(ry —rd
(V=7 me)l,dw = (V=7 Tyy)l,dw = (V= Tzz)l,div - %bi ' (4.15)
5

Expression (4.14) tells us that the contribution at first order in ¢, for (7%) and (T%,)
coincide, and since we know that the time component is given by the ADM energy, which we
already calculated, we get

3 1 1 1
<Ttt> = —EADM — —ZST‘F §BM = <Tzz> = ZST—i_ §BM = _g ; (416)

as announced.

To evaluate the pressure in the transverse directions P, = (T*,) we can make use of
the relation (4.15). There are two equivalent ways to obtain the answer. The first and more
obvious one is to evaluate the b} contribution in the r.h.s. of (4.15) and regularize. This can
be seen to lead to

(I'*y)=(T%,) — BM = —F , (4.17)

which is the expected result. Unfortunately, the evaluation makes use of the analytic —but
somehow complicated— form of by(r), and intermediate steps to arrive to this result imply
writing down long, non-iluminating expressions. A second strategy would be to notice that
the contributions to the regularized SE tensor from A; and YTy vanish. This implies that
the correction at order €, to (T*,) is opposite in sign to the correction to (17%,), giving once
again (T7,) = %sT — %BM = —F. However, the explicit solution for A; and Y7 is more
complicated that the one for b1, and intermediate expressions are again cumbersome equations
which would lengthen this section without adding anything relevant.

Of course, from the former arguments it follows that the anisotropic measure is given by
Ap = BM, in agreement with the thermodynamic argument of the previous subsection.
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5 Energy loss in the magnetically anisotropic plasma

In this section we will focus on calculating the energy loss of the partons as they propagate
in an anisotropic plasma.

An estimation of this influence is coming through the calculation of the jet quenching
parameter ¢. In [23], using the eikonal approximation in the high energy limit, they presented
a non-perturbative prescription for calculating § as the coefficient of L? in an almost light-like
Wilson loop with dimensions L~ > L. Following this prescription we will calculate ¢ for our
anisotropic backreacted background.

Another estimate of the energy loss of a parton passing through a medium may come
through the drag force calculation. This computation can be implemented in a holographic
framework through a macroscopic string moving with constant velocity v. That string is
attached to a probe flavor brane and dragged by a constant force f which keeps the velocity
fixed. The drag coefficient p, measuring the energy loss, is calculated from the equation of
motion

f=unp, (5.1)

where p is the parton momentum. Following the prescription of [24, 25|, we will calculate p
for our anisotropic backreacted background.

5.1 Drag force

In this section we perform the calculation of a second observable describing energy loss in
the Quark-Gluon plasma by computing the drag force experienced by an infinitely massive
quark propagating at constant velocity through an anisotropic plasma in constant magnetic
field. In an anisotropic medium, the drag coefficient is not just a number but a matrix. This
matrix is diagonal, p = diag(fia, fy, =) but with g, = p,y # p., which means that the force
and the momentum (or the velocity) of the quark will not be aligned in general.

The external magnetic field plays a double role in this scenario. On one side it makes
the plasma anisotropic, on the other side it stimulates synchrotron radiation of gluons which
is an additional factor contributing to the energy loss of the moving quark. In our analysis
we stabilize the classical trajectory of the quark by introducing an additional electric field
perpendicular to the magnetic field, compensating the Lorentz force. In addition we add a
drag electric force compensating the viscous force of the plasma. The only energy loss is due
to the negative work exerted by the viscous force.

We follow closely [26], where the isotropic analysis of [24, 25] has been generalized to the
case of anisotropic plasma. Another relevant paper is ref. [27], where heavy quark in external
magnetic field has been studied.

On the gravity side the quark is described by a string propagating in the background
(5.23) while the string action is given by

1
2ol

S =

/dza\/—_g 42 /P[B] = /d%c, (5.2)

2ma!
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where ¢ is the induced worldsheet metric and P[B] is the pullback of the Kalb-Rammond
B-field.

Physically, the electric forces needed to stabilize the trajectory are introduced by attach-
ing one end of the string to a D7-brane and turning on a constant gauge filed Fin = 9 Ap)
on the brane [26]. This results to the following boundary term

Shary = [ drAno,xV =1 / drFyn XM, XN (5.3)
o% 2 Jox
Next we define or
Iy = ———— . 5.4
M 9(0, X M) (5.4)

From the variation of the boundary action one has
HM|52 + (QTa/)FMNaTXN =0. (5.5)

Equation (5.5) is the equation for the balance of the forces acting on the moving quark.
One can expect that the contribution to II;; from the Nambu-Goto term of the action cor-
responds to the viscous force of the plasma, while the contribution from the anti-symmetric
part corresponds to the Lorentz force, this is confirmed by our analysis.

We choose an ansatz in which the string does not move along the compact directions,
while due to the rotational symmetry in the zy-plane, we can choose y = 0. However in order
for this ansatz to be consistent we need to compensate the Lorentz force along the y direction.
To clarify this we keep a general ansatz y = y(7,0) for a while. We fix the reparametrization
invariance by identifying (¢,7) = (7,0) and consider a string profile of the form

x = [ut + z(r)] sing , z = [ut + z(r)] cosp , y = y(r,o0), (5.6)

corresponding to a quark moving with velocity u in the xz-plane at an angle ¢ with the
z-axis and with so far undetermined profile along y (eventually we will fix y = 0). Since the
lagrangian does not depend explicitly on x, y and z we have:

_Gu

I, = - [Gtt 2+ u® cos®p Gag (2/ — 2') + Gy (92" — uy') } sing — Buay , (5.7)

G2 . . .
I, = — v [Gtt v + usin?¢ Gy (uy’ — a:'y) + u cos® p Gag (uy’ — z'y) } (5.8)
+ usin ¢ Big
1
I, = — 7 G'33 [Gtt 2 — u?sin? ¢ Gy (x' — z') + Gaoy (yz' — uy')] cos @, (5.9)
where / denotes differentiation with respect to . As one can see from equation (5.8), even
it we set y = 0, 1I, has a non-vanishing contribution wsin¢ Bys. For the y component of
equation (5.5) we obtain

using Hy — (27’ ) Foe = 0 , (5.10)
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where we have used that F;y has only electric components and that Bis|gs, = Hyp. It is clear
that equation (5.10) represents the balance between the Lorentz force usin ¢ Hy acting on the
quark and the electric field along the y component, Fo, needed to cancel the Lorentz force.
Therefore we fix Fpo = usin g Hy/(2ma’) which enables us to set y = 0. The expressions for
II, and II, simplify to:

I, = - % Gn |:Gtt 2 + v’ cos® p Gy (¢ — Z,)] sing (5.11)
ru:—%aﬁkmf—MaﬁwGuW—wU%%w= (5.12)

Inverting (5.11) and (5.12) we have

o G33 Grr U2Nm2 - G11 Gm« ’LL2NZ2

Y eml gy s A GO coveml vy s AR

with
N, = II, Gy cot o + u> Gy cos (I, cosp + I, singp) , (5.14)
N, = IL, Gy + u?Gs3 cos @ (I, cosp + I, singp) , (5.15)

and
D = cotp Gy D1 Do (5.16)

Dy = ILII, — %uz G11Gs3 sin2p and Dy = Gy + u® (G33 cos? ¢ + Gy sin? cp) .
The critical value of r is determined from the equations D = 0 and N, N, = 0 and it is
given by

4 2 2 2
re=— |14 F w2+log2(1—u2)+Liz< - )H (5.17)

(1—u2)1/4 ry 1 —u? u?z —1

For this critical value we have N, = N, = 0, which leads to II, = uGi1sinp and II, =
u Gz cos p. With all these constraints the denominator in (5.13) is always real and positive
except at r., where it vanishes. The numerators, at the critical point, also vanish and the
functions 2/, 2’ are smooth and negative for r,, < r < ry — oo. The force that must be exerted
on the quark in order to maintain its stationary motion (see [26] for a detailed explanation)
is 1

in terms of the quark’s velocity ¥ = v(sin ¢, cos ). For the specific case of anisotropic plasma

under study we have, in the small magnetic field limit

T U 1
F{IE,Z} = § AV )\h Tzﬁ 1+ geh [2 - log(l — U2) +f{m,z}j| ) (519)
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with

1 ra 9 2 ZCiuQ
fo=— %[36—1210g(1—u)—6<1+1_u2—1_u2 X

X [%2 + %bgz (1—u?) + L12< Ui 1)” , (5.20)

u

m 2 255 u?
fzzﬁcwg 36 —12log (1 —u?) + 61 — vl

72 1. 5 9 . u?
X |:€ + §log (1—U ) + L12 (m)]

These expressions show the dependence of the magnitude of the force on the magnetic field,

. (5.21)

and also how the presence of the anisotropy affects the orientation of the field. This effect
is not due to a Lorentz force, since it is compensated in equation (5.10). The directions in
which the quark is moving and the force is pushing are related by

bl (Tc)
2

arg F = o + ¢, sin(2¢) + O(e2) | (5.22)

where by (7.) is the correction to the function b in the ansatz for the metric, evaluated at the
critical radius.

Finally we would like to discuss the regime of validity of our analysis. In this section
we introduce additional electric fields coupled to the charged quark, but we do not take into
account the effect that they have on the SYM plasma. On the other hand we take into
account the effect of the magnetic field on the plasma. This can be justified if the quark is
moving sufficiently slow and the Lorentz force and the viscous force (both proportional to the
velocity of the quark) can be compensated with electric fields weak relative to the magnetic
field. This is the regime in which our analysis applies.

5.2 Jet quenching

In this section we will compute the jet quenching parameter ¢ for our anisotropic plama,
extending the computation of [12].

We will follow the analysis of ref. [28], where jet quenching in anisotropic plasma have
been studied. In our case the anisotropy is due to external magnetic field which triggers
synchrotron radiation. Therefore one would expect the motion of the fundamental string
to encode both the phenomena of jet quenching and the energy loss due to synchrotron
radiation. This suggests that the prescription of refs. [23], [28] should be revised in the
presence of external magnetic field. Technically this can be seen from the more general form
of the fundamental string action (5.2). In particular the presence of the B-field term affects
the prescription for the holographic calculation of the wilson loop. More precisely the on-
shell action evaluated on the world sheet corresponding to the wilson loop is no longer purely
imaginary which is crucial part of the derivations in refs. [23], [28].
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To circumvent this difficulty we will constraint ourselves to motion parallel to the mag-
netic field. In this case the pull-back of the B-field on the world sheet vanish and the motion
of the string in not directly affected by the external magnetic field. Physically the Lorentz
force acting on the quarks vanish. This suggests that in the holographic calculation the wilson
loop is given by the area of the world sheet and technically there are no difficulties in applying
the prescription of refs. [23], [28]. Note that the energy loss of the quark is still indirectly
affected by the external magnetic field through the alternated properties of the SYM plasma.
We will sketch the derivation referring to [28] for details!?.

We consider a parton moving along the direction parallel to the magnetic field, z, with
the momentum broadening taking place in the transverse xy-plane. Due to the rotational
symmetry in the transverse plane we can choose ¢ to lay along the z-direction.

In order to cover more general situations we consider the following class of metrics

dS%O = Gy de? + G11 dz? + Gaa dy2 + Gs3 dz? + G dr? + ... (5.23)
where the ellipses denote compact directions. After introducing light-cone coordinates

7t = % (t £ =), (5.24)
we consider a rectangular Wilson loop with contour C. The expectation value of the Wilson
loop is given by the extremum of the Nambu-Goto action for a string with endpoints tracing
the contour C'. We consider a quark moving along z~ and fix the reparametrization invariance
by identifying (27,7) = (7,0). Moreover we set 2zt = 0 and specify the string embedding
through the function x = x(r), subject to the boundary condition x(+¢/2) = 0. The Nambu-
Goto action for this configuration is then given by

. \/X B £/2 1
S = 2zm /dz /0 dr 3 (Gu + G33) (Grp + G112") (5.25)

where 2/ = dx/dr and the action is imaginary because the string worldsheet is spacelike.
Since the action does not depend on x explicitly we obtain the equation of motion for x(r)

2
12 7Tx Gr?"

- 4G11(Gtt + Ggg) — W:% G—ll '

(5.26)

The turning point for the string is at 2’ = 0 and following the prescription of [23] and [31]
we will work in the limit ¢ — 0, which corresponds to the limit 7, — 0. Integrating (5.26)
and taking the limit for m, — 0, we obtain the separation length between the endpoints of

. G11 VGy + G33

the string
L = 1, T, +O(x2) with T, =

dr . (5.27)

2See [29, 30] as well.
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For the computation of the jet quenching parameter we have to evaluate the action on shell
and focus on the L? term after using (5.27). In way we have

L= VA 212
_ L VA 2n : (5.28)
82 2mR? I,
The prescription given in [23] and [31] for the jet quenching parameter is
; L~ (? VA 2
128 A A
— -z - = — 2
e exp [ Wi q} = nR? T, (5.29)

We rewrite this expression in terms of field theory quantities, namely the 't Hooft coupling
at the temperature scale, A\, = Ae®» and the temperature, given by (3.1). We obtain a
correction to the unflavored jet-quenching in the presence of a small magnetic field given by

i —Efif;——\/ s talowrs ™ (3= 2a,) s o) + O(e})
= — € ™ - — € ?
q F(4) ] h Th 6 cor ™ h
(5.30)
with 5 7
Meor = 7(log8 — ) + 4 F3 [1,1,1, 1 ,2,2; 1] ~ —1.99143 . (5.31)

Unfortunately we were not able to find a closed expression for the jet quenching paramenter
when generic magnetic field is present.

Comparison to the non-magnetic case

To understand whether the presence of the magnetic field enhances or reduces the energy loss
parameterized by ¢ with respect to a theory without magnetic field, we must compare the
expression (5.30) obtained before between the two different theories.

The result in (5.30) can be written as

it

0= (1 fen gM+0<eh>> , (5.32)

/ =

do= "L sy

is the flavored result in the absence of a magnetic field [12], which receives a enhancement of

2+7r)+(9( A (5.33)

the jet quenching with respect to the unflavored setup, both in a scheme where the number of
degrees of freedom (entropy density) and temperature are kept fixed or in a scheme where the
energy density and the force between external quarks are fixed, indicating the robustness of the
correction. The presence of the magnetic field is given by the factor M = (3/8—M_,,/48)/8 ~
5/12 when the quark is moving along the direction of the transverse field.

To compare the magnetic and non-magnetic result we must state clearly under which
conditions we are making this comparison. For example, if we choose to keep the entropy

— 27 —



density and the temperature of the field theories the same, therefore allowing us to compare
the values of § per degree of freedom at fixed T, we observe that the parameters N, in the
B =0 and B # 0 cases are related (in the r,, < r; approximation) by

4
EnT
Nep = Nepoo|1— 220 1 0 (e3) (5.34)
4 ry
. . . . . . /2 . .
This correction enters in the jet quenching parameter via /A, ~ N¢'°, giving
s _ 1+ei M-1 +O(e2) (5.35)
dB=0 "k 8 M '

implying that the presence of a magnetic field enhances the jet quenching if the quarks are
moving parallel to the magnetic field.

We could have chosen to fix N, as well as the entropy density, allowing 7" to vary. In
that case the temperatures in the presence and absence of a magnetic field are related by

TB = TB:O — e—h@ + @ (6}%) = AqAB = |1+ Eh% <M - 1> + O(E}%) (536)
6 T‘h dB=0 ’r’h 2

Therefore, in this scheme the presence of an anisotropy induced by the magnetic field reduces
the jet quenching for motion parallel to magnetic field.

6 Conclusions

In this work we have presented a solution to the equations of motion of type IIB supergravity
in the presence of a smeared set of Ny > 1 D7 branes. This solution is perturbative in
the backreaction parameter € ~ )\h%—’:. The presence of a finite magnetic field sources an
anisotropy in the solution which leaves a footprint in physical observables.

We have studied the thermodynamics associated to the magnetically anisotropic solution
at first order in backreaction. Results for thermodynamic quantities like the entropy, free
energy or magnetization coincide with studies performed in the quenched approximation,
in which the dynamics of the matter in the fundamental representation decouples from the
dynamics of the adjoint degrees of freedom. However, the quenched setup fails to describe
the anisotropy due to the magnetic field. Actually, this probe approximation is only valid
at small magnetic fields (compared to the scale of the temperature), where the anisotropy is
very mild and the component of the NSNS potential, By, (r), is approximately constant (see
figure 5). At larger magnetic fields the backreaction of the branes onto the geometry creates
a non trivial profile of the B, component, which is itself reflected in an anisotropy in the
metric.

We have presented expressions for the pressure of the plasma in the directions parallel and
orthogonal to the magnetic field, that —not surprisingly— do not coincide for finite magnetic
field. This has as a consequence that the speed of sound in the two normal directions of the
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plasma do not coincide between them. Actually, from equations (3.22) and (3.24) we observe
that both speeds of sound have a value lower than the conformal setup, signaling that scale
invariance is broken by the magnetic field at first order in €, even when we have massless
D7 branes (in the absence of magnetic field this is not the case, even when a charge density
is present in the setup).

The breaking of the conformality means that we must not necessarily have a traceless
stress-energy tensor. However, from direct inspection in section 4, we have (T",) = 0 at first
order in backreaction. A word of caution is needed here. As discussed in some extent in the
text, the 00 component of the stress-energy tensor corresponds to the magnetic enthalpy, and
not the internal energy of the system. Therefore one must not conclude that the tracelessness
of the s-e tensor implies an equation of state of the form U = 2P, + Fj|. In fact, given the
relation between the magnetic enthalpy and the internal energy (3.10) we have

U=2P + P+ BM. (6.1)

The last consequence of the anisotropy we have studied is the implications of the magnetic
field in the energy loss of a heavy quark moving through the plasma. The lack of explicit
isotropy has as a consequence that the energy loss depends on the direction of movement of
the quark. Furthermore, if the quark is charged it will feel a Lorentz force due to the presence
of the magnetic field.

One interesting question that is raised immediately is what are the shear and bulk vis-
cosities of the magnetic plasma. The shear viscosity is a tensorial quantity that has been seen
in [32] not to satisfy the KSS value /s = 1/47 for the anisotropic plasma of [33] (see also
the calculation in [34]). Here we have an anisotropy sourced by a 2-form instead of a scalar,
and this may complicate the analysis of the perturbations to calculate the shear viscosity via
a Kubo formula. Due to the lack of conformality at first order in €, we expect that the bulk
viscosity is non-zero as well, but proportional to BM.
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A Equations of motion from the effective action

The expression for the one-dimensional effective lagrangian is given by L.y s

1 /W2 1\ 2 1Qr
L'effZ——<—> +12<§> 18l a2 F2 0 4121 B 6

2\ h S FS
v W\ (W S _F 1y (0 4bl, b2 b2 Q2

L 2199 26 8 e H*h 2,2 & 2 o6 e"® H%h

—o 72 20 712 12
1 %e H h(l_e J b>—QcHJ'.

2
3 - b2 b2 H”

Defining the following auxiliary (dimensionless) expressions

e PH?h 2% J2 12 20 [ g,
SV T =+ e d =14+ <7535 5 s A2
A T s P2 T e 02 and 3 + Q% H2 1212 S8 (A.2)
we can write the equations of motion in the following compact way
02 (logbr) = 0 43)
4Q; H? b2 hSOF?
Opllogt) =~ =5 — P H Q30 h S s (A4)
b2b?2 2Qf H?b2 hSSF? 1
Fallogh) = — Q2= — THg T — et QG A"
e—<1> hHl2
+ (1= P2) 2 (A.5)
[0} b2 b2F2 56
82(10g5) = —2b%b2F4S4 +6b%b2F256 o Qfe g
1
1
+1€¢H2Q?52Th5863, (A.6)
97(log F) = 407 b?F'S* — 1 (1+87) Q7e*® b7 6% 5% + Qs 5711
1 €_<I> hH/2 ﬁ2
+ 1 2 (A.7)
4 b2 b2 D Q8
2o = L) Qe st o AEEAS
1
1 e—cb hH/2 ,82
ST 2 (A.R)
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4Qs H b% hSCF?
B '

It is straightforward to check that the above set of equations, together with (2.11), solve the
full set of Einstein equations, provided the following “zero-energy” constraint is also satisfied

—P /
B, [ﬂ (A.9)

= } = e®QFIHVIhS® + Q. J +

N\ 2 I\ 2 ’Ql
0— _1 <E> +12<§> +8E—24b%b2F256—|—4b2Tb2F4S4

2\ h S FS
v, b\ (W S _F L (YN (Y 4b; b2 b2 Q2
+<E+3> <ﬁ+8§+2f>+§<3><b+lm + =5 (A.10)
2 -® g2
+—beTb2 258 <1+b7h>+4be2szeq’F256 HET

B l@@_le_q)HQh 1_62<I>J12b2
2 2 b b3, H"

This constraint can be thought of as the 0o component of the Einstein equations. Differenti-
ating (A.10) and using (2.11) and (A.4)—(A.9) we are getting zero, meaning that the system
is not overdetermined.

B Analytic perturbative solution of the equations of motion

The homogeneous solutions for the equations (2.24)-(2.25) are

744
b’ = Ki1 + Ky log [1 - T—Z} , (B.1)
A 4
A = K,y <2—4 - 1> + Kpr2|2+ ( — - 1> log [ g] , (B.2)
Th Th
7,4 4 4
h Th,
4 4
H r r
A7 = Kag Py (2—4 - 1> + Kn2 Q12 (2—4 - 1) ) (B.4)
Th Th
H Th
P = Ky1+ Kgo log |:1 — 7‘_4:| , (B.5)
! A 4
H _KH1 +KH2 1+—log[ T—ﬂ . (B.6)

The solutions with integration constant Ky 1 are regular at the horizon whereas the ones with
Ky o diverge logarithmically there. This situation is reversed at infinity, where the solutions
with Ky 2 tend to zero whereas the ones with Ky 1 can diverge or go to a constant. Also, in
principle Q1/2(2r4/r;4l — 1) has an imaginary part, but this is just P1/2(2r4/7’;4l — 1) and can
be absorbed in K ;. In the following, we will consider just the real part of @ /2(2r4 / 7’% -1)
and that constants Ka 12 are real.
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The particular solution for every equation can be found in the following way. Defining
Agr* + Byr?
L —m (B.7)
(rt —r)/rt+ 1l
a particular solution of the corresponding inhomogeneous differential equation is given by

v (r) = _\yg%)/ %d? + x11§2>(r)/ %di, (B.8)

Gy(r) =

with "2 the homogeneous solutions accompanied by the constants Ky (1 9) and
1 (1,2)
1 2
w = v @) — v OEeP e (B.9)

the Wronskian. With the symbol [” we denote an antiderivative, therefore no lower bound is
considered (its addition amounts to a shift in the constants of integration for the homogeneous
solutions). This method also works for Hy, but in that case

4t

Gy(r) = . B.10
H( ) (T4 _ T%)\/m ( )
The solutions can be expressed in terms of the following expressions
~ 7“4
1 r 7" log [1 — F—’;}
ady(r) = dr, B.11
n( ) TZ_I m ( )
which for the special cases n =1, 5, 9 read
1 op + 1 o +1 o, +1 a +1a, —1
d — 2L T o L- T Th o L- T Th
ach (r) 4[ Z2[T—} lz[ar—larh—l 12 o — 1o, +1 ’
1, 1 of —1 of —a? 1 ) o +1
ads(r) = — 5 (ozrh — 1) adi(r) + 10 ﬁlog W ~- 1 log (arh —1) po—
1 oy + o
- log | ———= B.12
+ 7 O og[ar_arj , ( )
3, 9 2 1 9 2 -1 a? —a? 1 a2 —1
ady(r) = S (a,h — 1) ady(r) + 1—6ar (5 3047«) ( él 1 log aélh — o oz%h— .
1

1 9 o + o 1 1, 9 o +1
+Ea7"h (5—30%) log [7_ ”} — 1< — §O‘rh> log [(arh—l) o 1|

with as usual

_ m _ T'm _ m
Qy = 1+F, arh: 1+E, Oy, = 1+E (B13)

We express the solution' in terms of the dimensionless parameters oy, ap, and a;.,.

13We do not include the expression for A; since it is given in terms of integrals that cannot be evaluated

analytically. Furthermore, we do not need its explicit form in the text.



Solution for ¢,

The solution for ¢; which is regular at the horizon and vanishes at » = r, is

ar+1a,, —1

10) L 1 + —a,, lo
= — O — -
! 1% ar—1 ap, +1 g Yrn 108 ar + oy,

(B.14)

Whenever we calculate a physical quantity we will set the scale 7, at the horizon r, = rp,
indicating that we are working in the IR range of energies.

Solution for b,

The solution for by which is regular at the horizon and vanishes at r = rg is

1 o —a? o —1a,, +1
by = (af —1) |~ log |—2 Tl[" o }
1= (o, )[4 g[azh—1 ar+1ay, —1
1. |} —a ar, — 1oy, +1
— —log | ——F|1 . L d — ad . B.15
4°g[azh—1 ®lan. +1ap, — 1 adi(r) = adi(ry) (B-15)
The following limit of (B.15) will be useful in thermodynamic calculations
lim b =l @2 1) |t 12108 1
Jim bi(m) = — o7 (03, — 1) |7 + 1210g? (0, — 1)

1
+ 12log” (v, + 1) — 6log® (a7, — 1) + 12Li, [%H . (B.16)
~an,

Solution for A,

The solution for A;'* which is regular at the horizon and vanishes at r = 7 is

1a?2 —1 1 a, +1
AN — ™ (942 o2 — 1 [adr — 2ads(r) — = lo [aQ—l 7«7”
1 2&%—1( Th r ) 1() 5() 2 g (Th )Oér—l
1, ap =207 +1. o} —of
- —1)l2 = h 1 h B.17
T (a7 ) ( a2 — 1 o8 az —1 ( )
2
Q. — 1 1 2 2 ar 1
X <O‘ﬁ - 5y, log [(% -0 o=/
207, —af — 1 NH
Ay = Chp, hag — + AT (r) (B.18)
1 ) a%—2a% +1 a% —a%
— Zarh (arh - 1) (1 - Qypy log [1 + am]) <2 - a% _hl log agh 1 .

“The value of the constant Cy, is determined by requiring Ai(rs) = 0.
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The following limit of (B.18) will be useful in thermodynamic calculations

. 1 .1+ ap,
Jim Ai(r) = - < (a2, —1) |12 + 7%a}, — 60, log” (o, — 1) + 1247, Liy [ﬁ}
+ 24y, log O |4 1202 (log? [, — 1] + log? [, + 1]) (B.19)
1+ ap, h '
Solution for T,
The solution for Y;1° is
1202 —a?2 —1|1 a. + 1 a2 —1
L E— ~ (a? — 1)1 d —da, ———
L 2 a2 - 1 y (en, = Dlog | T e 1
+3 (a%h — )adi(r) +2 (7 - 3a3h) ads(r) — 16 adg(r)]
1,5 9 a?—2a2 +1 a? —a?
- = - 1) (3 -2)[2 - L 1 L B.20
4 (aTh ) ( aTh ) ( Oé% -1 0g a%h -1 ( )
-3+ 7a2 —ai(1+3a2) 1 [ar —1—1]
X |« 5 — log ,
(a2 — 1)° (302, — 2 2 r—1
202, — o — 1
Ty = COr, —t g + TN() (B.21)
a —_—

1, ., 9 ay, + 1 a%—2agl+l agl—a%
— g (Oérh — 1) (60[7«]1 + (2—3()érh)10g [h]) (2 — a2 _}1 lOg a; 1 .

T

. 1 9 9 20,
T;I—r}loo Yi(rn) = — 1 [3 Qo — dap, — 1+ 6ay, (a’f‘h o 1) log [ﬁ} (B.22)
2
0 + 1 9 | O 1
307 —2) (o7, —1) (= + L L 1 ¢
+ ( a"‘h ) (a’f‘h ) <12 + 12 1 + Th:| 2 0) |:O[Th + 1
'5The value of the constant Cv, is determined by requiring Y1(rs) = %.
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Solution for H;

The solution for H;16 is

a2 — 1 1 o +1
AN — (g4 | r B.23
; ag_l(a5<r>+40g - (B.23)

1 2 72“ -1 a72“ —Oé% (078 1 ar + 1

- -1 (1 b1 L -5l

+ 7 (on — 1) ( T2 o1 % o1 a2—1 2%|a 1))
a72"h -1 NH

Hl = CH1 ﬁ + Hl (7’) (B24)

The limiting cases r, — 0 and r,,, — 0 can be obtained, recovering the results in [16] and [12]
respectively.

C Calculation of the Gibbs free energy

Applying the general recipe of [35] we identify the on-shell Euclidean action, divided by the
inverse temperature, with the Gibbs free energy (in an ensemble where the magnetic field is
kept fixed). The Euclidean action has contributions from both bulk and surface terms given
by the following expressions

Vyr

2
2K1g

Vyr

2
K10

VK (C.1)

Thuk = / Lupdo and Zgut = —
where Lyp is the wick rotated action (2.6) and in Zg ¢ is the standard Gibbons-Hawking
term. In order to generate L.ss, defined in (A.1), we need to integrate by parts and get rid
of second order derivative terms. This in turn will lead us to consider boundary terms, on-
shell, only of the form v/, /1,, where 1), is a collective notation for the background functions
(b,bp,h, F,S,®). While at » = 7, those terms are canceled by the contribution of the
Gibbons-Hawking term, they remain at the horizon. It turns out that the only non-vanishing
term is coming from the function by, with the following contribution

9 0ebr =47t (C.2)
br .
In other words
T3V 4
T = Thuk + Zowt = 5—2 dry, — Leg do | . (03)
2 k1o

Expanding in ¢, and using (2.20) we have

15The value of the constant Cg, is determined by requiring Hi(rs) = 0.
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T = To + exZpni + €nTvound + O(€}) (C.4)

and more explicitly, changing the radial coordinate to r

7T3VY3 4 4 71.3‘/3 Ts
IOZﬁ (67"8 —27"h) R IDBI:—ﬁ 4/ dr'f’m

w3V
Toound = = B 5—-ri [b1(rn) = 3A1(ra) + Ta(rm) (C:5)
10

7,4
_ (1 _2—Z> [5b1(rs) + 5A1(rs) — Tl(rs)]] :

Th

This action is infinite and should be regularized by subtracting the zero temperature on-shell
Euclidean action. We take 75 as the radial cut-off for the integrals, such that the finite and
zero temperature geometries coincide. Since g} (rs) # g% (rs), we rescale the Euclidean time
of the zero temperature solution in the following way [12]

T;ll 1/2

s

where (3 is the period of the Euclidean time of the finite temperature solution. Doing so it is

2 /.4 4
L ATy T
oV e ™ +0(&)

2
Tm

easy to prove that

and consequently (3.14).

D ADM energy and Brown-York tensor

In this appendix we show that the definition of the ADM energy used in (3.7) coincides with
the calculation of the t¢ component of the boundary Brown-York tensor, given by Epy =
— [ d3zy/ —’ykifﬂij , where k is the unit-norm vector orthogonal to the t = constant surfaces,

¢ = 0, is a Killing vector and
i 2 0S5

VY 6

the Brown-York boundary tensor. The calculation is done by noticing that in the boundary

(D.1)

metric, 7;;, br(rs) enters only in the v, component, then we can trade 4 by by in the

calculation!”

0S5q OV 9 0S54

0S54 B
R OVet '

TG0y = T B St

(D.2)

"Notice that we express the radial dependence of fields in terms of the radial coordinates r or ¢ indistinctively
depending on which one is more convenient for every step.
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On the other hand

0554 VsVsg 4 / 7
_ D.
Sbr(5) 262, 0br(rs) Lesydo (D-3)

where we are using (A.1) to define L.s¢. Using the equation of motion for by we can express
the on-shell value of L.y as a total derivative and perform the integral and the variation

0S54 VsVsg OLcyy VsVse 2
= = Oy log \/ hb2b2 F258 D.4
5bT(TS) 2/{%0 ab/T 2/4/%0 bT(O-s) ©8 T Os ( )
Therefore, from the BY definition
i 0S54 VsVsp
Epy = — | &av/—yki&7 = —bp(rs = — O, log \/ hb2b2, F2.58 D.5
by = = [ty Tk = () g = g log [ Y| (D)
Now, the ADM mass is defined in (3.7) as
V3V, VaVse +/—

Bapy = ——2E /=guJgsKr = —— BN Iy P F2SS = Epy (D.6)

Ko Kio VYoo

Therefore, as far as we implement the same regularization procedure, these two quantities
coincide and, as we have argued in the main text, can be identified with the magnetic enthalpy
in the field theory side.
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