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1 Introduction

One of the current major targets in physics is the understanding of integrable
quantum field theories in two dimensions. In theories with diagonal scattering
matrix there is a convincing conjecture for the spectrum of the Hamiltonian. Sup-
pose that there are K species of particles with masses m,, a = 1,..., K, and a
scattering matrix Sy, = exp(i®q (0, — 0p)) for particles of types a, b with rapidities
0,,0,. Let there be N, particles of type a. Then the states are characterized by
integers n’, i =1,...,N,, a=1,..., K. The corresponding energy E(L) is given
by

K N,

= ——/cosh )log(1 + exp(—e, (0 dH—I—ZZsmh (6%).

a=1 i=1

Here the 0! are complex numbers with imaginary part iw/2. They and the func-
tions ¢, are determined by the equation

(67) = 2mi(ni, — 1/2),

K
1
€a(0) = mgLcosh(f —% P, xlog(1 + exp(—ep))
b:l
K N,
— i) (Pa(0—6}) — Pap(—o0))
b=1 i=1
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These equations can be solved numerically by iteration. When all 6% are non-
vanishing, the partition function factorizes for L — 0 into terms for right and left
movers. The limiting partition functions for the right movers is

42
(@) - (@)
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9

where we use the standard notation (q), = (1 —¢q)--- (1 — ¢") for the g-factorial,
and where

c

K
1
Q(N) - §a§b::1NaAabNb - ﬂ )

with a rational number ¢ as effective central charge and

Aab = Oab — %(@ab("i_oo) - (I)ab(_oo))'

Partition functions of conformal theories must be modular. This implies that they
can be written as a sum over expressions of the form ¢"~¢/24t" where h is a
conformal dimension of the theory, c¢ its central charge, and n € N. Evaluating
Z(Q) close to ¢ = 1 yields in particular

2 T
™
Eceff = E L(l — l’i),
=1

where L is Roger’s dilogarithm and x = (x1,...,z,) is the unique solution of the
system of equations

Ay
[[=7 =1~

i =1,...,r, for which (z1,...,2,) € (0,1)". According to an idea of Zagier [0]
the existence of a unique solution can be proved as follows. Consider the map
¢:(0,1)" — R" given by



gbz(:r) = Z Aij log :L‘j — log(l — 1‘2)
j=1

It is sufficient to show that ¢ is a homomorphism. Locally this is true, since the
Jacobian matrix with components J;; = 0¢;/0x; is nowhere degenerate. Indeed
the product matrix Jdiag(x;) is everywhere positive. Moreover one easily sees
that the inverse image under ¢ of every compact domain in R" is compact. Let
C = r(log2)? be the maximum of > j—1logx;log(l — ;). Then ¢;(x) > a; implies

T T
Z log z;A;;log x; — Zai logz; < —C,
i,j=1 i=1

such that (logz,...,logx,) lies in an ellipsoid. Replacing x; by 1 — x; and A by
its inverse, one sees that the same is true for (log(1 —z1),...,log(1l —x,)). Taking
limits, the inverse of each convergent sequence qﬁ(m(k)) has an accumulation point,
which implies that gzb(x(k)) converges to an element in the image of ¢. Since the
image of ¢ is both open and closed, it must be equal to R". Finally, due to the
monodromy theorem, ¢ must be a homomorphism.

The Rogers dilogarithms of other solutions = = (z1,...,x,) with all x; non-
vanishing should yield conformal dimensions. This implies that they are given
by torsion elements of the Bloch group [5]. Conjecturally, one obtains elements in
the kernel of the Bloch group by putting

A=C(X)®C(Y)™,

where X,Y are Dynkin diagrams of type ADET and C yields the corresponding
Cartan matrices. With z = 2¢(Y) | one obtains

2-C(X)®I | ,I®(2-C(Y)) 2

Z( =z .

With X = A, and Y = A, this is a discrete Hirota equation. More precisely,
the graph of A, may be infinite in one or in both directions. We refer to the
corresponding systems as N equations and Z equations. Those solutions for which
no component of z vanishes form part of an irreducible affine algebraic variety
which we denote by S(X,Y). We shall consider the cases X = A, D,, Y =



A, An, Az. We recover the results of Kirillov and Reshetikhin for Y = Ay. Since
their proofs are partially unpublished, we provide complete proofs.

There also is a conjecture which relates the solutions of these equations to the
representation theory of Yangians [4]. Let X have rank r. Consider the Yangian
Y (X), which contains the enveloping algebra U(X) as sub-Hopf-algebra. The
irreducible finite dimensional representations of Y (X) have highest weights \ =
> iy niXi, which are obtained by restricting them to representations of X. Here
the \; are the fundamental weights of X and the n; are non-negative integers. The
representations with highest weight A are characterized by r monic polynomials
of degrees ny,...,n,. For Ay € R there is an outer automorphism of Y (X) which
preserves U(X) and acts on the polynomials by a shift A — X 4+ A\g. For A = n)\;
the irreducible representations are characterized by a single polynomial of order n.
There is a basic representation given by the polynomial [ (A — i) (up to shifts
of A). Let xn; be the corresponding character of X. These characters decompose
into sums of irreducible characters which may be quite complicated, see e.g. [2].
Note that xoi(g) = 1 for any g € Lie(X).

Kirillov and Reshetikhin conjectured that z,; = Xﬁ\n (g) solves the N equations for
any g € Lie(X). This implies that any generic solution of the equations can be
found in this way, since the z1; can be chosen arbitrarily and generically determine
all z,; by recursion. The conjecture is true at least for X = A,,, and we will
provide further support for X = D,,. Our proofs will use the generic solution of
the Z equations for D,,.

Our original equations reduce to the N equations with n = 1,...,m + 1 with
Zm+1,; = 1 for all 7 and the the constraint that in the required range for n the z,;
are all different from 0.

2 The A Case

We first treat the case X = A,. This yields a special case of the discrete Hirota
equations, which have well known explicit solutions.

Theorem 2.1. There is an isomorphism from C" to S(A,, An) defined as follows.
Let (z1,...,2,) € C". Putxg =2p41 =1 and z; =0 fori <0 ori >r+1. For
any positive integer m and i =1,...,r let M™ be the m x m Toeplitz matrix with
entries

(M™) k1 = Ty ki
Let
Zim = det M.

4



Then these zy, satisfy the S(A,, Ax)-equations. The inverse map is given by x; =
zi1 fori=1,...,71.

Proof. This is an immediate consequence of Jacobi’s determinant identity. When
the determinants are written as wedge products, this identity states that

(7)1/\U/\UQ)®(ZU1/\U/\’LU2):
(n AU ANwa) @ (wi AU Avg) — (v AU Awy) ® (wg AU A wg),

where U = u1 A ... A Upm_o and vy, v9, w1, W, U1, ..., Un_o are vectors in C™.
For the convenience of the reader we give a proof of this identity. One may as-
sume that U # 0. The equation is linear in the v;,w;. Thus it is sufficient to
prove it for generic wy,ws, so that v, vo can be written as linear combinations of
w1y, Wa, U, ..., Un_o. Linear combinations of the u; drop out, and the equation
reduces to an identity in the two-dimensional quotient space C™/(uy, ..., Um—2),
which is essentially the formula for the determinant of 2 x 2 matrices. To deduce
the discrete Hirota equations one denotes the rows of M™ by vq,u1, ..., Um—2, U2
and puts w; = (1,0,...,0), wy = (0,...,0,1). That the map from C" to S(A4,, An)
is an isomorphism follows by comparing dimensions. U

Corollary 2.2. For any n € N there is an embedding map ®,,, : S(A,, A,) —
S(A,, An) induced by the restriction to (z11,...,%r1)-

Theorem 2.3. For z € S(A,,An), m€Nandi=1,...,7+1 let M} be theix i
matrix with entries

(Mrin,)kl = 21,m—k+I»

with z10 = 1 and 21 m—p+1 = 0 for m —k +1<0. Then

Zim = det M. (1)

Proof. As explained in the previous proof, but with exchange of i and m, Jacobi’s
identity implies that the determinants det M satisfy the S(A,, Ay) equations.
Thus it is sufficient to show that for given generic z1,, there is at most one family
Zim With this property. By the previous theorem, z;,, is a polynomial whose highest
order term in x; is «}*. Thus one has generically z;, # 0. For such points the
equation z; , = (sz—l — Zit1,m—1%i—1,m—1)/ % m—2 and induction on m imply that

zim can be calculated in terms of z1, with m — 71 <k <m+1¢ and k > 0. O
Theorem 2.4. Let x; = z;1 fori=1,...,r and x9 = xp41 = 1. Put 210 =1 and
2,—m =0 form=1,...,r. Then for any m € N one has

r+1

Z(—)kxkzlm_k =0.

k=0



Proof. This is just the expansion of the determinant of the matrix M} in terms
of minors with respect to the elements of the last column. ]

In the following we need some facts about the representation theory of the A, Lie
algebra. Let T'(r+1) be the subgroup of SL(r+1) consisting of the diagonal matri-
ces, which we write as g = diag(g1,...,9r+1). Let A1,..., A\ be the corresponding
fundamental highest weights of SL(r + 1), so that

Ailg) =91 gi-

Let x» be the character of the irreducible representation with highest weight A.
Note that the Weyl group of SL(r+ 1) with respect to T'(r +1) is the permutation
group of the diagonal entries, thus isomorphic to the permutation group S™*! on
the set {1,...,7 +1}.

Recall the following cases of Weyl’s character formula. For m € Z let

Nuilg)= ) sgnlo ch’;?]m“ ’ H g

ceSrtl J=it+1

Then for generic g
Xmx: (9) = Nimi(9)/ D" (g),

where the Weyl denominator is given by D4 = Ny; independently of i. In our
case the Weyl denominator formula takes the Vandermonde form

D (g) =[] (9 — 95)-
1<j
We define the singular locus of T'(r + 1) by the equation D4 (g) = 0.
Remark 2.5. If one sums over all permutations o with fized o(1),...,0(i) and

uses the Weyl denominator formula for the Weyl group of SL(r+1—1) one obtains
for generic g

_ 2 : —1 I I m+r+l 7
wel(i,r+1)

where I(i,r + 1) is the set of all injective maps from {1,...,i} to {1,...,r + 1}
and D,, = D.D?, with

Tad’k
D, = I (90— 9um)
l<j<k<i
D, = H I ()
J=1keC(n)

6



where C(u) is the complement of the image of p in {1,...,r +1}. Fori=1 we
have D}L =1, so that for generic g

r+1

Xm)\l = Z ¢]ma (2)
=1

with
Sim =97/ 11 (95 — 9n)-
ki

For j # i the term ¢jy, is proportional to (gi—gj)_l and has no further dependence
on g;, which implies a simple generalization of equation (2) for arbitrary g. Let
I(g) be a subset of {1,...,r + 1} such that for each j € {1,...,r + 1} there is
exactly one i € 1(g) with g; = g;. For given i let E(i,g) be the set of such j. Then

Yo () = 3 Fim),

i€l(g)

where F;(m) is the finite part of h™1"/ [1zi(h = gi) in the Laurent ezpansion
around h = g;. In particular F;(m) = p;(m)g", where p; is a polynomial of order
[E(i,9)| — 1.

Theorem 2.6. Let g1,...,¢g,+1 be the roots of the polynomial

r+1

p(y) = Z(—)kmrﬂ—k’}’k

k=0

in some order, and put g = diag(g1,...,9r+1). Then one has g € SL(r + 1) and

Z1m = XmM\ (g)

Proof. Since x,41 =1 one has g1 ---g,41 = 1, thus g € SL(r 4+ 1). The map from
(x1,...,2,) to g yields a bijection between S(A,, Ay) and the quotient of T'(r 4+ 1)
by its Weyl group. Consider an element of S(A,, Ay) for which g is generic. The
sequence 21, is a linear combination of the sequences (g;)™, with i =1,... 7+ 1.
For generic g one has D47 (g) # 0 such that the Weyl character formula implies
that the sequence N,i(g)/D?"(g) satisfies the same recursion relation as 2zi,,.
Moreover 21, = Npi(g)/DA7(g) is true for —m = 0,...,r. Due to z,41 = 1 the
recursion relation has a unique solution with this property. Since we work on an
irreducible variety, the restriction to DA # 0 is irrelevant. U

The following theorem is due to Kirillov [3] and follows immediately from the
Littlewood-Richardson relations. The proof given here introduces some of the
techniques which later will be used in the more complicated D-case.

7



Theorem 2.7. Fori=1,...,r

Zim = Xm; (9)-

Proof. As mentioned in the proof of 2.3] z;,, can be expressed in terms of z1; with
m—1i <k <m+i. It follows that

Zim = Z det M;T,
pEl(G,r+1)

where M /Z” is the 7 x 7 matrix with elements

(M) kt = Pukm—k+1s

and I(i,r + 1) is the set of all injective maps from {1,...,i} to {1,...,r + 1}.
Non-injective maps do not contribute since they lead to matrices with linearly
dependent rows. The numerators of the M, matrix elements form a Vandermonde
type matrix with determinant

7

n+r—j+1
9uj H (gul - guk)-
j=1 1<k<I<i

This yields

%
am= > I Gu—a) " TT o™ 11 Gui—9)7" |,
j=1

peS(i,r+1) 1<k<I<1 s€C(p)

where C'(u) is the complement of the image of p in {1,...,7 + 1}. For given p let
N(p) be the set of all injective maps from {i + 1,...,7} to C(u). We have the
Vandermonde determinant formula

T
— 41 —
E H g::j a H (gul - guk) ! =1.
veEN (u) j=i+1 i<k<l<r

Inserting the left hand side in the previous formula and noting that the pairs
o = (u,v) with v € N(u) form the permutation group S"*!, we obtain

[ r
_ -1 m+r—j+1 r—k+1
sm= >, Il (6or =907 ] 105 IT o55*"
ceSTH 1<k<I<r j=1 k=i+1

Note that z;, has only single poles at the locus where two g; coincide. We shall
refer to this subset of T'(r + 1) as the singular locus. For all ¢ € S"! we have

H (gak - gal) = Sgn(U)DAT7
1<k<I<r



where DA is the Weyl denominator. This yields

Ay _ m+r4+1— r41—
DY zim = ) SWH%J S

oeST+1 Jj=1+1

or according to the Weyl character formula

Zim = Xm\; (g)
|

Remark 2.8. The previous formula can be written somewhat more concisely as
follows. We regard characters as polynomials in gi,...,gr+1 and introduce the
natural action of S™! on the ring of polynomials by 0g; = goi. With

A, = Z (sgno)o,
ceSrt1

we have

m+r+1 —J r+1 ]
=A,
]

Jj=1+1

For completeness we also consider S(A,, Az).

Theorem 2.9. S(A,, Ayz) is birationally isomorphic to the product of two mazimal
tori T1, Ty of SL(r + 1) modulo the simultaneous action of the group S™+1 on the
two factors. Ezplicitly, let g = diag(g1,-..,gr+1) and h = diag(hy, ..., hy11) be
elements of 11,15 and put

Nl )= 3, sant ng;am“ STl | (S O
oest J=i+1
For DA (g) # 0 the corresponding element of S(A,, Az) is given by
Zim = Nmi(97 h)/DAT (g)

S(A,, Az) is a fibred space over Ty /S™ Y, with fibres isomorphic to hypersurfaces
in C™t1,

Proof. For generic g € SU(r + 1), the group elements g, k a positive integer, are
dense in SU(r +1). Thus any algebraic relation between the matrix elements of g
and ¢* which is true for arbitrary positive integers k stays true when ¢* is replaced
by any diagonal matrix h € SU(r + 1). By complexification the result also holds
for h € SL(r 4+ 1). Now the S(A,, Az) relations between the z;, remain true

9



when the z;,, are replaced by z; 4 for arbitrary positive integers k. According
to equation (B]) this implies that the equations remain true when ¢ is replaced by
g™ h. Since h can involve negative powers of g, the equations are valid for negative
m. We conclude by comparing dimensions.

To obtain a description of S(A,, Az) as a fibred space consider the r + 2 sequences
21,m+k With k = 0,...,r + 1. They are linearly dependent, since generically they
are linear combinations of the sequences g;* with ¢ =1,...,r + 1. As in theorem
2.3 we have z;, = det M, where M is the i x i matrix with entries (M} )y =
21 m—k4l,- Since zyy1,m = 1, the r 4+ 1 sequences 2y y4r With & = 0,...,r are
linearly independent. Thus for any z € S(A,, Az) there is a unique linear recursion

relation
r—+1

Z(_)kxkzl,m—i-k =0 (4)

k=0
with xg = 1, 2,41 # 0. For generic g, thus everywhere we have x,,1 = 1. The zy
parametrise 77 /S™ 1, as for S(A,, Ay), and constitute the coordinates of the basis
of a fibration. The map to the vector zi, . .., z1, imbeds each fibre in C"*+1. Indeed
by induction on m the recursion relation yields all other z1,,, and the z;;,, for higher
1 are given by the corresponding determinants. For ¢ = r+ 1 the recursion relation
yields 2y41,m+1 = T0Zr+1,m, thus a point of C"*! yields an element of S(A,, Az),
if it belongs to the determinantal hypersurface given by 2,410 = 1. ]

The case h = 1 yields

Corollary 2.10. There is a natural embedding S(A,, Ax) C S(A,, Az).

Now we determine the elements of S(A,, 4y).

Theorem 2.11. The image of S(A,, Ay,) in (Ay, An) is characterized by z1 n41 = 1
and 21, =0 form=n+2n+3,....n+1+r.

Proof. By assumption we have z;,41 = 1 for all i. By the (A,, Ay) equations
and the condition z;, # 0 this is equivalent to 21,41 = 1 and z;,42 = 0 for
1 =1,...,r. Now we use induction on i. Assume that 1 < 7 < r and z1; = 0 for
kE=n+2,...,n+1i. By equations (Il M) one has

Zin+2 = (_)H_lzl,n—i-i—i-l'

Theorem 2.12. For the image of S(A,, A,) in S(A,, Az) one has

21 m4n+2+4r = (_)Tzlm-

10



Proof. For m = —r,...,—1 this is true by the previous theorem. For m > 0
it follows from that theorem by equation (@) and induction on m. The Dynkin
diagram of A, is invariant under the involution given by m — n + 1 — m. Under
this involution equation () is transformed into

r+1

> (=)VEezmk =0, (5)

k=0

where m is any integer with m < mn +r 4+ 1. Since z19g = 1 and g = 1, comparison
of equation (@) and equation (Bl) for m = 1,...,r and induction on m yields
Tm = Tm- O

Theorem 2.13. In the notation of theorem [2.7 the elements of S(A,, A,) are

given by elements g € T(r + 1) which do not lie on the singular locus and satisfy
gr+n+2 — (_)r'

Proof. By remark 2.5 we have

Zim = Y pi(m)(g:)™,

i€l(g)

where g; # g; for any pair ¢, j € I(g) and the p; are polynomials. A sequence of this
form is bounded for positive and negative m, if and only if all g; have modulus
1 and all p; are constants. By theorem the sequence zy,, is periodic, thus
bounded. By remark 25 this implies that |E(i, g)| = 1 for all ¢, such that g cannot
lie on the singular locus. Theorem yields ¢g"*t7*2 = (—)". Conversely, by
equation (3) the conditions g"*"*? = (—)" and D47 (g) # 0 imply that 21,41 = 1
and z1,, = 0form =n+2,n+3,...,n+147r. One concludes by theorem 20 [

3 The D Case

Now let us consider S(D,, A,,). Again we first consider S(D,., Ay). As for S(A,, An)
the generic solutions of the discrete Hirota equations form an affine variety parametrized
by z;1. The formulas are slightly more complicated and were given in [IJ.

Theorem 3.1. Given complex numbers xg,x1,...,x, with xto =1, and j € Z, let
X;,Y; be defined by

Xojy1 = xj = —Xar_3-9; for 0<j<r—2
Xoj = —x; for j=r—1r
X;=0 otherwise

11



B:_Y%:17 YE’):‘TW YE):xT—l

Y;=0 otherwise.
We will consider square matrices T, of size 2m—1 fori=1,...,r—2, and of size
2m fori=1—1,r, where m = 1,2,.... Their matrix elements have the property

(Th) ik = (T3 j2.k+2
if both sides of the equation are defined. Moreover,

(Th)1 = Xoitj

(Tr)2; =Y
fori=1,...,r —2, whereas
(T Dy = Yayy
(T N2 = Xor-34j
(Th)1y = Xor—24j
(Th)2; = Yoij -

Note that T, is antisymmetric for i = r — 1,7, such that it has a Pfaffian. Put
x; =zp fori=1,...,r. Then in S(D,,A,) one has

Zim, :detT,?;l7
fori=1,...,r—2 and '

fori=r—1r.

Proof. The published proof will be sketched in enough detail to allow the reader
a straightforward reconstruction. For the equations

2
Zim+12im—1 = Zpm — Ri—1m~Zi+1,m;

1=1,...,r — 3, it works exactly as in the proof of theorem [Z.1], by using Jacobi’s
determinant identity for 7}, . For the remaining equations one uses in addition
some auxiliary cases of Jacobi’s identity, where one of the three terms involves a
determinant of an antisymmetric matrix of odd size and vanishes. The remaining
two terms are explicit squares or allow the extraction of a square root due to the
standard relation between determinants and Pfaffians. To use the equality between
the two square roots one needs to fix signs by comparing the highest powers of

12



T,_1,xr. For i = r—2 one uses Jacobi’s identities for Tfn 11 and for an antisymmet-
ric auxiliary matrix which is defined like 77! but has size 2m +1. For i =r —1,r
one first uses Jacobi’s identity for Tr’;;rll and T}, | to write Pf T,;jrllP fTr and
PrIy (PfT, 7=1 as determinants of further auxiliary matrices. Then one applies

Jacobi’s identity to these auxiliary matrices, which yields
2 2
(Zr—l,m—l—lzrm)(Zrmzr—l,m—l) = (Zrmzr—l,m) — ZrmAr—2,m
and
2 2
(Zr,m—i-lzr—l,m)(Zr—l,mzr,m—l) = (zrmzr—l,m) - Zr_17mzr—2,m-
|

Remark 3.2. Due to this theorem S(D,, An) has properties analogous to S(A,, An).
In detail, S(D,, Ay) is isomorphic to C", with elements parametrized by arbitrary

vectors (z11,...,2r1) and the map S(D,, A,) — S(D,, Ax) induced by the restric-

tion to (z11,...,2:1) 18 an embedding.

We now derive a recursion relation for the zy,,.

Theorem 3.3. Let x; = z;1 forit=1,...,r and x9 = xp41 = 1. Put 210 =1 and
21,—n =0 forn=1,...,2r — 1. Then for any n € N one has

2r

S (=) Xkt k =0,

k=0
where xo =1, X1 =1, Xi = Xi —Ti_o fori=2,...,7r —2, Xp_1 = Tp_1Ty — Tp_3,
Xr = m%_l + m% —2x,_9 and Xor_ = Xg for k=0,...,r.

Proof. Expanding det(7}) minors with respect to the first row one finds

r—2

Z(—)ixi(det(Tk}_i) - det(Tkl—2r+2+i))
=0

+x,_1 det(Top_op13) — o det(Top_9,41) = 0,

and

det(Top+3) — @y det(Tiy 1) — 21 det(T}) — det(Tor—1) =0 .
Here T Sk—2r+3 s the matrix obtained by suppressing rows 1,...,2r —5 and 2r — 3
and columns 1,...,2r — 4 in Tkl. For small values of k& the recursion relations are

to be interpreted so that det Tik =0fork=1,...,2r — 3, det TE2T+2 =1 and

det T_2k+1 =0 for k = 1,...,r. Eliminating the T-determinants by subtracting
the recursion relations for det (T ,3) and det (Tk}_Q) yields

r—1

D (=)xi (det (T;) + det (Ty_g,4,)) + (=) xr det (T}_,) =0
=0

13



For generic z;; the solutions of the recursion relations have the form

2r

k

21k = E ;g
i=1

where the g; are the roots of the polynomial

2r
p(v) = (=)'
i=0
One may put gy, = g; ! since the polynomial coefficients are invariant under
reversal of their order. The diagonal matrices g = diag(g1,...,92,) with g;4, =
g; ! fori=1,...,r form a maximal torus T'(n") of the Lie group SO(n"), where

T
0 W y20) = D> Yilhitr
=1

A maximal torus of the simply connected double cover Spin(n") of SO(n") is given
by a double cover of T'(n") on which a variable I' with ['? = gy - - - g, is defined. The
Lie algebra of SO(n") is isomorphic to D,, and its fundamental highest weights
Ai, i =1,...,r are given by

i
Ag) = 1] 9
j=1
for j=1,...,r — 2. By abuse of notation we write

Ar—1(g) =Tg !
)‘T(g) = F)

where a choice of the sign of I' is implied. The automorphism group of T'(n") is
generated by the permutations of the g;, ¢ = 1,...,7 and the involution £ for which
£(gr) = g, % and &(g;) = gi—1 for i = 1,...,r — 1. Permutations lift immediately
to the double cover, for ¢ a lift is given by ¢(I') = g 'T'. The Weyl group is of
index two in the automorphism group. Since £ interchanges \,._1 and A, it is not
contained in the Weyl group. We define the singular locus of D(r) as the set of
points on which the Weyl group does not act freely. This is equivalent to g; = g;
or g; = gj_1 for some pair 1, j.

Theorem 3.4. Let g1, ..., 9o with g1, = gi_1 fori=1,... r be the roots of the

polynomial
2r

p(7) =Y (=)
i=0
Then
21k = Xk)\l(g)-
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Proof. The proof is analogous to the A, case. For generic g let

. e1(r—1+k) ea(r—2) es(r—3) €r—
Nk(g) - . : :} X 23: Sgn(o-)gal(l) 902(2) 903(3) o 'ga(ril) ’
cef{—1,1}7—1 0€S"

so that the Weyl character formula can be written as xxx,(9) = Ni(9)/No(g).
Clearly the Nj satisfies the recursion formula and one has N_g(g) = 0 for k& =
1,...,2r —3 and N_9,42(9) = No(g). Thus Ni(9)/No(g) = z1 for k = —2r +
2,...,1, which implies the same relation for all k£ due to the recursion. U

Theorem 3.5. Fori=1,...,r —2
Zim = Z Xz;:lkj)\j(g)a
K(i,m)

where for odd i the set K(i,m) consists of the tuples ki, ..., k; such that k; = 0

for even j and
i
D ki=m,
j=1

whereas for even i the set K(i,m) consists of the tuples ky, ..., k; such that kj =0
for odd j and

ZZ: kj S m.
j=2

Proof. We put '
Zim = detM}

where i = 1,...,7 and M}, is the i x i matrix with elements

(Mrzn)Jk = Z1,m—j+k-
Up to i = r — 2 the Dynkin diagrams of A, and D, are equal, so that Z;,, = zim
fori=1,...,r — 2. On the other hand, the relation ZE—2,m = Zr—2m—1%r—2,m+1 +

Zr—3,m (Zr— l,mzr,m) yields

Zr—l,m = Zr—1,m<rm,

and a short calculation shows that the relations for ¢ = r — 1, r yield

2 2
Zrm = Zpm T Zr—1,m — Fr—2,m-

By theorem B4 the Z;,, are Z-linear combinations of SO(n") characters and in
particular Z-linear combinations of the SO(n") weights \. Instead of A\(g) we use

the notation .
A I
g =]t
i=1

15



or equivalently A = (ly,...,l.), where the [; are either all integral or all half
integral. For later use we need a notation which suppresses the dependence on
91y, gk with k€ {0,...,r}. We write

Pk =T "
i=k+1

Dominant weights are those for which ny > ng > ... > n,_1 > |n,|.

We will use the weights
Ai=(1,...,1,0,...,0),
fori =1,...,r. In terms of the fundamental weight A\; one has A; = \; for i < r—2,

A1 =XM1+ N\ and A, = 2,

Recall that Z[z] is the ring of polynomials in z with integer coefficients and Z(z)
is the corresponding ring of power series. By abuse of notation we denote by Z[z]
the ring of polynomials in x; with ¢ € I and analogously for Z(zy). Instead of
Z[z](y)/{zy — 1) we use the abbreviated notation R[z](z~1).

Let P € EndZlg1,. .. ,gr](gl_l, ...,g- 1) be the projection to the span of the domi-
nant weights and P>, Py, P< the subprojections to dominant weights with n, > 0,
n, =0, and n, < 0 respectively. In particular, P« = {P>{. We use P[k] to denote
the projection to the span of ¢’ [k], with A any dominant weight, and analogously
for Ps[k].

When x, is the character of an irreducible representation with highest weight A
and A, is the Weyl denominator, we have

9" = Pg A x.

Here p =Y _; A;, such that

T
g =1]g "
=1

Since £Z;, = Zim, one has
Pg_pArZim = (1 + g - PO)Pzg_pATZima

so it is sufficient to calculate P>g~ " A, Z;,, to obtain the decomposition of Z;,, into
characters of irreducible representations.

We write A, = AFA, where



and

Ar= J] a-g'gh.

1<i<j<r

Using (1 —x)"! =1+ 2+ 2%+ ... we can regard the inverse of A~ as an element
Of Z(gl_17 R ?g’l"_l)'

By the Weyl character formula for D, and the Weyl denominator formula for D,_;

we have .
Zim = 67+ 0T,
j=1

where
im =97 (95— 91— g5 g0,
k#j
and .
1)
o= g " /H( — )1 —g; g ))-
Jj=1 k#j

In ¢™ the poles at the singularity locus are removable, so that

¢m€H _IZ 9117"'7gr_1)'

One has

Z det M*

pnev(i,r)

where v(i,7) is the set of maps from {1,...,i} to {1,...,r,—} and the i X i matrices
M} have matrix elements

—j+k
(M) je = g 77

For a given map p let n(u) be the subset of {1,...,i} which is mapped to —,
and let p(u) be its complement. If 4 is not injective on p(u) then det Mp, = 0.
Otherwise det M}, has only single poles at the singular locus. The development
into minors with respect to p(u) yields

A det MM € A® ng N2gm) (9770 g7h)
=1

where



and c(p) is the complement of up(p) in {1,...,r}. Using the Weyl denominator
formula for A, we see that every monomial in A%, [Ti_; g; (k)

strictly negative exponents for g; with i € ¢(u). Thus

has at least ()]

Pzg_pAT det M?ZL = 0,
unless n(o) = (. This implies

Pog PN Zim = Pog PA, > det M,
oeS(i,r)

where S(i,7) is the set of injective maps from {1,... i} to {1,...,7}. For o €
S(i,r) the calculation of det M7, proceeds as for S(A,, An) and yields

Pog "N Zig = Pog P A(0,r)(N]) T Ni_yg™ it

where

N = ]] (1 —gj_lg;l) :

t<j<k<i

and

Alt,s) = Z o(sgno),

oell(t,s)

and II(¢, s) is the permutation group of I(¢,s) = {t +1,...,s}. Since all terms of
N} _, except the identity yield terms which project to zero, the preceeding formula
can be simplified to

PZg_pArZin = Pzg_p.A(O, r)(Nz'O)_lgnAH_p-

Now

N =nNL, S (Mg M et

McCI(1,s) aeM
yields
(N = (N ) S (Mg M et

McCI(1,s)M+#0 aceM

Moreover A(0,7) commutes with N? and factorizes through A(1,7). When we put

att.s)= ] o

t<s<s

we have

A(l,S)G(l,S) H g;l =0,

aceM
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unless M is of the form I(¢,s) with 1 <t < s, since fora € M,a+1€ M,a+1<s
one gets equal exponents of g, and g,11, thus zero when one averages over a group
which contains the transposition of a, a + 1. For M = I(t, s) one obtains

A(0,7)gt H g.t =0 unless t=s/2,
a€l(t,s)

since for t < s/2 the exponents of g; and gs_¢, for t > s/2 those of g1 and gs_¢11
coincide. Thus the sum over M yields no contribution for odd i, whereas for even
i only the term M = I(1,i/2) contributes. For odd ¢ this yields

Pg P A0, r)(ND) " gnhite
= grPljg™"[1 ]A(l,T)(Nil_l)‘lg”“*’)[l]
and for even i
Pg= A(0,r)(ND)~tgnhite
= gr P[]y AL, T)(Nl 1) g
+ Pg P A0,7)(ND)tgn—DAitr

By induction on m and k one obtains

Ps[k]g k] A(k, r)(NF )7t H g]err J H g

j=k+1 J=i+1
A
= E g,
AEL(i,m,k)

where L(i,m, k) is the set of weakly decreasing integral sequences such that [ <
r,lg =0for a>iand l;_9j_1 =19 for j =0,...,[i/2] — 1. For k = 0 this yields
the wanted decomposition of Z;,, in terms of characters of SO(n"). Equivalently
one can write fori =1,...,r — 2

Zim = Z K(Zv m)XZ;:l kjX (g)a

where for odd ¢ the set K(i,m) consists of the tuples ki, ..., k; such that k; =0
for even j and

D_ki=m.

j=1
whereas for even ¢ the set K (i, m) consists of the tuples ki, ..., k; such that k; =0
for odd j and '

Z kj S m.

j=2

This result was known to Kirillov and Reshetikhin, but their proof is unpublished.
O
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For ¢ = r — 1,r they stated the following result

Theorem 3.6. Fori=r—1,r

Zim = Xm; (9)-

Proof. We verify this result by proving that

Zr—1,m = Xnr_1(9)Xma, (9)
and )
Zr,m = (Xn)\,«_l(g)) + (Xm)\r (g))2 — Zr—2m-

The latter equations show that the pair z,_1m,, 2r—2m,m agrees with X, (9),
Xm, (g) in some order. Once the order is fixed for m = 1, the Kirillov-Reshetikhin
result follows from 2, _1 ,m2rm—1 = z,?m — Zp—2,m by induction on m and comparison
of the highest powers of g,.

To prove the statements note that

T

Pg_pArX)\Xm)\r = Pg_pX)\.A(O,T’) Z Hg;i(m/}l—r—i)’
ecEti=1

where

=1

Ef = {(61,...,@) € {—l—,—}r\Hei = :i:l}.

For A = mA, or A = mA\,_1 all g; exponents in x) are less than or equal to
m/2, such that only ¢ = (1,...,1) contributes when the projection P is taken.
Evaluating the Vandermonde determinant we get

T
_ — 2
Pg P Arxaxma, = Pg '“XAA,THQZ”/ :

i=1

For A = mA,_1 this yields

Py Ar X, Xma, = Pg~? (A7) LA, ) S [ g2z,
ecE—i=1

Only the term with e = (1,...,1, —1) survives the projection. Thus

r—1
_ 3 1 p
pg pAer)\T_lxm)\r = Pg P (Ar) .A(O,?“) I [ggm—i-r z)‘
=1
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Since A, = N,?, the right hand side is equal to Z,_1,, as claimed. For A = mA,
one obtains

Pg P ArXmxa, Xmr, = Pg™" (AT_)_I A(0,7) Z ng'm/2+ei(m/2+r_i)-
eeEt =1

Only the term with e = (1,...,1) survives the projection, so that

T

Pg=PAr (ximn,)? = Py~ (A7) L A0 [ o™ = P2 Zym.

Since PyZyym = PZy_9 m, we also have
Pog " DrXonn, = PZr_om.

Since
Pg_pArZim = (1 + g - PO) Pzg_pArZima

this confirms the Kirillov-Reshetikhin result for z,_1 ,, and z.,. [l

Remark 3.7. As for A,, the elements of S(D,., Az) are parametrized by two group
elements g, h. In particular one has z1;, = Ni(g,h)/No(g), where

€ e1(r—14+k) ea(r— e3(r— €r_
Nk(‘g’ h) = Z Z Sgn(a)hal(l)gal((l) o )ga2((2) 2)'903(%) 3)g0(r11)'
ee{-1,1}7—1oeS"

Theorem 3.8. Let z be the image of an element of S(D,, Ay,) in (D,, An). Then
Zim =0 form =n+2,n+3,...,n+r. Moreover dzj n4r =0 in S(D,, Az) at the
image of any element of S(D,, Ay) in this variety.

Proof. By assumption we have z;,,+1 = 1 for all i. The (D,, An) equations imme-
diately yield z; 42 = 0 for all i. Now we put i, = 2y, for i =1,...,7r —2 and
Ur—1,m = Zr—1,m%rm, but leave u;,, undefined for ¢ = r. Note that du,_1 42 = 0 at
the image of any element of S(D,, A,,) in S(D,, Az). To the extent that quantities
are defined, the (D,, A,) equations for the w;,, are invariant under an interchange
of r,n. The discrete Hirota equations can be solved iteratively with initial values
Z1m- Accordingly, u;,, is the determinant of an m X m matrix with matrix elements
N = xiyj_k, where x; = z1;. We use induction on m. For m = 1 we already
have seen that the statement is true. Assume that z;p =0for k =n+2,... ., n+m.
Then consider the determinant which yields 2, ,,+2. The minors with respect to
the first row have vanishing determinant, except for the last one, which is 1. Thus

Um,n4+2 = (_)m+lzl,n+m+1 .
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Theorem 3.9. For the image of S(D, A,) in (D,, Az) one has

21, m+2n+4r—2 = Z1lm-

Proof. Evaluating the derivatives of 21,4, with respect to the h; and imposing
dz1 pyr = 0 yields

gln+2r—1 _ gi—(n+2r—1)
for all ¢. This implies

Z1mA42n+4r—2 = Z1m-

O

Remark 3.10. Asin the (A, A,) case this periodicity condition cannot be satisfied

at the singular locus. The derivation is analogous to the one in remark [2.8. Let

J(g) be a subset of {1,...,r} such that for each j € {1,...,2r} there is exactly
- : -1

one i € J(g) with g; € {gi,g; " }. Then

simlg) = S FP(m),

i€J(g)

where FiD (m) is the finite part of the Laurent expansion of

(hm—i-r—l + h—m—r—i—l)/H(h _ gj)(l _ h—lgj—l)
i

at h = g;. Let EP(i) be the set of j € {1,...,r} for which g; € {gi,g;'}. One
obtains FP(m) = pf (m)g™ + p; (m)g; ™, where for g? # 1 the degrees of p; and
p; are equal to |[EP(i)| — 1, whereas for g2 = 1 their degree as well as the degree
of their sum is equal to 2|EP(i)| — 2. When the sequence zi,, is periodic, it is
bounded, such that |EP(i)| = 1 for all i and g cannot lie on the singular locus of
T(n").

We now sharpen the result g2(n+2r—1)

n+2r—1 __
. i = 1.

= 1 obtained above to g;

Theorem 3.11.
9?4—27“—1 - 1.
Proof. By the Weyl character formula we have z1, = N,,(g9)/No(g), where

T

Na(g) =) | (937_”" +9; (T_H")) Aj,
j=1
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and

Aj= ) S san(o)gln gty

esr _
e €2,....,er—16{1,—1}

Note that the Weyl denominator Ny can be written as
—1)e €r_
No(g) = ) > sgn(@)gu e go )
0€S” €1,...,er—1€{1,—1}

or

No(g) = Hg[(r_i) 11— a)gi =g

i=1 i>j

nt2r—1 _ g'—(n+27“—1)

By the Weyl character formula, g; i for all ¢ implies

Z1,n+r+k = 2l,n+r—k-
In particular, 21 yqryk + 21 ppr—k = 0 for £ =0,1,...,r — 2 and

2 ntr4k + 2 p4r—k = 2 for k=7 —1.

When one writes

A = Z sgn(1k).sgn(w).w ((1k)(a ?ay ... a2_sar_1)),
we W (Dy_1)[]
this implies

Z <g;1+2r—1+k+gj—n—2r+1—k +g;¢+2r—1—k+g;n—2r+1+k> A

j=1
T
= 2) (g +9;") 4,
j=1

for k=0,...,r — 1, since

T
(679 +af") A =0,
k=1

for j=2,...,7.

By the Weyl character formula for D, all Ay are different from zero if all g; are

different. Moreover the matrix with entries gz_] + gi_T, j,k =1,...,r has the
same determinant as the Vandermonde matrix with entries (gx + gk_l)r_], which
also has non-vanishing determinant. Thus g?+2T_1 -2+g;, (+2r=1) _ () for all i,

which is equivalent to gz-"+2’”_1 =1.
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Conversely, the latter identities imply 21,41 = 1 and 21 p44 = 0 for £ =0,...,7.
This implies z;p42 = 0 for i = 2,...,r =2 and 2,41 = 1 fori = 2,...,r =2
by the (D,, A,) equations. To fix the values of 2,141 and z, 41 one needs to
choose a preimage of g in the connected cover of SO(r, ), or equivalently a choice
of squareroot of g1 - - g. O
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