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YANG-MILLS ENERGY FUNCTIONS

PAUL M. N. FEEHAN

ABSTRACT. For any compact Lie group G, we prove that the Yang-Mills energy function obeys
an optimal gradient inequality of Lojasiewicz—Simon type (exponent 1/2) near the critical set
of flat connections on a principal G-bundle over a closed Riemannian manifold of dimension
d > 2 and so its gradient flow converges at an exponential rate to that critical set. We establish
this optimal Lojasiewicz—Simon gradient inequality by three different methods. Our first proof
gives the most general result by direct analysis and relies on our extension of a theorem due to
Uhlenbeck [86] that gives existence of a flat connection on a principal G-bundle supporting a
connection with L%2-small curvature, existence of a Coulomb gauge transformation, and W17
Sobolev distance estimates for p > 1. Our second proof proceeds by first establishing an optimal
t.ojasiewicz—Simon gradient inequality for abstract Morse—Bott functions on Banach manifolds,
generalizing an earlier result due to the author and Maridakis [3I, Theorem 4]. Our third proof
establishes the optimal L.ojasiewicz—Simon gradient inequality by direct analysis near a given flat
connection that is a regular point of the curvature map. We prove similar results for the self-
dual Yang—Mills energy function near regular anti-self-dual connections over closed Riemannian
four-manifolds and for the full Yang—Mills energy function over closed Riemannian manifolds of
dimension d > 2, when known to be Morse-Bott at a given Yang—Mills connection.
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1. INTRODUCTION

Since its discovery by Lojasiewicz in the context of analytic functions on Euclidean spaces [58,
Proposition 1, p. 92] and subsequent generalization by Simon to a class of analytic functions
on certain Holder spaces [74, Theorem 3|, the Lojasiewicz—Simon gradient inequality has played
a significant role in analyzing questions such as a) global existence, convergence, and analysis
of singularities for solutions to nonlinear evolution equations that are realizable as gradient-like
systems for an energy function, b) uniqueness of tangent cones, and c¢) energy gaps and discreteness
of energies. For a survey of applications of the L.ojasiewicz—Simon gradient inequality to gradient
flows for real analytic functions on Banach spaces, including energy functions arising in applied
mathematics, geometric analysis, or mathematical physics, we refer the reader to our article [31]
and monograph [26].

In this article, which complements [29, [30], we establish optimal gradient inequalities of
Lojasiewicz—Simon type for the Yang-Mills and self-dual Yang—Mills energy functions and for
C? functions on Banach spaces that are Morse-Bott near a critical point. These inequalities are
proved by direct analysis and, in particular, none are proved by reduction to a Y.ojasiewicz gradi-
ent inequality that is known to hold in finite dimensions. Optimal gradient inequalities (exponent
1/2) are important because they imply that the gradient flow converges at an exponential (rather
than power law) rate to the critical set [26].

Our first main result (Theorem ) is an extension of a theorem due to Uhlenbeck [86], Corollary
4.3] that gives existence of a flat connection on a principal G-bundle supporting a connection with
L%2_gmall curvature, existence of a global Coulomb gauge transformation, and W? Sobolev
distance estimates, for p > 1 and any compact Lie group G. Using Theorem [Iland direct analysis,
we prove that the Yang—Mills energy function obeys the optimal f.ojasiewicz gradient inequality
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near the critical set of flat connections on a principal G-bundle over a closed Riemannian manifold
of dimension d > 2 (Theorem [I).

Next, we establish an optimal L.ojasiewicz gradient inequality, Theorem Bl for abstract Morse—
Bott functions on Banach manifolds, generalizing an earlier result due to the author and Maridakis
[31, Theorem 4]. We apply Theorem [ to prove that the Yang-Mills energy function obeys the
optimal Lojasiewicz gradient inequality (Theorem [7]) when one restricts to a neighborhood of a
flat connection I' that is a regular point of the curvature map, A +— Fj4, and hence that the
Yang—Mills energy function is Morse-Bott near I'. We also prove Theorem [1l by direct analysis
without appealing to Theorem Bl A surprising conclusion of this analysis is that although the
optimal t.ojasiewicz gradient inequality for the Yang—Mills energy function near the critical set
of flat connections is implied by the assumption of a Morse-Bott condition, that assumption
appears not to be necessary even though the proof of the optimal inequality is far easier when
the Morse-Bott condition is obeyed. One might speculate that the Yang—Mills energy function
always obeys a weaker condition than Morse—Bott near the critical set of flat connections and
that a generalization of Theorem [3] holds for such functions. One possible candidate may be the
Morse-Bott—Kirwan condition due to Kirwan [47] — see a recent analysis by Holm and Karshon
[41] and their statement of the condition in [4Il Definitions 2.1 and 2.3].

We also prove an optimal Y.ojasiewicz gradient inequality for the self-dual Yang-Mills energy
function near anti-self-dual connections, over closed Riemannian four-manifolds, that are regular
points of the self-dual curvature map, A +— FX (Theorem [B)). Finally, we prove an optimal
Lojasiewicz gradient inequality for the full Yang—Mills energy function over closed Riemannian
manifolds of dimension d > 2, when known to be Morse-Bott at a given Yang—Mills connection
(Theorem [)).

Throughout this article, our conventions and notation are consistent with those of its two
predecessors [29, [30] and generally follow those of standard references such as Donaldson and
Kronheimer [23], Freed and Uhlenbeck [33], and Friedman and Morgan [34]. We shall not repeat
those explanations here but we include a brief summary of our conventions and notation in Section
for ease of reference.

1.1. Existence of a flat connection, Coulomb gauge transformation, and Sobolev dis-
tance estimate for small curvature in borderline case of critical Sobolev exponents.
Our first main result is a generalization, Theorem [Il below, of Uhlenbeck’s [86, Corollary 4.3] from
the non-borderline case, d/2 < p < d and LP-small curvature Fy4, to 1 < p < d and the borderline
case of L%2-small curvature. Uhlenbeck’s [86, Corollary 4.3] is quoted in this article as Theorem
211 The proof of [86], Corollary 4.3] given by Uhlenbeck was brief, so we gave more details in [30],
Sections 5 and 6]; our primary concern in [30] was to explain the origin of the key estimate (2.4))
more fully. The proof of the remaining items in Theorem 2.1 followed by standard arguments
(see [23] B3]), though we included the details in [30] for completeness.

Theorem 1 (Existence of a flat connection on a principal bundle supporting a W9 connection
with L%2-small curvature, Coulomb gauge transformation, and Sobolev distance estimate). Let
(X, g) be a closed, smooth Riemannian manifold of dimension d > 2, and G be a compact Lie
group, and q € (d/2,00] and p € (1,d) obeying p < q and so > 1 be constants. Then there are
constants, € = 6(97 G7 30) € (07 1] and Cy = 00(97 vav 30) € [17 OO) and Cy = Cl(gv G7p7q7 80) €
[1,00) with the following significance. If A is a W4 connection on a smooth principal G-bundle
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P over X such thafl
(1.1) [Fallzsox) <&,
where sy = d/2 when d > 3 or sg > 1 when d = 2, then the following hold.

(1) (Existence of a C*° flat connection) There is a C* flat connection, I', on P;
(2) (WlP-distance estimate) For ¢ = (g, G, p, s0) € (0,1] small enough, T obeys

(1.2) 1A = Tllyirx) < Coll Fallex);

(3) (Existence of global Coulomb gauge transformation and estimate of Sobolev WP distance
to the flat connection) For ¢ = &(g, G, p, s0) € (0,1] small enough, there is a W7 gauge
transformation, u € Aut(P), with

(1.3) di(u(A) —T)=0 a.e. on X;
(14) J4(A) = Dl < 1l Falloo

We prove Theorem [l in Section 21

Remark 1.1 (Existence of flat connections in the case of borderline control over curvature). Our
ability in Item (2]) to choose p = 2 (independent of the value of d > 2) is of crucial importance
in our proof of Theorem [2] but the more novel aspect of Theorem [ is the sufficiency (when
d > 3) of the borderline hypothesis |[Fallfa2(x) < € in (L) to provide existence in Item (I)
of a flat connection I' on the same principal G-bundle P as that supporting the connection A
with L%?-small curvature. The well-known argument due to Sedlacek [70] when d = 4 would
produce a flat connection, I'; on a possibly different principal G-bundle @) but the classification of
principal G-bundles, knowledge of the vector Pontrjagin classes, and the behavior of Sedlacek’s
obstruction class under weak limits ensures that (Q = P as continuous principal G-bundles. See
the Introduction to Section 1] for a discussion of this approach and further details. However,
this is not how we prove Item ().

Instead, recall that Uhlenbeck’s [84, Theorem 1.3] gives existence of local Coulomb gauges
and a priori estimates for local connection one-forms with L%2-small curvature. An application
of her [84, Theorem 1.3] to a minimizing sequence of connections yields W14/ convergence of
local connection one-forms and W2%2 convergence of local gauge transformations. The Sobolev
Embedding [2, Theorem 4.12] implies that W%P(X;R) C C°(X;R) is a continuous embedding
when p > d/2 but not when p = d/2 and thus Uhlenbeck’s patching arguments do not appear
applicable at first glance. However, as we explain in Sections 24 and 2.5 the fact that the
gauge-transformed local connection one-forms obey a Coulomb gauge condition is sufficient to
give us WP and thus C control over local gauge transformations with p > d/2 and this directly
yields the isomorphism @) = P, without appeal to the classification of principal G-bundles — see
Theorems and Partly related results were proved by Taubes [82, Proposition 4.5 and
Lemma A.1] when d = 4, using a more difficult method, and by Rivere [67, Theorem IV.1] when
d > 4, using Lorentz spaces rather than the standard Sobolev spaces that we employ throughout
this article. See Remark for further discussion of the results due to Rivére and Taubes and
Remark for a discussion of related results due to Isobe [45] and Shevchishin [73].

Remark 1.2 (Application of Theorem[Ilto optimal L.ojasiewicz—Simon inequalities for the Yang—Mills
energy function). Items (Il) and () are the main ingredients in our application to the proof of

Lwe may choose so > 1 arbitrarily close to 1 when d = 2 and, in particular, small enough that |Fa| € L*°(X;R);
for Ttem (), the constant ¢ is independent of p.
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Theorem [2, giving the optimal f.ojasiewicz—Simon inequalities for the Yang—Mills energy func-
tion. We do not need Item (B]) for the latter purpose, but we prove Item (3)) since those results
are of interest for their own sake.

Remark 1.3 (The case p > d). We only state Theorem [I] for the case p < d because, once
p > d, then the hypothesis is no longer sufficient to achieve Items () and (B]), and must
be strengthened, for exampldi to || Fa| z»(x) < € (see Theorem Tl and choose ¢ = p in (2.))), so
Theorem [I] reverts to the non-borderline version due to Uhlenbeck, namely Theorem 271

1.2. Optimal Lojasiewicz—Simon inequalities for the Yang—Mills energy function. We
define the Yang—Mills-energy function by [4 p. 548]

(1.5) E(A) = 1/ |Fal? dvol,,
2 Jx

where A is a W4 connection on P and curvature [23, Equation (2.1.13)],
Fo=djody € L*(X;A* ® adP),

where ¢ > max{2,4d/(d +4)}. Writing A = A; + a, for any C* connection A; on P, we have
[23, Equation (2.1.14)]

(1.6) Fp=Fp +daa+ala.

The constraint ¢ > 2 ensures that da,a € L*(X;A? ® adP) and the constraint ¢ > 4d/(d + 4)
is equivalent to ¢* := dq/(d — q) > 4 and thus W19(X;R) C L*(X;R) when ¢ < d by [2,
Theorem 4.12, Part I (C)]. Hence, a € L*(X; A’ ®adP) and aAa € L?(X; A2®adP), which gives
F4 € L*(X;A? ® adP), as desired. Note that d/2 > 4d/(d +4) <= d > 4 and 4d/(d + 4) < 2
only when d = 2, 3.

In order to ensure that the energy &(A) in (5] is well-defined for a W14 connection A and
that the action of gauge transformations on P is also well-defined, we shall assume for consistency
and simplicity throughout this article that ¢ € [2,00) and obeys ¢ > d/2 in this context, even
though that condition may be stronger than necessary in some instances.

In writing (L6]), we are slightly abusing notation since in the setting of [23, Section 2.1], for
example, a representation, p : G — Endc(C"), is assumed and a A a denotes a combination of
wedge product of one-forms a € Q!(X;Endc(E)) and multiplication in Endc(E), where E is
the complex vector bundle, P x, C". Since we view a € Q'(X;adP) and Fy € Q*(X;adP) (as
in [6]) rather than Fy € Q*(X;Endc(E)) (as in [23]), we should more precisely write (see the
parenthetical remark just below [23, Equation (2.1.14)] or [0, Lemma 4.5])

1
(1.7) Fa = Fay +daa+ Sa,d],

where [a, al(n, ) = [a(n),a(C)] for vector fields n,{ € C*°(TX) and [, | denotes the Lie bracket
on the Lie algebra g of G. Compare [49, Theorem II.5.2] or [6] p. 430]. On the other hand,
for a,b € QY(X;adP), the exterior covariant derivative dab is expressed in terms of d4,b when
A = A1+ a by (see [23] Sections 2.1.1 and 2.1.2] or [6, Equations (3.3) and (4.1)])

(1.8) dAb:dA1+ab:dAlb+[a,b] =dag,b+2aNb.
Normally, these factors of % or 2 are immaterial (and in such cases we abuse notation and omit

them) but in the proof of Theorem [, the distinction does matter as we shall see in Section

2By analogy with Corollary EZIT} it should be possible to improve this condition slightly, to 1Fallzsxy < e,
where p = pd/(d + p) when p > d and p > d/2 when p = d, but that improvement has limited value in practice.
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For ¢ € [2,00) obeying ¢ > d/2, let B(P) := </ (P)/Aut(P) denote the quotient of the
affine space, .7 (P), of W14 connections on P, modulo the action of the group, Aut(P), of W24
automorphisms (or gauge transformations) of the principal G-bundle, P. Let

(1.9) My(P):={A e o (P): Fy =0}/ Aut(P)

denote the moduli space of W4 flat connections on P. We write

(1.10) distyy12(x) ([A], Mo(P)) = uEAiEltf(P), |lu(A) — FHWFLz(X).
[T]eMo(P)

Recall that the Yang-Mills energy function, & : &/ (P) — R, in (L3) has differential map, &” :
o/ (P) — T*<f/ (P), given by

(1.11) &'(A)(a) = (Fa,daa)r2(x) = (d4Fa,a)2(x),

for all A € & (P) and a € Ty (P) = WH(X; A' ®adP), where T4/ (P) = W17 (X; A ®ad P)
and ¢’ € (1,2] is the dual Holder exponent defined by 1/¢ +1/¢ = 1.

Theorem 2 (Optimal Lojasiewicz—Simon inequalities for the Yang—Mills energy function near
flat connections). Let (X, g) be a closed, smooth Riemannian manifold of dimension d > 2, and G
be a compact Lie group, P be a principal G-bundle over X, and q € [2,00) be a constant obeying
q > d/2. Then there are constants, C,Z € (0,00) and ¢ € (0,1], depending g, G, and q with the
following significance. If A is a W4 connection on P and its curvature, Fy, obeys the small
L%2-norm condition (), that is,

[ Fallpsox) < e,

where sy = d/2 when d > 3 or sg > 1 when d = 2, then the optimal Lojasiewicz—Simon distance
and gradient inequalities hold for the Yang—Mills energy function & in (L),

(1.12) E(A)V? > Cdisty2([A], Mo(P)),
(1.13) 16" (A)lwr2x) = Z E(A)M2.
We prove Theorem [2]in Section

Remark 1.4 (Other approaches to the proof of the optimal Y.ojasiewicz—Simon gradient inequality
for the Yang—Mills energy function near a regular flat connection). The inequalities (ILI2]) and
(CI3) in Theorem Rlare proved in Section B by direct geometric analysis as corollaries of Theorem
[ However, as we explain in Section (2] the gradient inequality (LI3]) may also be proved near
a given regular flat connection I' (see Theorem [T) by first establishing that & is Morse-Bott at T’
(Lemma [(.2)) and then appealing to our Theorem Bl which gives the optimal gradient inequality
for an abstract Morse-Bott function on a Banach space. The additional hypothesis that I" is
regular yields a relatively simple proof of (LI3]), but this hypothesis is strong and will not hold
for all flat connections.

Because Wll’z(X ;A ® adP) € L?(X;A' ® adP) is a continuous, dense embedding of Sobolev
spaces (for any d > 2), we obtain a continuous embedding of Sobolev spaces,

L¥(X;A' @ adP) ¢ Wi V2 (X; A @ adP),

by duality and so the W =12 norm in (II3]) can be replaced by the stronger L? norm, as convenient
in the analysis of the gradient flow equation for & [26].
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1.3. Lojasiewicz—Simon gradient inequalities for Morse—Bott functions. In applications
to geometry and topology, it is very useful to know when a given energy function is a Morse
function (isolated critical points) or more generally a Morse-Bott function (non-isolated critical
points). We shall subsequently state a special case (see Theorem [7]) of Theorem [2 that admits a
much shorter proof than that of Theorem 2] when the Yang—Mills energy function is known to be
Morse—-Bott near a flat connection.

Definition 1.5 (Morse-Bott function). (See Austin and Braam [8 Section 3.1].) Let % be a
smooth Banach manifold, & : Z — R be a C? function, and Crit & := {x € B : &'(z) = 0}. A
smooth submanifold 4 — % is called a nondegenerate critical submanifold of & it € C Crit&
and

(1.14) (TE), =Ker & (z), Vze€b,

where & (x) : (TA), — (TA)% is the Hessian of & at the point x € €. One calls & a Morse—-Bott
function if its critical set Crit & consists of nondegenerate critical submanifolds.

We say that a C? function & : & — R is Morse-Bott at a point xo € 2 if there is an open
neighborhood % C % of z such that % N Crit & is a relatively open, smooth submanifold of %
and (LI4)) holds at xg.

In Definition [LH], if we had only assumed that 4 — £ is a smooth submanifold with 4 C
Crit &, we would still have the inclusion,

(T?), C Ker & (),

for each x € ¥. Hence, the key assertion in (ILI4]) is that equality holds and thus each vector
v € (TA), NKer &"(z) is integrable, the tangent vector to a smooth path in ¢ through x.

Definition is a restatement of definitions of a Morse-Bott function on a finite-dimensional
manifold, but we omit the condition that € be compact and connected as in Nicolaescu [63]
Definition 2.41] or the condition that " be compact in Bott [I5] Definition, p. 248]. Note that
if % is a Riemannian manifold and .4 is the normal bundle of € — %, so A, = (T€)+ for all
x € €, where (T¢); is the orthogonal complement of (%), in (T'%)., then ([LI4) is equivalent
to the assertion that the restriction of the Hessian to the fibers of the normal bundle of ¢,

E"(x) : Ny — (TB)E,

is injective for all € €; using the Riemannian metric on £ to identify (T %) = (TA)s, we
see that & () : A, = A, is an isomorphism for all 2 € . In other words, the condition (II4))
is equivalent to the assertion that the Hessian of & is an isomorphism of the normal bundle .4/
when Z has a Riemannian metric.

For a development of Morse—Bott theory and a discussion of and references to its numerous
applications, we refer to Austin and Braam [§], Banyaga and Hurtubise [9] [10] [TT], 12], Nicolaescu
[63], and references cited therein.

Definition 1.6 (Gradient map). (See Berger [I3], Section 2.5], Huang [42] Definition 2.1.1].) Let
% C Z be an open subset of a Banach space, 2", and let % be a Banach space with continuous
embedding, % € Z7*. A continuous map, .# : % — %/, is called a gradient map if there exists a
C' function, & : % — R, such that

(1.15) ENx)w= (v, M (x))orxo+ VTreWU, veL,

where (-,-) 9-x 27+ is the canonical bilinear form on 2~ x 2. The real-valued function, &, is
called a potential for the gradient map, .Z .
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When % = 27 in Definition [, then the differential and gradient maps coincide.

Theorem 3 (Lojasiewicz-Simon gradient inequality for C? Morse-Bott functions on Banach
spaces). (Compare Feehan and Maridakis |31, Theorems 3 and 4].) Let 2", %, 4, and H be
Banach spaces with continuous embeddings,

X CY and W CH CYGCX*.

Let % C X be an open subset, & : % — R be a C? function, and oo € % be a critical point
of &, 50 ' (100) = 0. Let M - U — ¥ be a C' gradient map for & in the sense of Definition
and require that & be Morse—Bott at xo in the sense of Definition[1.d, so % NCrit& is a
relatively open, smooth submanifold of 2 and K := Ker &" (1) = T, Crit &. Suppose that for
each x € %, the bounded, linear operator,

M (x): X =Y,
has an extension,
Mi(x) G — A,
such that the following map is continuous,
U >xw— M (x) € L(YG, ).

Assume that K C Z has a closed complement, Zy C Z°, that # := Ker #1(xo) C 4 has a
closed complement %y C G with Zy C %, and that Ran #1(xo) C H is a closed subspace. Then
there are constants, Z € (0,00) and o € (0, 1], with the following significance. If x € % obeys

(1.16) |z — 20|l 2 < o,
then
(1.17) |t (). > Z|E (@) — & (o0)[V2

We prove Theorem [3]in Section [l

Remark 1.7 (Previous versions of the Lojasiewicz-Simon gradient inequality for C2 Morse-Bott
functions on abstract Banach spaces). Previous versions of Theorem Bl were proved by Simon
[76, Lemma 3.13.1] (for a harmonic map energy function on a Banach space of C*® sections of
a Riemannian vector bundle), Haraux and Jendoubi [38, Theorem 2.1] (for functions on abstract
Hilbert spaces) and in more generality by Chill in [19, Corollary 3.12] (for functions on abstract
Banach spaces). These authors do not use Morse-Bott terminology but their hypotheses imply
this condition — directly in the case of Haraux and Jendoubi and Chill and by a remark due
to Simon in [76, p. 80] that his integrability condition [76, Equation (iii), p. 79] is equivalent
to a restatement of the Morse-Bott condition. Their gradient inequalities are less general than
our Theorem [Bl See Fechan [27] Remark 1.16 and Appendix C] for further discussion of the
relationship between definitions of integrability, such as those described by Adams and Simon [I],
and the Morse-Bott condition.

Remark 1.8 (On the proof of Theorem [3)). Special cases of Theorem [3 can be obtained as conse-
quences of suitable Morse-Bott lemmas (see Feehan [27] for a discussion and references). However,
proofs of Morse-Bott lemmas require care and it is unclear whether one would hold in the gen-
erality provided by Theorem Bl On the other hand, the proof of Theorem Bl provided in Section
M is quite direct.
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Remark 1.9 (Comparison between Inequality (ILI7) and other Lojasiewicz-Simon gradient inequal-
ities). In [3I, Theorems 1, 2, and 3|, Maridakis and the author establish versions of Theorem
where the inequality (ILI7) is replaced by

(1.18) 1 (@) 2 2168 (@) — & (200)I°,

for some 6 € [1/2,1), the operators #'(rs) and #(x) are Fredholm, and .4 : % — ¥
is real analytic. Those results are proved with the aid of a Lyapunov-Schmidt reduction of &
(for example, [42, Proposition 5.1]) to a real analytic function on an open neighborhood of the
origin in Euclidean space and appealing to Lojasiewicz’s gradient inequality [506], 57, B8], with a
simplified proof provided by Bierstone and Milman [I4, Theorem 6.4 and Remark 6.5]. However,
the requirement that the operators .#’(x.) and #)(r~) be Fredholm can be restrictive. For
example, in the context of Yang—Mills or coupled Yang—Mills energy functions, one must take a
quotient of the affine space of all W14 connections or pairs by the Banach Lie group, Aut(P), of
W24 gauge transformations and that action can introduce singularities in the quotient space, as
we recall in Section [[4]

Remark 1.10 (Optimal Lojasiewicz-Simon gradient inequalities and exponential convergence of
gradient flow). It is of considerable interest to know when the optimal exponent § = 1/2 is
achieved, since in that case one can prove (for example, |26, Theorem 24.21]) that a global
solution, u : [0,00) — £, to a gradient system governed by the Lojasiewicz—Simon gradient
inequality,

du

=S ult), ul0) = o,
has exponential rather than mere power-law rate of convergence to the critical point, zo,. See

[26, Section 2.1] for a detailed summary of results of this kind.

Remark 1.11 (Comparison between Theorem Bl and a previous result due to the author and
Maridakis). Theorem Bl is a generalization of our previous [3I, Theorems 3 and 4], but the
advantage of Theorem [ here is that the operators .#'(x) and # (2 ) are not required to be
Fredholm. While that generalization can be established by modifying the proofs of [31, Theorems
3 and 4], we instead give a more direct and much simpler proof in Section[[L3l The latter proof also
allows us to slightly relax other hypotheses on the Banach spaces and their embeddings. Of course,
when #'(zs) or M (2 ) are Fredholm operators, then their kernels are finite-dimensional and
thus have closed complements by [69, Lemma 4.21 (a)], and their ranges are closed.

Remark 1.12 (Choices of the Banach spaces ¢ and ). In typical applications of Theorem
one chooses ¥ and 7 to be Hilbert spaces and that simplifies the statement of the theorem
since a closed subspace of a Hilbert space necessarily has a closed (orthogonal) complement [69,
Theorem 12.4]. However, the greater generality allows us to quickly infer several corollaries
(see the forthcoming Corollaries M and [)) analogous to [3I, Theorems 1, 2, and 4] and whose
statements are shorter and thus more easily understood, but Theorem [B]is the most useful version
in applications to proofs of global existence and convergence of gradient flows. For example,
Theorem Bl is the only version that yields Simon’s [74, Theorem 3] for all dimensions of the base
manifold, X, with 2° = C?%(X;V) and 2 = L?(X;V) (where V is a Riemannian vector bundle
over X ), and, moreover, for a wide variety of alternative choices of Holder or Sobolev spaces for
Z'; see [31, Remark 1.14].

Remark 1.13 (Harmonic map energy function for maps from a Riemann surface into a closed
Riemannian manifold). For the harmonic map energy function, an optimal Lojasiewicz—Simon
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gradient inequality,
16" ()l Loisz) = ZIE(f) = E(fo) 2,

has been obtained by Kwon [53, Theorem 4.2] for maps f : S*> — N, where N is a closed
Riemannian manifold and f is close to a harmonic map fo in the sense that

1f = foollwzwr(s2) <o,

where p is restricted to the range 1 < p < 2, and f, is assumed to be integrable in the sense
of |53 Definitions 4.3 or 4.4 and Proposition 4.1]. Her [53, Proposition 4.1] quotes results of
Simon [75, pp. 270-272] and Adams and Simon [I]. The [55, Lemma 3.3] due to Liu and Yang
is another example of an optimal Lojasiewicz—Simon gradient inequality for the harmonic map
energy function, but restricted to the setting of maps f : S — N, where N is a Kihler manifold
of complex dimension n > 1 and nonnegative bisectional curvature, and the energy &(f) is
sufficiently small. The result of Liu and Yang generalizes that of Topping [83, Lemma 1], who
assumes that N = S2.

Remark 1.14 (Yamabe function for Riemannian metrics on a closed manifold). For the Yam-
abe function, an optimal Lojasiewicz—Simon gradient inequality, has been obtained by Carlotto,
Chodosh, and Rubinstein [I8] under the hypothesis that the critical point is integrable in the
sense of their [I8, Definition 8], a condition that they observe in [I8 Lemma 9] (quoting [I,
Lemma 1] due to Adams and Simon) is equivalent to a function on Euclidean space given by the
Lyapunov-Schmidt reduction of & being constant on an open neighborhood of the critical point.

Remark 1.15 (Yang—Mills energy function over a Riemann surface). For the Yang—Mills energy
function for connections on a principal U(n)-bundle over a closed Riemann surface, an optimal
Lojasiewicz—Simon gradient inequality, has been obtained by Rade [68, Proposition 7.2] when the
Yang—-Mills connection is irreducible.

Remark 1.16 (F-function on the space of hypersurfaces in Euclidean space). Colding and Mini-
cozzi [20}, 21] have directly proved Lojasiewicz—Simon gradient and distance inequalities [22, Equa-
tions (5.9) and (5.10)] that do not involve Lyapunov-Schmidt reduction to a finite-dimensional
gradient inequality. Their gradient inequality applies to the F' function [22 Section 2.4] on the
space of hypersurfaces ¥ C R*! and is analogous to (ILI8) with § = 2/3. Their cited articles
contain detailed technical statements of their inequalities while their article with Pedersen [22]
contains a less technical summary of some of their main results.

If Y = 2 and 2 = %, then the statement of Theorem [3 simplifies to give the following
generalization of [3I, Theorems 2 and 4].

Corollary 4 (Lojasiewicz-Simon gradient inequality for C2 Morse-Bott functions on Banach
spaces). (Compare Feehan and Maridakis [31, Theorems 2 and 4].) Let 2" and % be Banach
spaces with a continuous embedding, % C Z*. Let % C Z be an open subset, & : % — R be
a C? function, and v, € % be a critical point of &, so &' (xs0) = 0. Let M : U — ¥ be a
C' gradient map for & in the sense of Definition LA and require that & be Morse-Bott at xo
in the sense of Definition [T, so % NCrit& is a relatively open, smooth submanifold of 2 and
K :=Ker & (ro) = T Crit&. Assume that K C 2" has a closed complement, Zy C 2, and
that Ran A" (x+,) C % is a closed subspace. Then there are constants, Z € (0,00) and o € (0,1],
with the following significance. If x € U obeys

(1.19) |z — 20|l 2 < o,
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then
(1.20) | @)l > 216 () — & (wao) V2.

For example, Corollary [ yields a version of Simon’s [74] Theorem 3] when X has dimension
d = 2 or 3 and choose 2" = W'P(X;V) and & = W~1P(X;V), where p > d is small enough
that L?(X;V) c W=P(X;V); see [3I, Remark 1.15].

If in addition % = 27*, then the statement of Theorem [ simplifies further to give the following
generalization of [3I, Theorems 1 and 4].

Corollary 5 (Lojasiewicz-Simon gradient inequality for C? Morse-Bott functions on Banach
spaces). (Compare Feehan and Maridakis [31, Theorems 1 and 4].) Let 2 be a Banach space,
U C X be an open subset, & : U — R be a C? function, and xoc € % be a critical point of &, so
&' (rs) = 0. Require that & be Morse-Bott at x in the sense of Definition[L3, so % N Crit &
is a relatively open, smooth submanifold of 2~ and K := Ker & (2o,) = T, Crit &. Assume that
K C Z has a closed complement, Zy C 2, and that Ran &" () C Z7* is a closed subspace.
Then there are constants, Z € (0,00) and o € (0,1], with the following significance. If x € U
obeys

(1.21) |z — 200l 2 < o,
then
(1.22) & ()| 2 = Z|&(2) — E(2o0)| Y.

For example, Corollary [ yields Rade’s Lojasiewicz-Simon gradient inequality for the Yang—
Mills energy function when the base manifold has dimension d = 2 or 3 and our version of the
same inequality [26, Theorem 23.17] when d = 4, for 2 = W'?(X;adP), but not d > 5, nor
does it yield any version of Simon’s [74, Theorem 3].

1.4. Optimal Yojasiewicz—Simon inequalities and Morse—Bott properties for the self-
dual Yang—Mills energy function near anti-self~-dual connections. We refer the reader
to Donaldson and Kronheimer [23, Section 4.2] or Freed and Uhlenbeck [33, Chapter 3] for
constructions of a smooth Banach manifold structure on the quotient, #*(P) := &/*(P)/ Aut(P),
by the Banach Lie group, Aut(P), of W24 gauge transformations of P, where &/*(P) C </ (P)
is by definition the open subset consisting of W1¢ connections on P whose isotropy group is
minimal, namely the center of G [23] p. 132].

We now restrict our attention to the case of X of dimension d = 4. For a C°° connection, A,
on P we recall the splitting [23, Equation (2.1.25)],

(1.23) Fy = F{ +Ff € Q*X;adP) = Q" (X;adP) @ Q (X;adP),

corresponding to the splitting, A2 = AT @ A~, into positive and negative eigenspaces, AT, of the
Hodge star operator * on A2 = A?(T*X), defined by the metric, g, so QF(X;adP) = C®°(X; AT ®
adP) and [81], Equation (1.3)]

(1.24) Ff= %(1 L) Fy € O (X:adP).

Rather than consider the full Yang-Mills energy function (L)) for which it appears difficult
to show has the Morse-Bott property at critical points that are not flat connections, we shall
consider the self-dual Yang-Mills energy function, & : </ (P) — R, on the affine space of W4
connections A on P (with ¢ > 2),

(1.25) 1 (A) = 1/ PP dvol, .
2 Jx



12 PAUL M. N. FEEHAN

Our definition (L27) is partly motivated by the fact that when, for example, G = SU(n) and the
second Chern number of P is non-negative, co(P)[X]| > 0, the energy function, & : & (P) — R,
achieves its absolute minimum value at a connection A if and only if A is anti-self-dual, so FX =0,
and &(A) = 16m%c3(P)[X], a constant that depends only on the topology of the principal G-
bundle P; see [23| Equation (2.1.33)] for G = SU(n) and [26, Section 10] for more general
formulae for the energies of anti-self-dual connections in the case of compact Lie groups. Our
definition (LZ0)) of &, effectively subtracts this topological constant from & in ([LH]).

Proceeding as in the case of the full Yang-Mills energy function, we see that &} : &/ (P) — R
has differential map, &7 : &/ (P) — T*</(P), given by

(1.26) EL(A)(a) = (Ff,d5a) 20x) = (A5 Ff, ) 200,

for all a € Tao?/ (P) = WH(X; A ® adP).
We denote the finite-dimensional subvariety of gauge-equivalence classes of solutions to the
anti-self-dual equation with respect to g by

(1.27) My (P,g) := {[A] € B(P): F{=0 ae. on X} .

As usual [23, Section 2.3.1], one denotes dfj = (1 + *)da : Q'(X;adP) — QF(X;adP) and
H? = Coker d} [23, Equation (4.2.27)]. We recall from [23, Section 4.2.5] that if H3 = 0 then

M (P,g) :={Be€/(P):F} =0 ae. on X}
is a smooth manifold near A and
M (P, g) == M(P,g) N %*(P)
is a smooth manifold near [A]. The Generic Metrics Theorem [23, Corollary 4.3.18] due to Freed
and Uhlenbeck implies that H3 = 0 for all [A] € M} (P,g) if G = SU(2) or SO(3) and g is

suitably generic.
If F{ =0, then & (A) =0 by ([Z6) and A is a critical point of & : & (P) — R, so that

M(P,g) C Crit(&y) N.o/(P),

where Crit(&£,) denotes the critical set of &, : &/ (P) — R. Conversely, if A € Crit(&,) and
Coker dj = 0 then (L26) implies that Ff = 0 and A € M (P,g).

By gauge invariance, the self-dual Yang—Mills energy function is well-defined on the quotient,
&y B*(P) — R (with ¢ > 2), and we have the inclusion,

M(P,g) C Crit(&) N %" (P),

where Crit(&}) denotes the critical set of & : #*(P) — R. Conversely, if [A] € Crit(&}) and
Coker dy = 0, then [A] € M* (P, g).

We have the following analogue of [32], Theorem 3] for the (coupled) Yang-Mills energy function,
but with the improvement that § = 1/2, the optimal Lojasiewicz—Simon exponent.

Theorem 6 (Optimal Lojasiewicz—Simon inequalities for the self-dual Yang—Mills energy func-
tion). Let (X,g) be a closed, four-dimensional, smooth Riemannian manifold, G be a compact
Lie group, P be a smooth principal G-bundle over X, and ¢ > 2 be a constant. If As is a Wh4
anti-self-dual Yang—Mills connection on P that is regular,

(1.28) H3, = Coker (df_: W"(X;A' @adP) — LY(X;AY @ adP)) =0,
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then &y : o/ (P) — R is a Morse—Bott function at A and there are constants C,Z € (0,00) and
o € (0,1], depending on A, g, and G, with the following significance. If A is a WH4 connection
on P obeying the Lojasiewicz—Simon neighborhood condition,

then the self-dual Yang—Mills energy function (L25]) obeys the optimal Lojasiewicz—Simon dis-
tance and gradient inequalities,

(1.30) £+(A)1/2 > Cl|A- AOOHWX:O(X)’
(1.31) H&’F(A)HWX;Q(X) > Z|&L ()2

Moreover, if the isotropy group of As in Aut(P) is minimal (the center of G), then &4 : B*(P) —
R is a Morse-Bott function at [As).

We prove Theorem [l in Section

Remark 1.17 (Small self-dual Yang—Mills energy hypothesis). A more sophisticated (and more
difficult) analysis would allow us to replace the small L* distance hypothesis (I29) by a small
self-dual Yang—Mills energy hypothesis,

£4(4) <,
for a fixed constant € = (g, G) € (0,1], and replace the inequality (L30]) by
£ (A2 > Cdistyns (], My (P,g))

both of which are more appropriate for Morse-Bott theory and giving an analogue of Theorem
for & in place of & when d = 4. We shall describe this refinement elsewhere.

Remark 1.18 (Two approaches to the proof of the optimal L.ojasiewicz—Simon distance and gra-
dient inequality for the self-dual Yang—Mills energy function near a regular anti-self-dual connec-
tion). Theorem [0l is proved in Section Bl As we explain there, the gradient inequality (L31)
may be proved in two different ways: a) by direct geometric analysis using methods of Yang-Mills
gauge theory, and b) by first establishing that & is Morse-Bott at an anti-self-dual connection
that is regular in the sense of ([28]) (see Lemma [B.1]) and then appealing to our Theorem [3]
giving the optimal gradient inequality for an abstract Morse—Bott function on a Banach space.

1.5. Optimal Lojasiewicz—Simon inequalities and Morse—Bott properties for the Yang—
Mills energy function near flat connections. We return to the case where X is a manifold
of arbitrary dimension d > 2. While the forthcoming Theorem [ is weaker in several respects
than Theorem [ it is easier to prove due to the additional hypothesis (L.32)).

Theorem 7 (Optimal Lojasiewicz—Simon inequalities and Morse-Bott properties for the Yang—Mills
energy function near regular flat connections). Let (X, g) be a closed, smooth Riemannian man-
ifold of dimension d > 2, and G be a compact Lie group, P be a smooth principal G-bundle over
X, and q € [2,00) obeying q > d/2 and ro > 2 be constants. If T is a W4 flat connection on P
that is regular in the sense that

(1.82) HE = Ker (dp : LY(X; A @ adP) — W H(X; A® @ adP))
/Ran (dr : WHI(X; AT @ adP) — LY(X;A? @ adP)) =0,
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then & : &/ (P) — R is a Morse-Bott function at I' and there are constants C,Z € (0,00) and
o € (0,1], depending on T, g, G, and o with the following significance. If A is a W4 connection
on P obeying the Lojasiewicz—Simon neighborhood condition,

(133) HA—P”LTO(X) < o,

where rg = d when d > 3 and rog > 2 when d = 2, then the Yang—Mills energy function (LX)
obeys the optimal Lojasiewicz—Simon distance and gradient inequalities,

(1.34) EA)Y?2 > C|A - Tllyprz x
(1.35) 1&£7(A)

)7

sy = Z1E(A)[Y2.

Moreover, if the isotropy group of I' in Aut(P) is minimal (the center of G), then & : B*(P) — R
is a Morse—Bott function at [T].

We prove Theorem [7]in Section
When X has dimension two, then Poincaré duality (for example, see [40, Lemma 2.1]) implies
that H2 = H? (this observation is used in [62, p. 189]), where

HY = Ker (dr : W>1(X;adP) — WH(X; A' @ adP)).

Recall [23, p. 132] that HY is isomorphic to the tangent space to the isotropy group of I' in Aut(P).
In the special case that G = SU(2) or SO(3), then a connection A on P is irreducible if and only
if the isotropy of A in Aut(P) is the center of G [23] p. 133]. Thus, if G = SU(2) (with center
Z/2Z) and dim X = 2 (with genus(X) > 1) and T is an irreducible flat connection, then HR = 0
and consequently H2 = 0, so I' is a smooth point of My(P). In particular, the moduli space of
gauge equivalence classes of irreducible flat connections on P, namely M (P) := My(P)NA*(P),
is a smooth manifold (of dimension 6genus(X) — 6 [72]) and therefore & : &/*(P) — R is a
Morse-Bott function near the critical set,

M(P) = {A € a*(P): Fy =0},

and & : #*(P) — R is a Morse-Bott function near the critical set Mj(P), in the sense of
Definition for both cases. When X is a Riemann surface, there is a vast literature devoted to
the study of My(P) from many different perspectives, often in the context of its interpretation
as a moduli space, Hom(m (X), G)/G, of representations of the fundamental group, 1 (X), in G
[23, Proposition 2.2.3] or in the context of the symplectic structure on </ (P) and interpretation
of (a multiple of) the map A +— F4 as a moment map. We refer to Atiyah and Bott [4] and the
many articles that cite [4] for further details.

When X has dimension three and is a circle bundle over a closed Riemann surface, the geometry
of Hom(m(X),SU(2)) is described by Morgan, Mrowka, and Ruberman in [62, Chapter 13].

1.6. Optimal Y.ojasiewicz—Simon inequalities and Morse—Bott properties for the Yang—
Mills energy function near arbitrary Yang—Mills connections. One calls A a Yang-Mills
connection if it is a critical point of the Yang-Mills energy function (I3 on the affine space of
W4 connections, & : .o/ (P) — R on P, that is, &’(A) = 0 and so by (LTI, obeys

(1.36) d4Fy =0

in a sense that depends on the regularity of A, weakly if A is W or strongly if A is W29, with
q € [2,00) obeying ¢ > d/2. We define

(1.37) Crit(&) :={A € F(P) : &'(A) = 0}.
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The Yang—Mills energy function, & : &/(P) — R, in (X)) has the Hessian operator, &(A) :
Tyl (P) — Th</(P), at A € o/(P) given by

(138) éa”(A)(a)b = (dA(l, dAb)LZ(X) + (FA, a A b)Lz(X)v
for all a,b € W19(X; A! ® adP). We now state a partial generalization of Theorem [l

Theorem 8 (Optimal Lojasiewicz—Simon inequalities when the Yang-Mills energy function is
Morse-Bott near a Yang-Mills connection). Let (X, g) be a closed, smooth Riemannian manifold
of dimension d = 2, 3, or 4, and G be a compact Lie group, P be a smooth principal G-bundle
over X, and q € [2,00) obeying q > d/2 be a constant. Let Ao, be a W14 Yang-Mills connection
on P and assume that & : o/ (P) — R is a Morse—Bott function at A, in the sense of Definition
7.3, so Crit(&)N%a, is a C™ relatively open submanifold of the space </ (P) of W14 connections
on P for some open neighborhood %4, of Ax and

Ker 6" (Aoo) N Wi (X; A' ® adP) = T Crit(&).

Then there are constants Z € (0,00) and o € (0, 1], depending on As, g, and G with the following
significance. If A is a W19 connection on P that obeys the Lojasiewicz-Simon neighborhood
condition,

(1.39) HA — AOO”W,}{;(X) < o,
then the Yang—Mills energy (5] obeys the optimal Lojasiewicz—Simon gradient inequality,

(1.40) 16" (Al 1) 2 Z1E (A2

We prove Theorem [ in Section
Remark 1.19 (Optimal Lojasiewicz—Simon gradient inequality for the Yang—Mills energy function
over Riemann surfaces). Rade has shown (see [68, Proposition 7.2] ) that if d = 2 and G = U(n)
and A is an irreducible Yang-Mills connection, then inequality (I40) in Theorem [§ holds. His
proof (see [68, Section 10]) is very different from our proof of (L40) and does not proceed by
showing that & is Morse-Bott at A.,. As far as we are aware, it is not known whether & is

necessarily Morse-Bott at an irreducible Yang-Mills U(n) connection over a Riemann surface
and it would be interesting to try to show this.

In Theorem [@] we noted that the self-dual Yang—Mills energy function & is Morse-Bott at an
anti-self-dual connection A, that is a regular point of the map,

Wyt (X;A' @adP) 3 A= Fi € LYX; AT @ adP),
or, equivalently, that the map
Wit (X;A' @ adP) 3 A Fy € LU(X; A% @ adP),

is transverse to the subspace LI(X; A~ ® adP). Similarly, the final conclusion of Theorem [l
may be rephrased as the assertion that the Yang—Mills energy function & is Morse—Bott at a flat
connection I' that is a regular point of the map,

Wrl(X; A @ adP) 3 A HpFy € Kerdp 0 LY(X; A2 @ ad P),

where Il : L?(X; A? ® adP) — Kerdr N L?(X; A? ® adP) is L?-orthogonal projection or, equiv-
alently, that the map

WE(X;A' @ adP) 5 A IpFa € LY(X; A © adP),
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is transverse to the subspace Randr N L9(X;A? ® adP). The gauge-theoretic concept of I' as a
regular point of the map A +— Fj4 is based on the elliptic complex containing dr : Q'(X;adP) —
Q?(X;adP) while the gauge-theoretic concept of A, as a regular point of the map A FX is
based on the elliptic complex containing dlo :QYX;adP) — QT (X;adP).

At an arbitrary critical point A, for the Yang—Mills energy function & over a manifold X of
dimension d > 2, there is no deformation theory that is exactly analogous to those just described
for flat or anti-self-dual connections. Koiso [50, Lemma 1.5] proposes employing the observation
that the following “Dual Bianchi Identity” (see [23, p. 235] or [64], p. 577]),

d4diFy =0,

which holds for any connection A, be used to define an elliptic complex for the Yang—Mills
equation, perhaps by analogy with viewing the Bianchi Identity, d4F4 = 0, as motivation for the
concept of a regular point in the zero locus of the map A — F4. However, as Koiso himself seems
to suggest [50, p. 156], this does not appear to yield a useful deformation theory for arbitrary
solutions A, to the Yang-Mills equation, except possibly when the formal dimension of the
critical set is zero at the gauge-equivalence class [A] [50, Corollary 2.11]. In the case of flat
connections on principal G-bundles over Riemannian manifolds, Ho, Wilkin and Wu [40] compare
concepts of regular points from the perspectives of gauge theory and representation varieties.

1.7. Morse—Bott functions and moment maps. We briefly note the well-known relationship
between Morse—Bott functions and moment maps and recall the following result due to Atiyah.

Theorem 1.20 (Moment maps and Morse-Bott functions). (See Atiyah [3] or Nicolaescu [63),
Theorem 3.52].) Let (M,w) be a compact symplectic manifold equipped with a Hamiltonian action
of the torus T = S* x --- x S* (v times for v > 1). Let u: M — t* be the moment map of this
action, where t denotes the Lie algebra of T'. Then, for every £ € t, the function

(1.41) G M > x— (& pu(x))ixe €ER

is Morse—Bott. The critical submanifolds are T-invariant symplectic submanifolds of M and all
the Morse indices and co-indices are even.

If we define & : M — R by setting &(z) = 3|u(x)|?, then &' ()¢ = (£, pu(z)) and Crit(&) =
p=1(0) and & (x)(n)€ = (&, i/ (z)n). If 29 € M is a regular point in the zero-locus of the moment
map g, then 1 ~1(0) N U is a relatively open, smooth submanifold of M and xq is a critical point
of & : M — R and Ty, (p~1(0) NU) = Ker & (z¢) N TpyyM. In other words, & is Morse-Bott
at regular points zg € p~1(0). Some aspects of Atiyah’s Theorem have been extended, at least
formally, to more general finite and infinite-dimensional settings and we refer to [23, Section
6.5.1-3] for a discussion of moment maps and a survey of examples. The instances most relevant
to this article include the a) affine space «/(P) of W19 connections on a principal G-bundle
P over a Riemann surface X and moment map A +— Fj4 for the Banach Lie group Aut(P) of
gauge transformations [4]; and more generally, the b) affine space <7 (P) of W4 connections on
a principal G-bundle P over a symplectic manifold (X,w) of dimension 2n and moment map
A+ Fq Aw" ! for Aut(P) [23, Proposition 6.5.8]. Donaldson and Kronheimer also point out
that the Atiyah-Hitchin— Drinfel’d-Manin (ADHM) description of instantons over R* [5], [23]
Section 3.3.2] may be viewed as the zero-locus of a suitably defined moment map [23, p. 250].

For further discussion of Morse-Bott functions, moment maps, and gradient flows in symplectic
geometry, we refer to Donaldson and Kronheimer [23] Section 6.5, Kirwan [47, [46], Lerman [54],
Swoboda [78], the references cited therein, and to Atiyah and Bott [4] and wealth of articles citing

[.
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1.8. Notation. For the notation of function spaces, we follow Adams and Fournier [2]. If V is
a Riemannian vector bundle with orthogonal, smooth connection A over a smooth Riemannian
manifold X, we let Wﬁ’p (X;V) denote its Sobolev space of sections with up to k covariant
derivatives in LP. We write W*P(X;V) if the connection is unimportant for the context or if
the Sobolev space is defined using standard definitions for functions on Euclidean space from [2,
Chapter 3] and choices of local coordinate charts for X and local trivializations for V. To define
Sobolev norms of maps from a manifold into a compact Lie group, GG, we choose a faithful unitary
representation, G' — End(CY).

If G is compact Lie group and P is a principal G-bundle over a manifold X, we let adP :=
P X,q g denote the real vector bundle associated to P by the adjoint representation of GG on its
Lie algebra, Ad : G 3 u — Ad, € Autg. We fix a G-invariant inner product on the Lie algebra g
and thus define a fiber metric on adP. (When G is semi-simple, one may use the Killing form to
define a G-invariant inner product g.) When X is a smooth manifold, we denote A! := A/(T*X)
for integers [ > 1 and AY := X x R when X is equipped with a smooth Riemannian metric, we
let Inj(X, g) denote the injectivity radius of (X, ¢g) and, when X also has an orientation, denote
the corresponding volume form by dvol,. Unless stated otherwise, all manifolds are assumed to
be compact and without boundary (closed), connected, orientable, and smooth.

We let N := {1,2,3,...} denote the set of positive integers. We use C' = C(x,...,%) to
denote a constant which depends at most on the quantities appearing on the parentheses. In a
given context, a constant denoted by C' may have different values depending on the same set of
arguments and may increase from one inequality to the next. We emphasize that a constant &
(respectively, C') may need to be chosen sufficiently small (respectively, large) by writing e € (0, 1]
(respectively, C € [1,00)).

For notation in functional analysis, we follow Brezis [16] and Rudin [69]. If 27, % is a pair
of Banach spaces, then Z(2°,% ) denotes the Banach space of all continuous linear operators
from 2" to #. We denote the continuous dual space of 2~ by Z™* = Z(Z,R). We write
a(z) = (z,a) 2«2+ for the canonical pairing between 2~ and its dual space, where x € 2
and a € . U T € L(Z,%), then its range and kernel are denoted by RanT and Ker T,
respectively.

1.9. Acknowledgments. [am very grateful to the National Science Foundation for their support
and to the Simons Center for Geometry and Physics, Stony Brook, the Dublin Institute for
Advanced Studies, and the Institut des Hautes Etudes Scientifiques, Bures-sur-Yvette, for their
hospitality and support during the preparation of this article. I thank Manousos Maridakis for
many helpful conversations regarding fojasiewicz—Simon gradient inequalities, Yasha Berchenko-
Kogan for useful communications regarding Yang—Mills gauge theory, Changyou Wang for useful
conversations regarding geometric analysis, and George Daskalopoulos, Richard Wentworth, and
Graeme Wilkin for helpful correspondence regarding the Yang—Mills equations over Riemann
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2. EXISTENCE OF A FLAT CONNECTION FOR CRITICAL EXPONENTS, COULOMB GAUGE
TRANSFORMATION, AND SOBOLEV DISTANCE ESTIMATE

Our goal in this section is to prove Theorem[I] thus extending a result [86l, Corollary 4.3] due to
Uhlenbeck, quoted as the forthcoming Theorem 2] in two ways. First, we relax the forthcoming
curvature hypothesis (Z1]), that is,

| FallLaxy <&,
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to the weaker condition (ILII), namely,
[Eallso(x) <,

where sy = d/2 when d > 3 or sgp > 1 when d = 2. Second, in the forthcoming bound (24]), we
allow any p € (1,00) that obeysﬁ p < q, where ¢ > d/2 and A is a W4 connection on a principal
G-bundle P over a closed, smooth Riemannian manifold, X, of dimension d > 2.

In Section 2.1l we recall the statement of Theorem 2.1 together with remarks on its hypotheses.
In Section 23] we establish an extension of Uhlenbeck’s [84] Theorem 1.3] on existence of a local
Coulomb gauge and a priori WP estimate for connections with L%2?-small curvature over a ball
to include the range 1 < p < d/2 (when d > 3). Our principal goal in Section 24 is to prove
Theorem 2.16], which yields a continuous isomorphism between principal G-bundles that support
Sobolev connections whose local connection one-forms in Coulomb gauge are L?-close and whose
corresponding transition functions are LP-close for some p € (d/2,d). In Section we establish
Theorem [220] verifying Item (II) in Theorem [I] giving existence of a C*° flat connection I' on
a principal bundle supporting a W'¢ connection A with L%2_-small curvature Fy for d > 3
or L%-small curvature for d = 2 and sy > 1. Next, in Section [Z6 we establish Item () in
Theorem [, giving an a priori WP estimate for A — I' in terms of the LP norm of F4 when
1 < p < d. In Section 27 we discuss a slight enhancement of [32, Theorem 9] that gives existence
of W24 Coulomb gauge transformations u € Aut(P) for W4 connections A that are L¢ close to
a W4 reference connection Ag. Finally, in Section 2.8 we establish the existence of a W27 gauge
transformation u € Aut(P) bringing A into Coulomb gauge relative to I' and thus prove Item ()
in Theorem [II

2.1. Existence of a flat connection for supercritical exponents, Coulomb gauge trans-
formation, and Sobolev distance estimate. In [86], Uhlenbeck establishes the

Theorem 2.1 (Existence of a flat connection on a principal bundle supporting a W4 connection
with L?-small curvature, Coulomb gauge transformation, and Sobolev distance estimate). (See
Uhlenbeck [86], Corollary 4.3] and [30, Theorem 5.1].) Let (X, g) be a closed, smooth Riemannian
manifold of dimension d > 2, and G be a compact Lie group, and q € (d/2,00]. Then there is
a constant, ¢ = (g,G, q) € (0 1] and, for p € (1,00) obeymgﬁ d/2 < p < q, there are constants
C; = Ci(g,G,p) € [1,00) fori=0,1 with the followmg significance. Let A be a W19 connection
on a smooth principal G-bundle P over X. If

(2.1) [Fallpax) <€
then the following hold:

(1) (Existence of a flat connection) There is a C* flat connection, I, on P;
(2) (WhP-distance estimate) The flat connection, T, satisfies

(2.2) ”A_P”er’l’(x) < COHFA”LP(X)

3Al‘chough when p > d, we will need to impose the stronger hypothesis (2.

4The restriction p > 1 should be included in the statements of [30, Theorem 5.1] and [86] Corollary 4.3] since
the bound (Z4) ultimately follows from an a priori L? estimate for an elliptic system that is apparently only valid
when 1 < p < oo.
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(3) (Existence of a Coulomb gauge transformation and estimate of Sobolev W!» distance to
the flat connection) There exists a W% gauge transformation, u € Aut(P), such that

(2.3) di(u(A) —T)=0 a.e. on X;
(2.4) [u(A) =Tl ) < CrllFallzrx)-

Remark 2.2 (On the proof of Theorem [Z]). The proof of Theorem [ZT] given in [86] was brief,
so we provided a more detailed exposition in our proof of this result as [30, Theorem 5.1]. Our
proof in [30] of the estimate (Z4]) in Theorem 2] was more complicated than we would like, but
the complications appear unavoidable in the absence of further hypotheses. A global proof of the
estimate (24]) with the aid of an application of the Implicit Function Theorem is possible when
' is a regular point in the sense of (L32]) — see the proof of Theorem [7]in Section

Remark 2.3 (On the statement of Theorem [ZT]). Our statement of Theorem 2] makes explicit
the fact that the flat connection, T, is C°° (not merely W14) and is W1P-close to A in the sense
of ([Z2)), clarifying those two points in [30, Theorem 5.1].

As we noted in [30, p. 563], the bound (Z4)) is similar to a T.ojasiewicz—Simon inequality.
Indeed, when 2 < d < 4 so we can choose p = 2 > d/2, then (Z4]) precisely yields the Lojasiewicz—
Simon distance inequality (LI2)) (compare [14] Remark 6.5)),

&(A) > Cdistynz(x,) ([A], Mo(P))?,

using the expression ([LH) for the Yang-Mills energy &(A) and expression (II0) for the W12
distance function. However, to obtain the analogous Lojasiewicz—Simon distance inequality when
d > 5, we shall need to extend the bound ([Z4]) to allow 1 < p < d/2 (and p = 2 in particular).

2.2. Flat bundles. We recall the equivalent characterizations of flat bundles [48], Section 1.2],
that is, bundles admitting a flat connection. Let G be a Lie group and P be a smooth principal
G-bundle over a smooth manifold, X. Let {U,}acs be an open cover of X with local sections,
0a : Uy = P and gop : UyNUg — G be the family of transition functions defined by {Uq, 00} A
flat structure in P is given by {Uy, 04 }ac.s such that the g,g are all constant maps. A connection
in P is said to be flat if its curvature vanishes identically.

Proposition 2.4 (Characterizations of flat principal bundles). (See [48, Proposition 1.2.6].) For
a smooth principal G-bundle P over a smooth manifold, X, the following conditions are equivalent:

(1) P admits a flat structure,
(2) P admits a flat connection,
(8) P is defined by a representation m(X) — G.

Given a flat structure on P, we may construct a flat connection, I', on P using the zero local
connection one-forms, v, = 0 on U,, for each « as in [48, Equation (1.2.1")] and observing that
the compatibility conditions [48, Equation (1.1.16)],

0= = ga_éWagaﬁ + g;édgag =0 onU,NUg,
are automatically obeyed.

2.3. An extension of Uhlenbeck’s Theorem on existence of a local Coulomb gauge. We
shall need to extend Uhlenbeck’s Theorem on existence of a local Coulomb gauge to include the
range 1 < p < d/2 when d > 3 (and in particular, p = 2, when d > 5) as well as d/2 < p < d. The
required extension is given by Corollary 2.T0l We first recall the original statement of Uhlenbeck’s
Theorem (with a clarification due to Wehrheim).
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Theorem 2.5 (Existence of a local Coulomb gauge and a priori estimate for a Sobolev connection
with L%2-small curvature). (See Uhlenbeck [84, Theorem 1.3 or Theorem 2.1 and Corollary 2.2]
or Wehrheim [88, Theorem 6.1].) Let d > 2, and G be a compact Lie group, and p € (1,00)
obeying d/2 < p < d and sg > 1 be constants. Then there are constants, € = e(d, G, p, so) € (0,1]
and C = C(d,G,p,sq) € [1,00), with the following significance. For q € [p,0), let A be a W4
connection on B X G such that

(2.5) | Fallzso(m) <6,

where B C R? is the unit ball with center at the origin and so = d/2 when d > 3 and so > 1 when
d = 2. Then there is a W4 gauge transformation, u : B — G, such that the following holds. If
A =0 +a, where © is the product connection on B x G, and u(A) = © + v tau + v~ 'du, then

d*(u(A) —0)=0 a.e. on B,
(u(A) —©)(7) =0 on dB,
where 1 is the outward-pointing unit normal vector field on 0B, and
(2.6) [u(A) = Ollwrr) < CllFallLr(B)-

Remark 2.6 (Restriction of p to the range 1 < p < 00). The restriction p € (1,00) should be
included in the statements of [84] Theorem 1.3 or Theorem 2.1 and Corollary 2.2] since the bound
([26]) ultimately follows from an a priori LP estimate for an elliptic system that is apparently only
valid when 1 < p < co. Wehrheim makes a similar observation in her [88, Remark 6.2 (d)]. This
is also the reason that when d = 2, we require sop > 1 in (Z.3]).

Remark 2.7 (Dependencies of the constants in Theorem [Z3]). (See [30, Remark 4.2].) The state-
ments of [84, Theorem 1.3 or Theorem 2.1 and Corollary 2.2] imply that the constants, ¢ in (2.5))
and C in (2.6), only depend the dimension, d. However, their proofs suggest that these constants
may also depend on G and p through the appeal to an elliptic estimate for d4d* in the verification
of [84, Lemma 2.4] and arguments immediately following.

Remark 2.8 (Construction of a W**14 transformation to Coulomb gauge). (See [30, Remark
4.3].) We note that if A is of class W% for an integer k& > 1 and ¢ > 2, then the gauge
transformation, u, in Theorem 25 is of class W**19; see [84] page 32|, the proof of [84, Lemma
2.7] via the Implicit Function Theorem for smooth functions on Banach spaces, and our proof of
[28, Theorem 1.1] — a global version of Theorem

Remark 2.9 (Non-flat Riemannian metrics). Theorem continues to hold for geodesic unit
balls in a manifold X endowed a non-flat Riemannian metric, g. The only difference in this more
general situation is that the constants C' and e will depend on bounds on the Riemann curvature
tensor, R. See Wehrheim [88, Theorem 6.1].

We now provide an extension of Theorem to include the range 1 < p < d/2 (and in
particular, p = 2, when d > 5).

Corollary 2.10 (Existence of a local Coulomb gauge and a priori WP estimate for a Sobolev
connection with L%2-small curvature when p < d/2). Assume the hypotheses of Theorem[Z3, but
allow any p € (1,00) obeying p < d/2 when d > 3. Then the estimate ([226]) holds for 1 < p < d/2.

Proof. The proof of Theorem by Uhlenbeck in [84] Section 2] makes use of the hypothesis
d/2 < p < d through her appeal to a Holder inequality and a Sobolev embedding. However, an
alternative Holder inequality and Sobolev embedding apply for the case 1 < p < d/2, as we now
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explain. Write a := u(A4) — © € WH4(B; Al ® g) for brevity and observe that by ellipticity of the
first-order operator d+d* : Q'(B;g) — Q2(B;g)®Q"(B; ) with its Neumann boundary condition,
we have the a priori global estimate (see [88, Theorem 5.1 and p. 102, last paragraph]),

(2.7) lallwres) < Cll(d+ d¥)all e (5)
for C = C(d,G,p) € [1,00). Using d*a = 0 and F,4) = Foya = Fo +da+aha=da+ala
and |Fy,(4)| = [Fa| a.e. on B, the preceding bound yields
lalwios) < C (I1Fallrs) + lla A o)) -
We can estimate ||a A a||z»(p) by writing, for a constant ¢ = ¢(d, G) € [1, 00),
la A allLepy < cllallLsp)llall Lacpy,

where s > p is defined by 1/p = 1/s + 1/d, that is, 1/s = (d — p)/dp or s = dp/(d — p).
Recall from [2, Theorem 4.12, Part I (C)] that there is a continuous embedding of Sobolev
spaces, WHP(B;R) C LP"(B;R), when 1 < p < d (by hypothesis, we have 1 < p < d/2) and
p* =dp/(d — p) = s. Hence, noting that (d/2)* = d(d/2)/(d — (d/2)) = d, we obtainl]

lallags) < Cllallysarss,
lall o5y < Cllallwirs),
for C' = C(d) or C = C(d,p) € [1,0), respectively. Therefore,
laAallpes) < cllall o llallpamy < Cllallwrrs) lallyraz s,
for C = C(d,G,p) € [1,00). The estimate ([24) (with p = d/2) from Theorem 2] yields
lallwrar2gy < ClIFallLar2(py

for C = C(d,G) € [1,00). But [[Fal a2y < € by hypothesis (25) of Theorem 1] so we may
combine the preceding inequalities to give, for C'= C(d, G, p) € [1,00),

la Aallprs) < Cellallwir(p)-
Consequently,
lallwiogs) < € (IFallois) + la A allogs)
< C (|Fallzos) + llallwios)) -
Hence, for small enough ¢ = ¢(d, G, p) € (0, 1], we may use rearrangement to find
lallwrr) < CllFallLe(m),
and this yields (2.6) when p € (1,d/2). o

For completeness, we shall also include the following extension of Theorem (and slight
improvement of our [30, Corollary 4.4]) to include the range d < p < oo, although this extension
will not be needed in this article.

5Throughout this article, we apply the pointwise Kato Inequality [33, Equation (6.20)] to pass from a Sobolev
inequality for scalar functions to a Sobolev inequality with the same constant for sections of a vector bundle.
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Corollary 2.11 (Existence of a local Coulomb gauge and a priori WP estimate for a Sobolev
connection one-form with LP-small curvature when p > d). Assume the hypotheses of Theorem
228, but consider d < p < oo and strengthen (23] t

(2.8) | Fallem) <,
where p = dp(d + p) when p > d and p > d/2 when p = d. Then the estimate (286 holds for
d <p < oo and constant C = C(d,p,p,G) € [1,00).

Proof. We modify the proof of Corollary and separately consider the cases d < p < o0
and p = d. When p > d, then [2, Theorem 4.12, Part I (A)] provides a continuous embedding of
Sobolev spaces, W1P(B;R) C L*>°(B;R). Also, [2, Theorem 4.12, Part I (C)] provides a continuous
embedding of Sobolev spaces, W'P(B;R) C LP(B;R) when p = p* := dp/(d — p) € (d,00), that
is, p =dp/(d +p) € (d/2,d). Thus,
laAallLesy < cllallzeyllallLey < Cllallwrsp)llalwies),
for ¢ = ¢(d,G) € [1,00) and C = C(d, G, p) € [1,00). Because p € (d/2,d), Theorem 25 applies
to give
lallwissy < CllFallLs(s)-
Thus, for F4 obeying (Z8]) with p = dp/(d + p), the proof of Corollary yields estimate (2.0]).
When p = d, choose s € (d,00) and define ¢ € (d,00) by 1/d = 1/s + 1/t, so that
laAallrep) < cllallpssyllallLem)-

For 5 = ds/(d + s) € (d/2,d), we have a continuous embedding of Sobolev spaces, W5(B;R) C
L*(B;R). Also, [2, Theorem 4.12, Part I (B)] provides a continuous embedding of Sobolev spaces,
Wh4(B;R) C L*(B;R). Therefore, applying these embeddings to the preceding inequality yields

la A allLepy < Cllallwssllallwras,
for C = C(d,G,p,s) € [1,00). Because s € (d/2,d), Theorem [Z5] again applies to give

lallwisz) < CllFallps)-
Thus, for F)4 obeying (Z8]) with p = s, the proof of Corollary 2.0l again yields estimate ([Z.6]). O

2.4. Continuous principal bundles. Our principal goal in this subsection is to prove the
forthcoming Theorem 2.T6], which yields a continuous isomorphism between principal G-bundles
that support Sobolev connections whose local connection one-forms in Coulomb gauge are L%-
small and whose corresponding transition functions are LP-close for some p € (d/2,d).

Recall [44] Theorem 5.3.2] that a continuous principal G-bundle P, over X is uniquely defined
up to isomorphism by a collection of maps, gos : Uy N Ug — G, corresponding to a covering
U = {Uq}acs) of X by open subsets, that obeys the cocycle condition,

(2.9) 9aB9Bv9ve = 1idg on U, NUgNU,,

for all a, 8,7 € & such that U, N Ug N U, # @. The condition [29) implies that g, = idg
on U, and g;é = gga on U, N Ug. Moreover, according to [44, Proposition 5.2.5], a bundle

P, is isomorphic to P, = ({haglapess {Uatacr) if and only if there exist continuous maps,
Pa Uy — G for all a € #, such that

(2.10) hag = pglgagpg on U, NUg,

61 Corollary 4.4], we assumed the still stronger condition, ||Fallrrp) < €.
Yy g (B)
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for all o, B € . such that U, NUg # @. The result below due to Uhlenbeck allows us to replace
the equality (ZI0) by the forthcoming estimate ([212).

Proposition 2.12 (Isomorphisms of principal bundles with sufficiently close transition func-
tions). (See Uhlenbeck [84], Proposition 3.2], Wehrheim |88, Lemma 7.2 (i)].) Let G be a compact
Lie group and X be a compact manifold of dimension d > 2 endowed with a Riemannian met-
ric, g. Let {gap} and {hos} be two sets of continuous transition functions with respect to a
finite open cover, % = {Uy}acs, of X. Then there exist constants, € = ¢(g,G, %) € (0,1] and
C=0C(9,G,%) € [1,00), with the following significance. If
(2.11) d:= sup |gag(z) — hap(z)| <ce,

zeUaNUg,

a,pes

then there exists a finite open cover, V' = {Vy}acs, of X, with V, C U, and a set of continuous
maps, po : Vo — G, such that

pagaﬂpgl = haﬁ on Vo N VB

and

(2.12) sup |pa(z) —idg| < C4.
ZBEVQ7
acsS

In particular, the principal G-bundle defined by {gap} is isomorphic to the principal G-bundle
defined by {hqs}.

Remark 2.13 (Dependencies of the constants ¢ and C' in Proposition 2I12]). The dependencies
of the constants € and C in [84] Proposition 3.2] are not explicitly labeled, but those in our
quotation, Proposition [Z12], are inferred from its proof in [84].

Next, we have the

Theorem 2.14 (W?P bounds on transition functions for continuous principal bundles with
L%small local connection one-forms in Coulomb gauge). Let (X,g) be a closed, smooth Rie-
mannian manifold of dimension d > 2, and G be a compact Lie group, q > d/2 be a constant, P
be a W24 principal G-bundle over X, and % = {Uy}ac.s be a finite cover of X by open subsets.
Let A be a WH42 connection on P and 0q : Uy — P be W24 local sections such that the local
connection one-forms,
o =0 A e WH2(U; A @),
obey, for each o € .,
d*%a, =0 a.e. on U,.

Let {gap}a.pes be the corresponding set of transition functions in W*4(U, N Ug; G) for each
a,f € F such that Uy, NUg #@. If p<gq obey:ﬂ l<p<dandV ={Vy}acs is a finite cover
of X by open subsets such that V,, € Uy, then there are constants C = C(g,G,p, % ,V) € [1,00)
and e =¢e(g,G,p, %,V € (0,1] with the following significance. If

(2.13) max [|aa |l Laanug < €
then
(2.14) 9apllw2r(varvs) < C.

"By analogy with Corollary 211 or [30, Corollary 4.4], the condition p < d could be relaxed to p < ¢ at the
expense in the hypothesis (ZI5) of replacing the L? norm by an L? norm when p > d.
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Remark 2.15 (Uniform Holder norm bounds on transition functions for continuous principal bun-
dles with L%-small local connection one-forms in Coulomb gauge). Recall from [2, Theorem 4.12,
Part II] that there is a continuous embedding,

W2P(U;R) € C°(U;R),
where for an open subset U C R? (obeying an interior cone condition) and a) 0 < § < 2 — (d/p)

if p<d<2p,or b) 0 <6 <1if p=d,and so the transition functions g, in Theorem 2.1 obey
a uniform C°(V,, N V3; G) bound.

The proof of Theorem [214] is very similar to the proof of the forthcoming Theorem and
so is omitted: one simply uses b, = ao and hog = gop in the proof of Theorem and notes
that because G is compact, ||gasllz~w.nvy) < C. Our proof of the forthcoming Theorem
relies on the following generalization of Proposition

Theorem 2.16 (Continuous principal bundles with L%small local connection one-forms in
Coulomb gauge). Let (X, g) be a closed, smooth Riemannian manifold of dimension d > 2, and
G be a compact Lie group, q¢ > d/2 be a constant, P and Q be W4 principal G-bundles over X,
and {Uy}acs be a finite cover of X by open subsets. Let A and B be Whd/2 connections on P
and Q, respectively, and oq, o : Uy — P be W24 local sections such that the local connection
one-forms,
Ao =0 A € Wl’d/2(Ua;A1 ®g) and by :=¢.B¢€ Wl’d/2(Ua;A1 ® g),
obey, for each o € I,
d%a, =0=d"b, a.e. on U,.

Let {gaptapes and {haglapes be the corresponding sets of transition functions in W24(U, N
Ug; G) for each o, B € I such that U,NUg # @. Ifp < q obeyéﬁ 1<p<dand{Vy}acs is a finite
cover of X by open subsets such that V,, € U,, then there are constants C = C(g,G,p, %, V) €
[1,00) and e = e(g,G,p) € (0,1] with the following significance. If

(2.15) max [[aal| Lawanu, <€ and  max|lba]lLauanuy <€

then

(2.16) [|gap — haﬁ”WZ’P(VaﬂVB) < Cllgap — haBHLP(UamUB)

+C (Haa = ballLawanu,) + llasg — bﬁ”Ld(UamUB)) .

Moreover, if

(2.17) X [gap — hasllLrwanug) <
then
(2.18) 3% {[gap — hagllwzsvanwy) < Ce.

Finally, if p > d/2 and e = e(g9,G,p, %, V) € (0,1] is sufficiently small, then P is isomorphic to
Q as a continuous principal G-bundle.

8By analogy with Corollary 2] or [30, Corollary 4.4], the condition p < d could be relaxed to p < ¢ at the
expense in the hypothesis (ZI5) of replacing the L? norm by an L? norm when p > d.
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Proof. We proceed by simplifying Taubes’ proof of his [82] Lemma A.1] (where d = 4) and
Riviere’s proof of his [67, Theorem IV.1] (where d > 4). Let us observe that d*s = — %, dx, :
QY(X;End(g)) — Q°(X;End(g)) by [87, Section 6.1], where x = %, : Q/(X;R) — QI~!(X;R) (for
integers 0 < [ < d) is the Hodge *-operator for the Riemannian metric g on X and we write
d* = d*9 for brevity in the remainder of the proof. Because d*a, = 0 on U, for all o € .#, then
the identity

(2.19) dgag = gapag + aagap on U, NUg,
yields

d*dgag = = * (dgap N xag) + gapd ag + (d*aa)gap + *((*aa) A dgagp)
= — % (dgap N *ag) + *((*xaq) N dgag) on Uy N Up.
Similarly, we have
dhag = hagbg + bahag,
d*dhop = — * (dhag A xbg) + #((%ba) A dhag) on Uy NUg.
For brevity, define
fag = 0gap — hap on Uy, NUg, Va,b € 7,

and observe that, by subtracting the corresponding the equations for dh,g and d*dh,g from those
for dgop and d*dg,z, we obtain

dfos = fapap + aafap + haplag —bg) + (da = ba)has,
d*dfop = — * (dfap N *ag) + *((*aq) A dfog) — *(dhag N *(ag — bg)) + *((*(aq — ba)) A dhag).

If pa, € C5°(Ua N Ug;R), then
d(agfap) = (dpay)fas + Casdfap;
d*d(Pay fap) = (d*dpay) fap + 2(grad @a,, grad fos) + Pasd dfas.
Therefore, writing ¢, := aq — by for a € & for brevity, we have
4" d(Pag fap) = = * (dfap N *xag)Pay + *((xaa) A dfap)Pa,

— *(dhag N *cg)Pa, + *((*ca) N dhap)Pa,
+ (d*d@a@)faﬁ + 2<grad goaﬁ,grad fa6>y

which gives

d*d(ﬁpa,gfaﬁ) = — % (d(‘pa,gfaﬁ) A *aﬁ) + *((*aa) A d(@agfaﬂ))
+ *((dSOag)faB A *ag) — *((kaq) A (dSOag)faB)
— *(dhag N *cB)gpaB + *((xcq) A dhag)goaﬁ
+ (d*dpag) fop + 2(grad pa, grad fop).

Assume that supp ¢, C U/, where U/, € U,, is an open subset (obeying an interior cone condition)
for each a« € #. Thus, for d > 2 and p € [1,d) and p* = dp/(d — p) € [d/(d — 1),00), so
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1/p =1/p* + 1/d, we have (provided q > p), for ¢ = ¢(g,G) € [1,0),
(e fas)llrx) < eld(ay Fap)llzor (x) (laallawanuy) + lagllcawarus)
+ ellfasll o wynws) (el Lawanu,) + laslzaw.nn,))
+ clldhagll e wonuy) (||aa = ballLawanuy) + llag — b,BHLd(UaﬂUﬁ)) )
+c (Hd*d%cg oo () 1 fagll Loy v + [1dpay ”Loo(X)deaBHLP(U,;nUg)) :

Using WP(U;R) C LP"(U;R), the continuous embedding of Sobolev spaces given by [2, Theorem
4.12, Part I, Case C], for an open subset U C R¢ (obeying an interior cone condition), we obtain

|4 d(ay fos) o) < ellfas Fasllwoxy (laall Lowarvy + a8l Lawarvy))
+ Cllfallwrewynuy) (HaaHLd(UaﬂUB) + HaBHLd(UaﬂUg))
+ Cllhasllwze(Uanus) (Haa = ballLawanu,) + llasg — b5|’Ld(UaﬂU5))

+c (Hd*d%g 2o o) [ fasll e ynuy) + [1dPay HLoo(X)deaBHLp(U,;mUé)) ,

for a constant C = C(g,G,p, %) € [1,00). For any p € (1,00), we have the a priori LP global
elliptic estimate (see [26] Theorem 14.60] or [35, Theorem 9.11]),

[Pag fasllwer(x) < C (||d*d(90a5fa6)||m(x> + ||(10agfoz,8||LP(X)) ,

for C = C(g,G,p) € [1,00). Hence, for a, obeying (ZI5) and choosing ¢ = (g, G,p) € [1,00)
sufficiently small, rearrangement gives

ld*d(pay fas)llox) < Cllfagllwrewiovy) (laal cawanus + lasllzawaro,))
+ Cllhaslwswarv) (I9a = ballLawaruy + las = bsll Lawaruy))
+C (”d*d%g oo (x) 1 fagll Loy v + [1dpay ”LOO(X)deaﬁ”LP(U{ané)) ,
and thus
ey fasllwzex) < Cllhagllw2swans) (laa = ballLawaruy + llas = bsllLawaruy))
(2.20) +C (14 14" gy | o () ) I fasll Loz
+C (1 + [|[dpa, ||L°°(X)) |dfapll e wyny)-

We could now choose ¢,5 obeying ¢,3 = 1 on V,, N Vg, so the preceding inequality and the w2p
bounds ([2.14) for hopg (with gos and V,, replaced by hg and U,, respectively) would yield

1908 — Pagllwzrvanvs) < Cllgas — hapllwirw.nus)
+C (Haa = ballLawanu,) + llasg — bﬁ”Ld(UaﬂUg)) .

However, a more refined application of the inequality (220]) in conjunction with Krylov’s approach
to derivation of a priori interior LP estimates for an elliptic, linear, scalar, second-order partial
differential operator on a bounded open subset, U € R%, and the interpolation inequality [35,
Theorem 7.28] (for C = C(U) € [1,00) and any 6 > 0),

IV fasllLr @y < SV fasll o) + C5 I fapll e,
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as in Krylov’s proofs of [51], Theorems 7.1.1 or 8.11.1] or [52, Theorem 9.4.1] (noting that we can
assume without loss of generality that the open subsets U, C X are geodesic balls), allows us to
also eliminate the term ||dfqz|| Lr(U,NUY) from the right-hand side of ([2Z220) and obtain the desired
estimate (ZI6). Moreover, the estimate (ZI6]) and bounds (2I5) and [ZI7) (with p < d) gives

the estimate ([2I8)).
If p > d/2, then W2P(U;R) C C°(U;R) is a continuous embedding of Sobolev spaces by [2,

Theorem 4.12, Part I, Case A], for an open subset U C R¢ (obeying an interior cone condition),
so ([2.I8) yields

max. Hgaﬁ - ha,BHCO(VamVB) < Ck,

a,BeS
for C = C(g9,G,p,%,¥) € [1,00). We now appeal to Proposition 212 to give the desired
isomorphism between P and @ to complete the proof of Theorem 210 O

A slight variant of the derivation of (ZI6]) in Theorem yields

Corollary 2.17 (Continuous principal bundles with L%-small local connection one-forms in
Coulomb gauge). Assume the hypotheses of Theorem [Z16. Then

(2'21) ||.ga6 - ha,BHW?vP(VaﬂVB) < CHgaB - h‘OcBHLp(UaﬂUg)
+C (llaa = ballowaruy) + las = bsllLewary) ) -
where C = Clg,G,p, %, V) € [1,00).

Remark 2.18 (Related results due to Riveére and Taubes). Theorem is essentially equivalent
to Rivere’s [67, Theorem IV.1] and that in turn may be viewed as a generalization of part of
Taubes’ [82] Proposition 4.5 and Lemma A.1] from the case of d = 4 to arbitrary d > 4. (It
is likely that [67, Theorem IV.1] also holds for d = 3 and possibly even d = 2, but that would
require carefully checking that all of the results used in the proof involving Lorentz spaces when
d > 4 (as implicit throughout [67]) also hold for d = 2 or 3.) In [67, Theorem IV.1], Rivere does
not explicitly state that the local sections are continuous, but this appears to be implied by the
proof.

In [67], Riviére uses Lorentz spaces to obtain the necessary L control over transition functions
in this case of borderline W1%/2 strong convergence of local connection one-forms in Coulomb
gauge. References for key results on Lorentz spaces employed by Riviére include Brezis and
Wainger [17], Lorentz [59] [60], Peetre [65] [66], Stein and Weiss [77], Tartar [79, [80], and Grafakos
[37] for a more recent exposition. Our proof of Theorem [ZT6lis considerably simpler than those of
[67, Theorem IV.1] or [82] Lemma A.1] since it only requires standard results on Sobolev spaces
[2] and an a priori LP estimate for the Laplace operator [35].

Remark 2.19 (Related results due to Isobe and Shevchishin). Isobe has shown that any two C°
principal G-bundles that are sufficiently close to each other in the W1 4(X)-norm are necessarily
isomorphic (see 45, Theorem 1.1 and Proposition 3.1]); compare Shevchishin [73, Theorem 2.6]
for a related result. However, the proofs of [45, Theorem 1.1 and Proposition 3.1] are quite
involved whereas the proof of Theorem is direct and the result more than adequate for our
application.

2.5. Existence of a flat connection for the critical exponent. In this subsection, we estab-
lish the forthcoming Theorem 2:20]— an extension of Item (I]) in Theorem 2.I]— giving existence
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of a C™ flat connection on a principal bundle supporting a W4 connection with L%2_gmall cur-
vature for d > 3 or L*9-small curvature for d = 2 and sy > 1. This will also verify Item () in
Theorem [

Suppose temporarily that X is a closed, four-dimensional, oriented, topological manifold and
that G is a compact simple Lie group. We recall from [70, Appendix]|, [81, Propositions A.1
and A.2] that a topological principal G-bundle, P over X, is classified up to isomorphism by
a cohomology class n(P) € H?*(X;m(G)) and its first Pontrjagin class, pi(P) € H*(X;Z),
or equivalently, first Pontrjagin degree, (pi1(P),[X]) € Z, where [X] € Hy(X;Z) denotes the
fundamental class of X. The topological invariant, n € H?(X;71(G)), is the obstruction to the
existence of a principal G-bundle, P over X, with a specified Pontrjagin degrees.

In his Ph.D. thesis [71] and its published version [70], Sedlacek applied the direct minimization
method to the Yang Mills energy function (I5) on the affine space of W9 connections on
a smooth principal G-bundle P over a closed, four-dimensional, smooth Riemannian manifold
(X, g) to prove existence of a C*° Yang—Mills connection, A, on a smooth principal G-bundle,
P, over X, where 1(Px) = n(P) and p1(Px)[X] > p1(P)[X] (see [70, Theorems 4.3, 5.5, and 7.1
and Corollary 5.6]). Here, n(P) is the obstruction class (see [70, Section 2]), p1(P) € H*(X;Z) is
the Pontrjagin class of P, and p1(P)[X] € Z is the Pontrjagin degree for P. The case p1(Px)[X] >
p1(P)[X] arises due to the phenomenon of energy bubbling, as explained in [70, Sections 5 and
7]. In his proof of [70, Theorems 4.1 and 4.3 and Proposition 4.2], Sedlacek considers a sequence
of C*° connections, {A7}2°,, on P such that

E(AY N, m(n), asi— oo,

where m(n) := inf{&(A) : A is a C* connection on a smooth principal G-bundle P’ such that
n(P") = n} and finds a C*° Yang-Mills connection A, on a smooth principal G-bundle P, with
N(Ps) = n(P) by [0, Theorem 5.6]. If P supports a C'*° connection A obeying the condition
(CI) with d = 4, namely
[Fall2(x)y <e,

then the Chern—Weil representation of characteristic classes [61] implies that p;(adP)[X] = 0 for
small enough ¢ = ¢(g,G, k) € (0,1] (where k = pi(adP)[X] € Z). (Arguing along these lines,
Sedlacek obtains his [0, Theorem 7.1].) But &(Ax) < &(A) and thus also pi(adPx)[X] = 0.
Hence, P is isomorphic to P, as a continuous principal G-bundle, at least when G is simple, by
the preceding remarks on their classification.

While Sedlacek confines his attention to manifolds X of dimension d = 4, his argument employs
Uhlenbeck’s Theorem 25, which is valid for the unit ball B € R? of any dimension d > 2. As we
discuss here, it is therefore not difficult to modify his proof to yield a version of his [70, Theorem
4.3] which is also valid for X of any dimension d > 2. Furthermore, that generalization to d > 2
of [70, Theorem 4.3] from d = 4 will yield the desired enhancement (from p > d/2 to p = d/2)
of Ttem () in Theorem 2] (existence of a C'°° flat connection, I', on a principal G-bundle P
supporting a W14 connection, A, with LP(X)-small curvature Fy).

Theorem 2.20 (Existence of a C* flat connection on a principal bundle supporting a W4
connection with L%2-small curvature). Let (X, g) be a closed, smooth Riemannian manifold of
dimension d > 2, and G be a compact Lie group, and sqg > 1 be a constant. Then there is a
constant, € = (g, G, s9) € (0,1], with the following significance. If q € (d/2,00] and A is a W4
connection on a smooth principal G-bundle P over X whose curvature obeys (1), namely

[ Fallzso(x) < &
where sy = d/2 when d > 3 or so > 1 when d =2, then there is a C*° flat connection, T, on P.
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Proof. Suppose the conclusion is false, so we may select a sequence {A}%°; of W4 connections
on P such that [|[Fji| pa/2(x) — 0 as i — oo but P does not admit a C° flat connection. Choose
a finite cover of X by geodesic balls, B* = By(z,) C X with centers z, € X and radius
0 € (0,Inj(X,g)), for all « € .#. With the aid of geodesic normal coordinates, one sees that the
Riemannian metric, g, is C'-close to a flat metric in a small enough open neighborhood of z,
(see Aubin [7, Definition 1.24, Proposition 1.25, and Corollary 1.32]). Choose ¢ € (0, 1] small
enough that we can apply Theorem 5. Hence, there are a sequence of W24 local sections,

o' : B, — P, and W21 transition functions, gfxﬁ : B,NBg — G, and local connection one-forms,
= (0!)*A" € WH9(B,; A' ® g), such that for all i € N and o, 3,7 € .Z,

kg 1
d*9a, =0 on By,

U
lagllwrarep,y < elFaill parzp,),
ggﬁg%gfya =idg on B,NBgNB,,
nglg = dgflﬁ = gggaiﬁ + aflgflg on B, N Bg,
where ¢ = ¢(g,G) € [1,00). Hence, for all o, 5 € .# and i — oo, we have
al, =0 in Wh2(B,;A' @),
Vgis — 0 in LYBy N Bg; G),
since, using the continuous embedding of Sobolev spaces, W'%2(B;R) ¢ L%(B;R) by [2, Theorem
4.12, Part I (C)] for any ball B € R,
IV gislla(Bonsa) < € (labllwrares,) + lablwras,))

and the fact that G is compact, so ||géﬂ||Loo(BanBﬁ) < ¢y, where ¢y = ¢o(G) and ¢ = ¢(g,G, 0) €
[1,00). Moreover, because

V2905 = Viap © aj + gagVaj + (Vag)gap + a5, ® Voo,
and LB, N Bg) x LY B, N Bg) — L%?(B, N Bg) is a continuous Sobolev multiplication map
and W1%2(B;R) ¢ LYB;R) is a continuous Sobolev embedding, we see that

Vigis — 0 in LY?(B, N Bs; G),

for all o, € Z, as i — oo. In particular, the sequence {gflﬁ}fil is uniformly bounded in
W24/2(B, N Bg; G) and because the Sobolev embedding, W24/2(B;R) € W' (B;R) for r € [1,d),
is compact by the Rellich-Kondrachov Theorem (see [2, Theorem 6.3]), thus, after passing to a
subsequence, there is a collection of maps, hag : B, N Bg — G such that Vh,g = 0 on B, N By
and
9hs = hag in LYBa N Bg; G), i — o0,

for all o, B € Z. Hence, the sequence {gflﬁ 190, of W24 transition functions, defining a sequence
of W24 principal G-bundles, P;, isomorphic to P (as continuous principal bundles) converges in
WL (B, N Bg; G) to a collection of constant maps, {has}a.ge.s, obeying the cocycle condition,

haphgyhya =idg on BoNBsN B, Va,B,y€ 7.

Therefore, by Proposition [2Z4] the collection {hys}a ge.s defines a C° flat connection, I', on a C'*°
principal G-bundle, @), over X with local connection one-forms, b, = 0 on B,, for all « € .Z. But
Theorem [2.16] implies that the sequence {gflﬁ }i2, actually converges to hqog in I/Vli’f(Ba NBg; GQ),
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for any p < g obeying 1 < p < d and all o, § € .#, and that @ is isomorphic to P as a continuous
principal bundle. This contradicts our initial assumption and thus proves Theorem [2.20 O

Remark 2.21 (Alternative proof of convergence of transition functions). Rather than apply the
Rellich-Kondrachov Theorem in the proof of Theorem 220} we may instead observe that the
difference between the average heg = (g(l;yﬁ)BaﬁBﬁ € G of Jop o0 Ba N Bg,

1
« VA =S =— « d 17 ) Lﬁ?
(9ap) BanBs vol(Ba 1 By) /BamBﬂg gdvol, VYa,B €

and gfxﬁ may be estimated via the Poincaré Inequality [24, Theorem 5.8.1],

(2.22) 965 — Pl Lo (Barpy) < Clldghslle(Bans,), Ya,B €2, ieN.

But G is compact and thus, after passing to a subsequence and relabelling, we may suppose that
the sequence, {hfxﬁ}‘x’ converges to a limit h,g € G and consequently the sequence, {gfxﬁ}fil,

1=

converges in W2P(B, N Bg; G) to a limit hag.

The proof of Item (2)) in Theorem [I] will take up most of the remainder of Section 2l However,
the proof of Theorem 220 already shows that the flat connection, I', that it provides is close to
A in the following sense.

Corollary 2.22 (Comparison between flat connection and W4 connection with L%2-small cur-
vature). Continue the assumptions of Theorem [Z20 and let {By}ac.s be a finite cover of X by
open geodesic balls of radius o € (0,Inj(X,g)), let ¥ = {Va}tacs be a finite cover of X by open
subsets such that V, € By, and let p < q be a constant obeying 1 < p < d. Then there are a
constant C = C(g,G,p, 7 ,0) € [1,00), a set {0a}acs of W1 local sections, oo : Bo — P, a
corresponding set {gagta.pes of W4 transition maps, gas : Ba N Bg — G, defined by

03 = 0agap 0N By N Bg,

a set of local connection one-forms, a, = ofA € WH(B,; At ® g), a set {sa}tacs of C°° local
sections, So : B — P, and a corresponding set {hog}apes of constant transition maps, hag :
B, N Bg — G, defined by

Sg = Sahag on B, N Bg,

and a set of local connection one-forms, by = ¢XI' € C*°(By; A ® g) such that the following hold:

(2.23a) d%an, =0 a.e. on B, and b, =0 a.c. on B,
(2.23b) laallwirB.) < CllFallLr(B.),
(2.23¢) 1908 — hagllw2rvanvy) < Cé,

where € is as in Theorem [2.20.

Proof. The conclusions (Z23)) are provided by the proof of Theorem By Husemoller [44],
Theorem 5.3.2], a set of transition maps, {hag}a,ge.7, With respect to a finite cover, { B, }ac.s, of
X by open subsets, defines a principal G-bundle P over X (up to isomorphism) and a set of local
sections, {¢q }ac.#, With respect to which the maps, hos : Bo N Bz — G, are the corresponding
transition functions. Indeed, one begins by defining ¢, : B, — B, x G by setting ¢, (z) = (z,idg)
for all z € B,, and obtaining P from the local coordinate descriptions, B, X G, as a quotient via
the equivalence relation defined by the transition maps, hqg. O
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Remark 2.23 (Distance between flat connection and W connection with L%?-small curvature).
At first glance, it might seem that Corollary would almost immediately yield the estimates
([L2) or (LF) asserted by Theorem [l however that is not so since |laq |ly1.0(p,) does not directly
measure the distance between A or u(A) and I' with respect to the same local section. Indeed,
(A —=T) =¢tAsince ¢;I' = 0 but ¢} A # a,, while 0}(A —T') = a, — 0T since o) A = a, but
o:T" # 0. The analogous comments apply to u(A) —I". Instead, our strategy will be to show that
ol llwie(v,) may be estimated in terms of ||[Fallzr(p,), for a finite cover, {Va}aes, of X by
open subsets V, € B,,.

2.6. Estimate of Sobolev W!? distance to the flat connection for 1 < p < ¢. In the forth-
coming Theorem 224] we will establish an extension of Item (2]) in Theorem [Z1] by a) relaxing
the condition ZII) (that Fy4 is LY(X)-small) to (1) (that Fy4 is L*(X)-small, where sg = d/2
when d > 3 or sp > 1 when d = 2), and b) relaxing the condition that p € (1,00) obey d/2 < p <q
to obeying 1 < p < d. (The case d < p < ¢ is covered by Item (2] in Theorem [ZI] under the
hypothesis ([Z)).) In particular, this will prove Item (2)) in Theorem [II

Theorem 2.24 (Estimate of Sobolev WP distance to the flat connection for 1 < p < d).
Let (X, g) be a closed, smooth Riemannian manifold of dimension d > 2, and G be a compact
Lie group, and q € (d/2,00] and p € (1,00) obeying p < d and sy > 1 be constants. Then
there are constants, € = (g,G,p, so) € (0,1] and C = C(g,G,p, so) € [1,00), with the following
significance. If A is a W14 connection on a smooth principal G-bundle P over X whose curvature
obeys (L)), namely

[ Fallpsox) < e,
where so = d/2 when d > 3 or sg > 1 when d =2, and T is the C*° flat connection on P produced
by Theorem [Z20, then [22]) holds for 1 < p < d, that is,

1A= Tl < ClFAlLrxy:

Theorem will in turn follow from extensions of intermediate results established by the
author in [30, Section 6] and by Uhlenbeck in [84], Section 3] and which we shall now discuss.

Lemma 2.25 (Sobolev bounds on isomorphisms of principal bundles with sufficiently close
transition functions). (See Feehan [30, Corollary 6.4] or Uhlenbeck [84, Corollary 3.3] for the
casd] p € [d/2,q].) Let G be a compact Lie group, (X,g) be a compact, smooth Riemannian
manifold of dimension d > 2, and ¢ > d/2 and p € [1,q] be constants. Let {gos}apesr and
{hag}apes be two sets of W?24(U,NUg; G) transition functions with respect to a finite open cover,
U = {Uq}acs, of X. Then there exist constants, ¢ = (g,G, %) € (0,1] and ¢ = ¢(g,G) € [1,0)
and C = C(g,G,p, %) € [1,00), with the following significance. If Inequality 2I1I) is satisfied,
then the maps, po : Vo — G, constructed in Proposition [Z14 belong to W?9(Vy; G) and obey
the C° bounds (2I2), with finite open cover, ¥ = {Us}acs, of X and V,, C U, for all a € 7.
Moreover, the following hold.

(1) (L" bound for Vp,.) If

(2.24) s {[ldgas L war) bl wanus) | < e

forr € [1,00] and n, > 0, then together with the bounds ([ZI2), the maps, pa, also satisfy
(2.25) sup vaaHL”“(Va) < cnp.
acd

9n [30, Corollary 6.4], we required the transition functions gas and has to belong to W2 (U, N Ug; G) for
p > d/2 for the purpose of regularity but p = d/2 is allowed in [30] Inequalities (6.3) and (6.4)].
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(2) (LP bound for V?p,.) If

(2:26a) s {1ldgs | i, dhesl Lawarus | <
(2.26b) Jnax {”dgaBHWLP(UaﬂUgﬁ HdhaBHWLP(UmUB)} < Gps

forng > 0 and ¢, > 0, and 1 < p < d, and the open subsets, Vo, C X, obey an interior
cone condition, then

(2.27) sup IV?pallrvy) < C(+ na)lps
act

while if p > d, then [227)) holds with ng replaced by (p.

Proof of Lemma [2228. Consider Item (II). By examining the proof of [30, Corollary 6.4], we see
that the bounds,

IVpallLr vy < enr,
in (Z25)) hold for any r € [1, 00|, given the bounds in (Z24]) for the same 7.

Consider Item (2]). We now indicate the changes to the remainder of the proof of [30, Corollary
6.4] and first consider the case 1 < p < d. The hypothesis p > d/2 of [30, Corollary 6.4] is
only used in the proof of the bounds on ||[V2pu||1r(v,) in (ZZT) when appealing to the Sobolev
embedding WHP(U) C L*(U), for an open subset U C R? (obeying an interior cone condition).
In the second and third lines of the displayed inequality immediately below [30} Inequality (6.8)],
rather than apply the continuous Sobolev multiplication,

L (VN Vg) x L*(V, N Vg) — LP(V, N V),

we instead use 1/p = 1/p* +1/d, with p* = dp/(d—p) € [d/(d—1),00), and apply the continuous
Sobolev multiplication,

LP (Vo N V) x LYV N V) — LP(V,NVg), 1<p<d.
We then apply the hypothesis (Z226al) to bound the resulting terms,
ldgasllavanvsys  NdhasllLaqanvy), Yo, B €.

We apply [30, Inequality (6.8)] (valid for any p € [1,00]), the continuous Sobolev embedding,
WLP(V, NVs) € LP"(V, N V3) (provided by [2, Theorem 4.12, Part I (C)]), and the hypothesis
(226D)) to bound the resulting terms,

HVPaHLP*(VamVﬁ) < alj%?}c {”dgozBHLP*(VamVﬁ)a [dhag | Lo (VaﬂVB)}

< ané?}c {”dgaﬁHWLp(vamvﬂ)a ”dhaBHWLP(VaﬂVB)}

)

<C, Va,fe,

for C = C(g,G,p,?) € [1,00). Similarly, in the third line of the displayed inequality immediately
below [30), Inequality (6.8)], we apply the hypotheses ([Z.26al) and (2.26h)), respectively, to bound
the terms,

”dhaB”Ld(vamva

|dgas |l Lo+ (VanV3) < CHdga,BHWLP(VaﬂVB), Va,B € 7,

for C = C(g,G,p, V) € [1,00). We thus find that (2.27]) holds for any p € [1,d).
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For the case p > d, we apply the continuous Sobolev multiplication,
L>®(VoanVg) x LP(Vo,NV3) = LP(Vo,NV3), p>d.
We then apply the hypothesis (2.26D)) to the resulting terms,

ldgasllze(varvy):  lldhagllLevanvy), Vo, B € S

Similarly to the case p € [1,d), we apply the [30, Inequality (6.8)], the continuous Sobolev
embedding, WP(V, NVz) C L>=(V, N V3) (provided by [2, Theorem 4.12, Part I (A)]), and the
hypothesis (2.26D]) to bound the resulting terms,

IVpallpevanvy), Vea,B€ 7.

We thus find that (Z27) holds for p > d when 7, is replaced by (.
Lastly, for the case p = d, we apply the continuous Sobolev multiplication,

L* (Vo N V) x L** (Vo nVp) — LYV, N V),
the continuous Sobolev embedding, W4(V,,NVj) € L?(V, N V) (provided by [2, Theorem 4.12,
Part I (B)]), and the hypothesis (226D]) to bound the terms,
HanB”Lw(vamvﬁ) < CHdgaﬂHWLd(VaﬂVB)7
ldhag || L2a(vanvs) < Clldhagllwrav,avs)-

Similarly to the case p > d, we bound the resulting terms,

HVPaHLZd(VmVB)-

We conclude that (Z27]) holds for p = d when 7y is replaced by (,. This completes the proof of
Lemma o

Lemma 2.26 (Sobolev estimates for transition functions of a principal G-bundle with a W14
connection). (See Feehan [30, Lemma 6.5] for the casdd p € [d/2,q].) Let G be a compact Lie
group, (X, g) be a compact, smooth Riemannian manifold of dimension d > 2, and q > d/2 and
p € [1,q] be constants. Let A be a W14 connection on a W4 principal G-bundle, P, over X and
U = {Us}acs be a finite cover of X by open subsets and o4 : U, — P be a set of W9 local
sections such that, for i) r = d/2 when p < d, or ii) r = p when p > d,

(2.28) loaAllwirwa) < CallFallrw,), Vae€ s,

where the Cq = Co(g,G,1,Uy) € [1,00) are constants. Let {gap}a,pes be the corresponding set
of W24(U, N Ug; G) transition functions with respect to the set of local sections, {04 }ac.s, S0

Oq = 0898a 0on Uy NUg.

If the open subsets, U, C X, obey an interior cone condition, then there exists a constant,
C =C(9,Gmaxpcy Co,p, %) € [1,00), such that

(2.29a) IV 9asllLranvs) < ClIFAllLr @auvs)
(2.2D) 1V°90s )l 1o warws) < € (14 I Falliswaivy) | Fallowasusy: VeuB €7,
where p = d/2 when 1 < p < d and p = p when p > d.

101 [30, Lemma 6.5], we required the transition functions gas to belong to WP (U, N Ug; G) for p > d/2 for
the purpose of regularity but p = d/2 is allowed in |30, Inequalities (6.10) and (6.11)].
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Proof of Lemma [Z220. By examining the proof of [30, Lemma 6.5], we see that the bounds,

||v9a,8||LP(UaﬂU5) < CHFAHLT’(UQOUB)y

in (Z29a]) hold for any p € [1, c0] provided the bounds in (Z28)) hold with r replaced by p.

We now indicate the changes to the remainder of the proof of [30, Lemma 6.5] and first
consider the case 1 < p < d. The hypothesis p > d/2 of [30, Lemma 6.5] is only used in the
proof of the bounds on [|V2gag||Lr(v, v, in (2230 when appealing to the Sobolev embedding

WhLP(U) c L?(U), for an open subset U C R? (obeying an interior cone condition).
In the proof of [30, Lemma 6.5], rather than apply the continuous Sobolev multiplication,

L*(U, NUg) x L**(U, NUg) — LP(U, N Up),

we instead use 1/p = 1/p*+1/d, with p* = dp/(d—p) € [d/(d—1),00), and apply the continuous
Sobolev multiplication,

[P (Uy NUg) x LYULNUg) — LP(U,NUs), 1<p<d,

and the continuous Sobolev embedding, W%2(U,NUs) € LY(U,NUg) (provided by [2, Theorem
4.12, Part I (C)]), to the resulting terms,

l|aa ||Ld(UamUB),

and the embedding WP(U, NUg) C LP" (U, N Up) (again provided by [2, Theorem 4.12, Part I
(C)]) to the resulting terms,

laall o (UanUg)*

We thus find that (2.29b]) holds for any p € [1,d). The case d < p < oo (in fact, d/2 < p < o) is
covered by [30, Lemma 6.5]. This completes the proof of Lemma i

We can now give the

Proof of Theorem [2.27] We shall verify that the inequality (2.2)) holds for 1 < p < d by adapting
our proof in [30, Section 6.3] of that inequality for p > 1 obeying d/2 < p < g when the hypothesis
(21) in Theorem [ZT]is replaced by the weaker hypothesis (ILI]) in Theorem Thus, we let

1.

and let the finite open cover, Z = {U, }ac.#, in the hypotheses of Lemmas and Lemma 2.26]
be defined by geodesic open balls, U, := B,y(z,), of radius ¢ and center z, € X.

Corollary 222 produces a set, {c, ae.s, of C local sections and a corresponding set, {hqs}a ge.s,
of constant local transition functions obeying

g =Sahap onU,NUg, Va,Be.f.

Moreover, the local sections, ¢, : U, — P, identify the flat connection, I on P | U,, with the
product connection on U, X G, and the zero local connection one-forms,

bo =s:I'=0 onU,, Vac.s.
For small enough ¢ = (g, G, o) € (0, 1], the hypothesis (II]) ensures that
(2.30) [Fallzso@wa) < IFallpsox) <&, Vae s,
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where so = d/2 when d > 3 or s > 1 when d = 2. Corollary 222 also produces a set, {5 }ac.s,
of W24 maps, p;! : U, — G, taking the set of W24 local sections, {s,}ac.s, of P to a set,
{04} acs, of W24 Coulomb-gauge local sections, o, : U, — P, obeying

(2.31) Soa =0apa onU,, Va€.Z,

and the constant transition functions, {hag}a ge.s, to transition functions, {gas}a ge.s, obeying
hog = pglgagp,g on U, NUg, Va,Bef.

Let %' = {U/}acs be a finite cover of X by open subsets obeying an interior cone condition

such that U}, € U,. Inequality (2:23d) in Corollary 222 provides the bound

2% gag = hapllwzro ey < Ce

for any pg € (1,d) with pg < ¢ and a constant C = C(g, G, po, % ,%") € [1,00). For small enough
e =¢e(9,G,po,%,%'") € (0,1], the preceding W2Po(U! N Uj; G) bound for gag — hag and the
continuous Sobolev embeddings, W0 (U, NU4;R) C c(U,n Ul/?; R) from [2, Theorem 4.12, Part
I (A)], ensure that

oi%%xj 905 — haB”C(U(gmU;,) < Cs,

for a constant C' = C(g,G,po, % ,%") € [1,00). Hence, the hypothesis [2I1]) (with % replaced
by %') of Proposition and Lemma can be satisfied. We now let ¥ = {V, },ec.» be the
finite cover of X by open subsets produced by Proposition 212 such that V,, C U/, and that obey
an interior cone condition.

The following inequalities, for a constant C' = C(g,G,r, %) € [1,0),

(2.32) laallwrr@w,) < CllFallrw,), Vo€,
are provided by (223D in Corollary when r € (1,d) obeys r < ¢. In particular, the
inequalities ([232]) ensure that the hypothesis (Z28]) of Lemma holds for 7 = d/2 and r =
p € (1,d) obeying p < q. Accordingly, Lemma provides the bounds (2:29]), that is,
Hdga/J’HWl’d/?(UaﬂUB) < C||FA||Ld/2(UauU5)v
ldgasllwrewanvs) < ClFallrwaov,), YVo,B €S,
noting that p = d/2 in the conclusion of Lemma 226l and || Fal| /2y, 00, < € by 30).

The preceding WP bounds for dgap and the fact that dh,g = 0 on U, N Ug imply that the
hypotheses ([2:24]) and (2.26D]) of Lemma are satisfied with 7, = ¢, = C|[Fallrw.nuy)-
Similarly, the preceding W42 bounds for dgap, the fact that dhos = 0 on U, N Ug, and the
continuous Sobolev embedding, W%/2(U,NUs) C LY(U,NUps), imply that the hypothesis (226al)
of Lemma 225 is satisfied with ng = C||Fall a2, n0,) = Ce.

The local connection one-forms,

ad =GA=¢(A-T) and aq:=0 A on U,,
are related through (Z3T) by
(2.33) ad = ptaapa + potdpe  ae. on U,.
The estimate (220 (with r = p) in Lemma 220 the inequalities ([232) (with r» = p), and the
pointwise identity (2Z33) imply that

|l zova) < CllFAlloy), Vae.s.
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Taking the covariant derivative of the pointwise identity ([Z.33]) yields

Vag = _pgl(vpa)pgl ® Aapa + pgl(vaa)pa + pglaa ® Vpa
— 0 (Vpa)pa @ Vo + pa' Voo ae. on U,

The estimate (Z2Z5) (with r = p and d) for ||Vpl|e(v,) and estimate Z27) for |[V2pl| sy,
provided by Lemma 28] the estimates (Z32) (with r = p and r = d/2) for |laa|lw1.r@,), the
continuous Sobolev multiplication, LP" (U, )x LY(U,) — LP(U,,) for p* = dp/(d—p), the continuous
Sobolev embeddings, WP(U,) ¢ LP"(U,) and WH¥/2(U,) ¢ L%(U,) from [2, Theorem 4.12, Part
I (C)], and the preceding pointwise identity imply that

IVadllova) < CllFallpr @,y Vo€ s,

for a constant C' = C(g,G,p, %) € [1,00).
Combining the preceding LP(V,,) estimates for al = ¢}(A —T') and Va?, yields

”A - I‘”WFLP(VQ) < CHFAHLP(UQ)a Vae 7,

for a constant C' = C(g,G,p, %) € [1,00). Combining the preceding LP(V,,) estimates for a’ =
¢*(A—T) and VaY yields the global Wll’p (X) estimate,

P L
and this is the estimate (Z2). This completes the proof of Theorem o

Remark 2.27 (An extension of Theorem to the cases p = d and p > d). We first note that
when r > d, the inequalities ([232]) are implied by Corollary 2T provided F4 now obeys the
stronger bound (8.

For p = d, we proceed exactly as for the case 1 < p < d in the proof of Theorem but use
the continuous Sobolev multiplication, L?*(U,) x L? (U,) — LP(U,) and the continuous Sobolev
embedding, W'P(U,) C L}*(U,) from [2, Theorem 4.12, Part I (B)] with 1 <t < oo for p = d.

For p > d, we proceed as for the case 1 < p < d but use the continuous Sobolev multiplication,
LP(U,) x L*°(Uy) — LP(U,) and the continuous Sobolev embedding, W'P(U,) C L>®(U,) from
[2, Theorem 4.12, Part I (A)].

2.7. Existence of W?¢ Coulomb gauge transformations for !¢ connections that are
L% close to a reference connection. In order to prove the forthcoming Proposition 2:29], we
shall need a stronger version of the slice theorem for the action of the group of gauge trans-
formations, going beyond the usual statements found in standard references such as Donaldson
and Kronheimer [23] or Freed and Uhlenbeck [33] and proved by applying the Implicit Function
Theorem. We thus recall a slight enhancement of [32, Theorem 9].

Theorem 2.28 (Existence of W24 Coulomb gauge transformations for W4 connections that
are L? close to a reference connection). (See Feehan and Maridakis [32, Theorem 9].) Let (X, g)
be a closed, smooth Riemannian manifold of dimension d > 2, and G be a compact Lie group, and
P be a smooth principal G-bundle over X and rg > 2 be a constant. If A1 is a C* connection
on P, and Ag is a W4 Sobolev connection on P, with d/2 < q¢ < 0o and p € (1,00) a constant
obeying p < q, then there exists a constant ¢ = ((Ag, 41,9,G,p,q,70) € (0,1] with the following
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significance. If A is a W4 connection on P that obey

(2.34a) A~ Aollzrox) < ¢,

for some constant M € [1,00) and ro = d when d > 3 or ro > 2 when d = 2, then there exists a
W24 gauge transformation u € Aut(P) such that

dy, (u(A) — Ag) =0,
and

HU(A) - AOijf(x) < NHA - AOHW,}x’f(X)’
where N = N(Ap, A1,9,G, M, p,q,ro) € [1,00) is a constant.

The essential point in Theorem is that the result holds for the critical exponent, p = d/2
with d > 3, when the Sobolev space W2P(X) fails to embed in C(X) (see [2, Theorem 4.12]) and
a proof of Theorem [Z28] by the Implicit Function Theorem in the case p > d/2 fails when p = d/2.
In this situation, a W2s gauge transformation w of P is not continuous, the set Ath’%(P) of
W2% gauge transformations is not a manifold, and Aut?2 (P) cannot act smoothly on the affine
space </ 1’%(]3) of W5 connections on P. When d = 4 and p > 2, this phenomenon is discussed
by Freed and Uhlenbeck in [33, Appendix A].

The version of Theorem that we state here enhances [32, Theorem 9] by relaxing its
hypothesis [32, Equation (1.26)], namely,

A~ AO”ij’f(X) <,

to that of ([234]), and allowing p < d/2 when d > 3. Fortunately, the required modifications to
the proof are small and we indicate them below.

Proof of Theorem [2.28. First, the restriction p > d/2 in the hypothesis [32] Proposition 2.3] was
included only for the sake of consistency with the remainder of that article and can be omitted.

Second, the restriction p > d/2 in the hypothesis of [32] Proposition 2.1] was used in the
proof of that result but can be omitted by making use of more refined Sobolev multiplication and
embedding results when d > 3 and 1 < p < d/2. We begin by replacing the final inequality in

[32, p. 21] by
(A4 = Ax)Ellzex) < 2lIVayall pare ) l€ll o (x) + lla X Va€llzex)
+ 2llarlloco lall Laoa €l Lo x) + 2lal | Larz o 1€l Lo x):

where p* = dp/(d —p) € (d/(d —1),d) and 1/p = 1/d + 1/p*, giving a continuous Sobolev
multiplication map, L4(X;R) x LP" (X;R) — LP(X;R), and continuous embedding, W'P(X;R) C
LP"(X;R); also 1/p = 1/(d/2) + 1/p**, where p** = dp/(d — 2p) € (d/(d — 2),00), giving a
continuous Sobolev multiplication map, L% 2(X;R) x L’ (X;R) — LP(X;R), and continuous
embedding, W?P(X;R) C LP" (X;R). (We appeal here to [Z, Theorem 4.12, Part I (C)].) Noting

1 The hypothesis (Z34) is milder than that of the original statement of [32, Theorem 9).
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that WH9(X;R) C LY(X;R) for ¢ > d/2 yields the first inequality in [32 p. 21],

2
[(Aa —Ax)éllrix) < 2 (”vAla”Lq(X) + Hanqu(X)) Hf”wj’f(x)
+ ZHal”C(X)|’a“W1}x’1‘1(x)”€HW1}x’f(x) + [la x V4, &l o (x)-

Similarly, the last term in the preceding inequality can be estimated by

la x Va&llrx) < 2llallpa) VAl (x) < 2llallwrae )V aéllwie

< Zlallwrao €y 2o

replacing [32, Equation (2.9)]. The remainder of the proof of [32] Proposition 2.1] is unchanged.

Third, the restriction p > d/2 in the hypothesis of [32, Corollary 2.5] was also used in the
proof of that result but again can be omitted by making use of different argument. We instead
observe that one can use a standard method, exactly analogous to the proof of [35, Lemma 9.17],
to eliminate the usual term |[a||z»(x) from the right-hand side of the a priori estimate below,

(2.35) ”€HW§’1”<X> < ClAxE|r(x), V€€ (KerAa)  NnWIP(X;A' ® adP),

and this is [32], Inequality (2.5)], the conclusion of [32, Corollary 2.5].
Fourth, we observe that the hypothesis [32, Equation (2.14)] in [32] Lemma 2.8 for a €
Whe(X; A' ® adP) may be relaxed, in the case d = 2, to

lallzro(x) <6,

for rp € (2,00) (typically close to 2). We then replace the continuous Sobolev multiplication,
LY(X;R) x L*(X;R) — L?(X;R), in the final displayed series of inequalities in [32, p. 28] by
L™(X;R)x LY(X;R) — L?(X;R), where t € (2, 00) (typically large) is defined by 1/2 = 1/rg+1/t
and use the continuous Sobolev embedding, W2(X;R) x L!(X;R), provided by [2, Theorem 4.12,
Part I (B)] when d = 2.

Fifth, we observe that the statement of [32, Proposition 2.11] extends without change to include
the case 1 < p < d/2 (when d > 3) with only minor changes to its proof. Indeed, recall from [2,
Theorem 4.12, Part I] that the stated Sobolev embedding [32, Equation (2.30)] also holds with p
replaced by ¢ for the indicated three cases. Writing 1/p = 1/p* 4+ 1/d, for p* = dp/(d — p), there
is a continuous Sobolev multiplication map,

L' (X;R) x LY X;R) — LP(X;R),
and hence, the final term in the displayed series of inequalities in [32, Equation p. 31] can be
estimated instead by
llao x V.4, uol|r(x) < 2llaoll pacx) IV ayuoll o x)

< ZCS||aO||Wj"d/2(X) ||VA1’U“0||W£1"1P(X)
1

< ngHaOHW{i’f(X)HUOHWj'lp(X)'

The remaining restrictions to p > d/2 in the proof of [32, Proposition 2.11] were made only for
the sake of consistency and can be omitted.

Sixth, we indicate the changes to the proof of [32, Theorem 9] required to include the case
1> p < d/2 (when d > 3). Recall that S in the beginning of the proof of [32, Theorem 9] was
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defined to be the set of t € [0, 1] such that there exists a W2 gauge transformation u; € Aut(P)
with the property that

B3y (e (Ar) = 40) =0 and [ua(A) = Aol ) < 2N1Ar = Aoyt
1 1

In the beginning of Step 1 in the proof of [32, Theorem 9], we can apply [32, Proposition 2.11] to
ensure that

”Ato - AOHWX;’(X) < Ca

and so hypothesis [32, Equation (1.26)] of [32, Theorem 9] holds for A replaced by A;,. In the
second last paragraph of [32] p. 38], the need to appeal to the Sobolev Embedding Theorem
for WHP(X;R) when d > 3 or d = 2 is eliminated because we now use the hypothesis (234]) in
Theorem (rather than the hypothesis [32, Equation (1.26)] of [32, Theorem 9]) to directly
ensure that [32] Lemma 2.8] may be applied. (And in that application, we require only that
lallr(x) < 2C1N( rather than ||al|ps(x) < 201 NC.) The remainder of the proof of [32, Theorem
9] is unchanged. This concludes the proof of Theorem 228 O

2.8. Existence of a global W?¢ Coulomb gauge transformation for the critical ex-
ponent. In this subsection, we will establish the existence of a W29 gauge transformation
u € Aut(P) bringing A into Coulomb gauge relative to I' when A has L%?(X)-small curva-
ture. Specifically, we will prove the following extension of Item (B]) in Theorem 2] and thus
establish Item (B]) in Theorem [I by choosing K = 1 in Proposition [Z.29

Proposition 2.29 (Existence of a global W24 gauge transformation bringing a connection A with
Li/? (X)-small curvature into Coulomb gauge relative to I'). Assume the hypotheses of Theorem
and, in addition, that |Fal|rex) < K for a constant K € [1,00). Then there is a W1
gauge transformation, u € Aut(P), such that u(A) is in Coulomb gauge with respect to T', so
@3)) holds, and obeys the bound (24]) with constant C; = C1(g,G, K, p,q, s0)-

Proof. Theorem provides the bound, with C}, = Cp(g, G, p, so) € [1,00),
”A - P”er’l’(x) < CPHFA”LP(X)a
for p € (1,q| obeying p < d and, in particular when d > 3 and p = d/2,
HA - FHW;,d/2(X) S CdHFA”Ld/Q(X)u

and when d = 2, we recall that we restrict p > 1. Moreover, the Sobolev Embedding Theorem
[2, Theorem 4.12, Part I (C)] implies that

14 =Tl ooy < walld = Tlhyaas

which we apply when d > 3 only, and
A - I‘”LP*(X) < kpl|A - P”er’l’(x)a
where p* = 2p/(2 —p) > 2 and 1 < p < 2, which we apply when d = 2 only, for a constant
kp = Kkp(g, G,p) € [1,00). By hypothesis ([IL1]), we have
[Fallparzxy <€ ford>3 and |[Fallpsox) <e ford=2.

For small enough ¢ = (g, G, p,q, so) € (0,1], we can therefore apply Theorem (with 41 =
Ap =T and ¢ = k,Cpe and M = C,K) to find the desired W27 gauge transformation, u € Aut(P),
such that df (u(A) —T') =0 and

|u(A) — P”er’l’(x) <ClA- P”er’l’(x)'
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Combining the preceding two inequalities yields ([24]) with the indicated constant. ]

3. OPTIMAL LOJASIEWICZ—SIMON INEQUALITIES FOR THE YANG-MILLS ENERGY FUNCTION
NEAR THE CRITICAL VARIETY OF FLAT CONNECTIONS

Our goal in this section is to complete the

Proof of Theorem[2 According to Theorem [, there is a C'°° flat connection, I on P, and, for
p € (1,00) obeying p < g, a constant, C}, = Cy(g, G, p, so) € [1,00), such that

(3.1) 14 = Tl < Coll Fallicey-

Choosing p = 2 in (3]) gives the optimal F.ojasiewicz—Simon distance inequality (LI2]).
We now prove the optimal Lojasiewicz—Simon gradient inequality (LI3]). We may assume that
A # I" without loss of generality. Write a := A —T € Wll’q(X; A' ® adP) and note that

(W2 (x; AT @ adP))” = Wy (XA @ adP)
is the continuous dual space of the Hilbert space, WIE’2(X ;A ® adP). We have
daa =dra+2aNa=Fs+aAla,
using (L)), since Fy = Friq = Fr +dra+a A a=dra+ aAa by [6). Thus, we obtain
. (A Fa,b)r2(x
@3 Fallyny = s b DR

beW;'Q(X;A1®adP)\{O} ||b||WF1'2(X)
(A4 Fa,a)2xy  (Fa,daa)rzxy  (Fa, Fa+aia)pex)

)

Ha”wrl’z(x) - ”aHWILZ(X) B |’CLHW11,2(X)

and therefore,

HFA||2L2(X) (Fa,a N G)L2(X)

(3.2) |3 Fally 1.2 >
A W (X) ||aHWll’2(X) ||aHWll’2(X)

We recall that [2] Theorem 4.12, Part I (B) and (C)] provides a continuous embedding of Sobolev
spaces with norm k, = k,.(g) € [1,0),
1<r<oo, if d=2,

Wh3(X)c L"(X) fi
(X) (X)  for {1§r§2*:2d/(d—2)7 itd>2,

and a continuous embedding, Wh%2(X) ¢ L%(X), for all d > 2. When d > 2, we claim that

(33) la A allzac) < envallallyns o lalyae

for a constant ¢ = ¢(d, G) € [1, 00).
The proof of B3] is straightforward. Indeed, writing 1/2 = 1/r+1/d (for d > 2 and r = 2* =
2d/(d —2) € (2,00)), we have
la A allp2cx)y < cllallzroollallpagx),

for a constant ¢ = ¢(d,G) € [1,00). Combining the preceding inequality with the continuous
embeddings, WH2(X) C L"(X), when r = 2* = 2d/(d — 2), and Wh¥2(X) ¢ L4 X) yields B3).
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The gradient inequality (LI3]) now follows for all d > 2. Indeed, for d > 2,

. IFalZ2xy  IFallzzeolla Aallpex
”dAFAHWI:LZ(X) = ”CLH s - ”CLH Lo (by (m))
VVF7 (X) VVF7 (X)
HFA”%z(x) HFA”LQ(X)Ha”wl’z(x)”CLHWUW(X)
> ————~ — CRyrRg a = (by 03-_3'))
||aHW11’2(X) ||aHWll’2(X)
. ”FA”%%X)

= — — Cl‘ir/fd”FA”L%X)Ha” 1,d/2
HaHWl}’Z(X) W (X)

> Cy ' |Fallr2(x) — chrkaCapellFall 2ol Fall paszxy - (by @)
> (Cy' — chrkgClpoe)|Fallrzcxy  (by @)

Now choose ¢ = %C’Q_l/(cm/{dC’d/g) to give (LI3) for d > 2, noting that because My(P) is
compact, the explicit dependence of the W =12 norm on I' may be dropped.

For d = 2 and sp € (1,2) (we may assume sy < 2 without loss of generality), we can in-
stead use 1/2 = 1/r + 1/s§, where s5 := 2s0/(2 — sp) € (2,00) and r € (2,00), to give
lanallz2(x) < cllallLrx)lall x) and continuous Sobolev embeddings, W10 (X;R) C L% (X;R)

and Wh2(X;R) C L"(X;R). Now arguing exactly as in the calculation for d > 2 gives (ILI3) for
d = 2. This finishes the proof of Theorem [2 O

4. LLOJASIEWICZ—SIMON GRADIENT INEQUALITIES FOR MORSE-BOTT FUNCTIONS

Our goal in this section is to give the

Proof of Theorem [3. We begin with four reductions that simplify the proof. First, observe that
if & : % — R is defined by &y(x) := &(x + ), then &J(0) = 0, so we may assume without loss
of generality that xo, = 0 and relabel & as &.

Second, recall that by hypothesis, 2~ = 25 ® K (a direct sum of Banach spaces), where
Zo C 2 is a closed subspace (a Banach space) complementing K = Ker &”(0) = Ker.#Z'(0).
Hence, by applying a C? diffeomorphism to a neighborhood of the origin in 2" and possibly
shrinking %, we may assume without loss of generality that % N Crit & = Z N K, recalling that
K =T,  Crit& by hypothesis that & is Morse-Bott at z.

Third, if z € Z N K, then &(x) = &(0), and we may restrict our attention to x € Z N 2y
without loss of generality in the remainder of the proof. To see this, observe that if x = xg+ k €
U N (Zy® K) then &(k) = &(0) (because & is constant along % N K) and

1 (@) > 216 () = EO)? = |l (2)|r > Z|E (@) — E(R)[.
If we define & (o) := & (¢ + k) and thus 4 (xo) = A (xo + k) for x = 29 + k € %, then
14 (@)l > 216 (@) = ER)'? = | A (o)l > Z|E (w0) — E(0)'/2.

We now relabel & and .# as & and .# respectively.

Fourth, observe that if &y : % — R is defined by &y(z) := &(x) — &(0), then &,(0) = 0, so we
may once again relabel & as & and assume without loss of generality that &(0) = 0.

By hypothesis, 4 = ¢ @ # (again a direct sum of Banach spaces), where % = Ker .#/(0)
has closed complement %, (a Banach space), and % = Ran .#1(0) C 7 is a closed subspace (a
Banach space). Hence, the bounded operator, .#1(0) : 4% — ), is bijective and thus invertible



42 PAUL M. N. FEEHAN

by the Open Mapping Theorem. Note that K C % by definition of .#;(0) and 2y C % by
hypothesis.
By the Mean Value Theorem and the hypothesis that .# : % — % is C', we have

M (z) = /0 eyt
— (0)e + /0 ) — a0 (O)) dt
— A (0)e + /0 i (t) — 6 (0))a .
Thus,
|4 (2) |0 > |2 (0)| » — e [ (tz) — A1(0))x | 52

Because z € 2y C % and #1(0) : % — ) is invertible, we have
2lly = l[zllg = [l-#1(0)" a1 (0)2lgy < |121(0) || 2t0,0) |- 41 (0) | 5,

Therefore,

(B3
|- 21(0) | 25 40

[ 0)x]| e = [l 2:(0)2| 2 > =: 2Co| x|« -

On the other hand, given ¢ € (0, 1],
_ < _
e [(A1 (tz) — A1 (0))|| 0 < e |41 (tx) — A0 (0)] 2 ) 12 |ly

<ellzllg,

for ||z||2- < 0 =d(e) € (0,1], where the final inequality follows by the hypothesis of continuity of
M (x) € L (9, ) with respect to x € % . Consequently, choosing e < Cj yields

(4.1) | (x)| 7 > Collzlly, Yae Zpsuchthat ||z]s <4

In the other direction,
1 1
&(x) = / & (t2)a? dt = £"(0)a” + / (& (tz) — E"(0))a? dt.
0 0

Now, &"(0)2? = (x, #"'(0)) 2 x 2+ = (x, #1(0)x)g g (using the continuous embeddings, 2~ C
¢ and 2 C 9*, the latter with norm s € [1,00)). Therefore,

18" (0)2?| = [z, #1(0)7)g x|
< |lzllg||-#1(0)z|lg- < kllz|lg |41 (0)2] 2

1
< K[| A1 (0)] 2@ 0| 2]|5 = 501|!$H<25-
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Similarly, & (tx)x? = (x, 4" (tx)x) 9% 27+ = (@, M1 (t2)T)g g~ and

1 1
| @) = s 0pa?dt| = | [, (k) — A @)}
<zl a4 (t2) — A(0))olr

< kllzlly max [|(A1(tx) — #1(0))x]
te[0,1]

< ey max |14 (t2) — 41(0) | r.r)

)

< kellzllg, for [lzfa < 4.
Consequently, choosing € € (0, 1] so that ke < %C’l, we obtain
(4.2) |&(x)| < Ci||z||3, Vo€ 2 such that ||z]| 2 < 0.

Combining (A1) and 2] yields,
| ()|l > Z|E@)|V?, Ve 2y such that ||z]| 4 < 6,
for Z .= Cy/ +/C. This completes the proof of Theorem Bl O

5. MORSE-BOTT PROPERTY OF YANG—MILLS ENERGY FUNCTIONS

In our articles [31] 2] with Maridakis we only gave a few examples where the energy functions
& were known to be Morse-Bott. In this section, we provide two criteria for when Yang—Mills
energy functions are Morse-Bott. Those criteria are simplest in the case of the self-dual Yang—
Mills energy function near anti-self-dual connections over four-dimensional manifolds, which we
discuss in Section [.1] (and where we prove Theorem [d]), and in the case of the Yang—Mills energy
function near flat connections over manifolds of dimension d > 2, which we discuss in Section
(and where we prove Theorem [7]). Finally, in Section we give the short proof of Theorem

5.1. Self-dual Yang—Mills energy function near anti-self-dual connections. In this sub-
section, we assume that (X, g) is a closed, four-dimensional, smooth Riemannian manifold and
that, as usual, G is a compact Lie group and P is a smooth principal G-bundle over X. The self-
dual Yang-Mills energy function, &, : &/ (P) — R in (L.25)), has Hessian operator, &7 : o/ (P) —
T*af (P) x T*</ (P), given by

(5.1) E1(A) (@) = (d5a, d5b) ey + (FT,a Ab) g,
for all a,b € Tae?/ (P) = WH(X; A @ adP).

Lemma 5.1 (Morse-Bott property of the self-dual Yang-Mills energy function at regular anti—
self-dual connections). Let (X, g) be a closed, four-dimensional, smooth Riemannian manifold, G
be a compact Lie group, P be a smooth principal G-bundle over X, and g > 2 be a constant. If A is
a WHe anti-self-dual Yang-Mills connection on P such that Coker dz =0, then & : o (P) — R
is a Morse—Bott function at A in the sense of Definition[I.A. Moreover, if in addition the isotropy
group of A in Aut(P) is the center of G, then & : B*(P) — R is a Morse—Bott function at [A].

Proof. We first consider & : &/(P) — R. From Donaldson and Kronheimer [23], Section 4.2.5],
the intersection of the subvariety, M, (P,g) = {B € &/(P) : Fj} = 0}, with an open ball,
Ua(e) C o/ (P), with center A and small enough radius € = £(4, g) € (0, 1], is a smooth manifold
if Coker djg = 0, since the latter property means that 0 € LY(X; A" ® adP) is a regular value of
the map «/(P) 2 A — F{ € LY(X; AT ® adP). Moreover, Coker d}, = 0 for small enough ¢ and
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all Be U A(e) since the property of dj; being surjective is open. Hence, from the discussion in

Section [[4]
M, (P,g) NUa(e) = Crit(&y) N Uale),

and Crit(&y) N Ua(e) is a smooth manifold. Because F{ =0, we have by (5.I)) that
EL(A)(a,b) = (dfa, dib)r2(x) = (A4 dfa,b) 2 (x).-
On the other hand, the tangent space to Gﬁt(éﬂr) C &/ (P) at A is given by
TaCrit(&) = Ker (df : WHI(X; A" @ adP) — LY(X;AY @ adP)) .
But then
Ker &/(A) = Ker (d}"d{ : WH(X; A @ adP) » WH(X; A' @ adP))
= Ker (df : WH(X;A' @ adP) — LU(X; A @ adP)) = TaCrit(&£)),

and thus &, : &/ (P) — R is a Morse-Bott function at A by Definition [T

We now consider &, : $B*(P) — R. The argument here is very similar and again relies on
[23, Section 4.2] for a description of the manifold structures of My (P,g) and Z(P). We let
Uja)(e) C %7(P) denote the open ball with center [A] and radius ¢ and now find that

M (P, g) N U (e) = Crit(&4) N U (e),

and Crit(&} ) N Up)(€) is a smooth manifold. The tangent space to Crit(&}.) C #*(P) at [A] is
thus given by

Ta Crit(&) = Ker (df : Kerdy n WH(X; A @ adP) — LY(X; AT @ adP)).
But then
Ker &Y (A) = Ker (dj’*dj cKerdy NWH(X;A' @ adP) — Kerdy N W H(X; Al @ adP))
= Ker (df : Kerdy n\W(X; A @ adP) — LY(X; AT @adP)) = T4 Crit(£}),
and thus & : Z*(P) — R is a Morse-Bott function at [A] by Definition [[H o

The Lojasiewicz—Simon gradient inequality (I3T]) in Theorem [fmay be proved as a consequence
of the Morse-Bott property of & and Theorem [Blor directly using standard arguments in Yang—
Mills gauge theory. We shall provide both arguments.

Proof of Inequality (IL3T)) using the Morse—Bott property of &. We first observe that our proof
of [32, Theorem 3], giving analyticity (we just need C! here) of the gradient map for the boson
coupled Yang—Mills energy function and its Lojasiewicz—Simon gradient inequality, for some ex-
ponent 6 € [1/2,1), carries over mutatis mutandis for the self-dual Yang-Mills energy function
and, indeed, is easier since X is restricted to have dimension d = 4 and the structure of the
energy functlon is much simpler. Moreover, when Coker dJr = 0, we verified that & has the
Morse-Bott property (in the sense of Definition [[H]) at Ao in n Lemma 511 Inequality (L31)) now
follows from Theorem Bl and [32] Theorem 3| (with p = 2 and § = 1/2). In order to apply [32,
Theorem 3], we must strengthen the hypothesis (.33 to

|A = Tllyrzx) <o,

corresponding to the hypothesis [32, Inequality (1.16)]. m|
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Proof of Theorem [, including direct proof of Inequality (L3I]). The first and final assertions re-
garding the Morse-Bott properties of & : &/ (P) — R and &} : #*(P) — R both follow from
Lemma .11

In the remainder of the proof, we may assume without loss of generality that A, is a C*
connection by choosing a W29 gauge transformation u € Aut(P) such that u(As) is a C™
anti-self-dual connection. To see this, we observe that the hypothesis ([.29) is equivalent to

lu(A) — U(Aoo)||W1,2 (X) <o

u(Aoco)

and the inequalities (L30), (L3I)) are equivalent to their analogues with u(A) and u(A). The
existence of a W?2? gauge transformation follows from standard arguments; see Donaldson and
Kronheimer [23] Section 4.4], Uhlenbeck [85] [84], and Fechan [25] Section 3.1].

Because FXOO = 0, we have an elliptic complex [23, Equation (4.2.26)],

d+
00(X;adP) 4=, 01(X;adP) 2 02 (X;adP)
and an L?-orthogonal Hodge decomposition [36, Theorem 1.5.2]
Wi? (X;A' @adP) = Ker (df_ +d}y ) ® Randa, & Rand}”,

Note that Randa, C Ker djgoo. We now write A = A +a for a € ij’i (X;A! ® adP) and
split @ = ay + a), where ay,q € ij:i (X;A!' ®adP) and a, is L?-orthogonal to Ker djoo while
aj € Ker djoo.

We first consider the case where a| = 0 and observe that a = a, = dif:;v for v € Wi’i (X;A?®
adP) by the Hodge decomposition. Because FXM = 0, we have

(5.2) Fi=F; ,,=di a+(ana)’.

We claim that a obeys the following a priori estimate, with p € (1,00) obeying p < ¢ and a
constant C' = C (A, 9,G,p) € [1,00):

(5.3) lalyt () < CIE ol
To see this, we observe that
||d+;:U||Wi‘,p (X) < CHUHWj,p (X) < C||d+oodzil)||Lp(X)

for constants ¢ = ¢(g9,G) and C = C(As,g,G,p) in [1,00). Ellipticity of the second-order
operator djoodz: follows from its Bochner—Weitzenbock formula [33, Equation (6.26)], as that
implies that its principal symbol coincides with that of the covariant Laplace operator V7 V.
and thus a scalar multiple (the Riemannian metric on 7% X) of the identity. The a priori WP
elliptic estimate for v follows from [35, Theorem 9.14] or [26l Theorem 14.60] for djwdji and
an argument exactly analogous to the proof of [35, Lemma 9.17] to eliminate the term [[v||z»(x)
from the right-hand side. Hence, the claim (5.3)) follows.
Because 1/p = 1/p* + 1/4 with p* = 4p/(4 — p) € (4,00), we have

(@A a)|lx) < cllall o (xyllallaxy < Cllallye xyllallzax)
P (x)
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for a constant ¢ = ¢(g,G) € [1,00) and C' = C(g,G,p) € [1,00). Consequently,
lally o ) < Clldfallngeo (by G3)
< CIFflrixy + Clilana)tllexy  (by B2)

< CIIFf lnx) + Cllally e o lollzso

Since [|lal[z4(x) < o by (L29), then rearrangement, for small enough o = (A, g, G,p) € (0,1],
yields
(5’4) Ha”Wj\:;(X) < C”FXHLP(X)a
and thus for p = 2 we obtain (L30]).
To prove (L3), write dja = d+ooa +2(aNa)™ = Ff + (aAa)T and note that
. (3 F3i,b)r2(x
”dZ’ FXHWXLZ(X) = sup Hb” %)
< beW 12 (X;A'@ad P)\{0} w2 (X)
Ay Ffa)ey  (Fidia)exg  (FLLFD+(aha)™) e

”CLHW,}x’:o(X) B Ha”wifo(x) B Ha”wifo(x)

Therefore,

IFS 2200y (FX (@A a)F) ey

N Ha”W;fQ(X) ||a||wifo(x)

(5.5) ”dX*FXHWX;Z(X)

The gradient inequality (L3T]) now follows. Indeed,
I(a A a)*ll2cx) < ellallfax) < Cllalzacollalwy2 )

for constants ¢ and C' with the same dependencies as above, and

1F4 125 IF3 200 (@ Aa)t e
ot ) IFA e L2(x)
43" F i 2200 2 o lalys by B3
Wa (X) Wy (X)
IES Ry IEA 200 lallscllallyz

- Ha”W};;(X) Ha”W};;(X)
> C N F 2 x) — CollFillox)  (by (TZ) and (L30)).

Now choose ¢ small enough that o < 1/(2C?) to give (L3I)). This completes the proof of the
optimal Lojasiewicz-Simon inequalities when a = 0.

When a # 0, we instead choose a W anti-self-dual connection A,, on P such that A =
Ay + a, where @ € WA’q (X;A' ® adP) is L%-orthogonal to Ker alJr and obeys [|al[zs(x) < 20.
The existence of a follows because an open neighborhood of A, in M+ (P,g) C &/ (P) is a smooth
submanifold by our hypothesis that Coker djgoo = 0 and so has an L2-normal tubular neighborhood

in &7/ (P) (compare [39, Theorem 4.5.2] in the case of finite-dimensional manifolds). To see this
explicitly, we note that by [23] Section 4.2.5] for small enough o = 0(A~, g, G) € (0,1],

U ={be W (X;A' @adP) : F{_,, =0and [[b]p1(x) < o}
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is an open, smooth submanifold of ij’i (X;A' ® adP), with
Ty :=Kerd} ,, N ij’i (X;A' ® adP),

as tangent space at b and smooth normal bundle, .4, with fiber over b,
1
Ny = (Kerd} ,,) NWiT(X;A! @ adP),

where (Ker aljoﬁb)l is the L2-orthogonal complement of Ker djgooer N ij’i (X;A' @ adP). The
differential of the smooth map,

N (byn) = b+n e Wy (X;A @ adP) = Ty @ N,

is the identity at the origin (0,0) and so the existence of an L?-normal tubular neighborhood
now follows from the Implicit Function Theorem for smooth maps on Banach spaces. Because
F;{ = 0, we have

Fi= F;{OOM = d}ma +(@ana)t,
and so the inequalities (I30) and (I31) now follow almost exactly as before, noting that || A, —
Asollza(x) < 0. This completes the proof of Theorem [6l i

5.2. Yang—Mills energy function near flat connections. We shall proceed by analogy with

our development in Section [5.] but return to the general case where X may have any dimension
d>2.1f Fy =0, then &’(A) =0 by (IL.II)) and A is a critical point of & : &/ (P) — R, so that

My(P, g)  Crit(&) N .o/ (P),

where Crit(&}) denotes the critical set of & : o7 (P) — R. Conversely, suppose A € Crit(&). The
Bianchi Identity [23, Equation (2.1.21)] implies that daF4 = 0, so F4 € KerdsNLY(X;A?®adP)
and if A is a regular point of the map o/ (P) > A+ F4 € L(X;A%? ® adP) in the sense that

Kerds N LY(X;A*> @ adP) = Rands N LY(X; A®> @ ad P),

then (ILII) implies that F4 = 0 and A € My(P,g). Of course, in the absence of an assumption
that A is regular in the preceding sense, then A is (by definition) a Yang—Mills connection as in

(L.36),

dyFa =0,
and of course need not be flat. However, if we require in addition to (I36]) that
(5.6) [Eallpar(xy < e,

for e = €(g,G) € (0,1], then A is necessarily flat by Feehan [30, Theorem 1] and thus we obtain
the reverse inclusion,
Grit(&) N o (P) € Mo (P,g),

where o (P) := {A € &/(P) : Aobeys (G.6)}. Our proof of [30, Theorem 1] employed the
Lojasiewicz—Simon gradient inequality for the Yang—Mills energy function at one step [30, p.
578], but an elementary argument which avoids the F.ojasiewicz—Simon gradient inequality has
recently been provided by Huang [43].

If I is a flat connection on P, then its exterior covariant derivative defines an elliptic complex,

QX adP) S QX adP) L QX adP) - -



48 PAUL M. N. FEEHAN

for i > 0, since df = Fr = 0. By analogy with their definitions based on the deformation
complex for an anti-self-dual connection [23], Section 4.2.5] on a principal G-bundle P over a
four-dimensional Riemannian manifold, we define

H} = Kerdr N QY(X;adP)/Randp, i>0.

By analogy with the construction in [23], Section 4.2.5] of a local Kuranishi model for an open
neighborhood of a point [A] € M (P, g) C #(P) when X has dimension four, we observe that if
HI% = 0, then there is an open neighborhood % C 7 (P) of a flat connection, I', on P such that

QZFQM()(P) CJZ%(P)

is an open, smooth submanifold. Moreover, if the isotropy group of I' in Aut(P) is the center of
G, then the quotient,

U N Mo(P) C B*(P),

is an open, smooth submanifold. In general, the moduli space My(P) will not be a smooth
submanifold but rather a finite-dimensional, real analytic subvariety (compare [23], p. 139]).

By gauge invariance, the Yang-Mills energy function is well-defined on the quotient, & :
PB*(P) — R (with ¢ > 2), and we have the equality,

M (P) = Crit(&) N B*(P),

where Crit(&) denotes the critical set of & : #B*(P) — R, and #A.(P) = {[A] € #A(P) :
A obeys ([.0) }, and %2 (P) = B.(P) N AB*(P), and M;(P) := My(P) N AB*(P).
Given the preceding remarks, the proof of Lemma [b.1] adapts mutatis mutandis to give the

Lemma 5.2 (Morse-Bott property of the Yang-Mills energy function at regular flat connections).
Let (X, g) be a closed, smooth Riemannian manifold of dimension d > 2, and G be a compact
Lie group, P be a smooth principal G-bundle over X, and ¢ > 2. If T is a W19 flat connection
on P such that HZ = 0, then & : @/ (P) — R is a Morse-Bott function at T in the sense of
Definition [LA. Moreover, if in addition the isotropy group of T' in Aut(P) is the center of G,
then & : *(P) — R is a Morse—Bott function at [T].

When ng = 0, we shall give a second proof of a simpler version of the f.ojasiewicz—Simon
gradient inequality (II3]), namely (L35]) in Theorem [7], using the Morse-Bott property of & at '
from Lemma and Theorem Bl We shall also give a direct proof of (I35 using arguments in
Yang—Mills gauge theory that are considerably simpler than those used to prove Theorem [Il To
verify the preceding results, we outline the modifications required to the corresponding proofs in
Section 6.1l for &, when X has dimension four.

Proof of Inequality (L38]) using the Morse—Bott property of & when 2 < d < 4. Our [32] Theorem
3], giving analyticity (we just need C'! here) of the gradient map for the boson coupled Yang—Mills

energy function and its Lojasiewicz—Simon gradient inequality, for some exponent 6 € [1/2,1),

specializes to the Yang-Mills energy function. When H = 0, we verified that & has the Morse—

Bott property (in the sense of Definition [[H]) at I' in Lemma (52l Inequality (L35 with 6 = 1/2

thus follows from Theorem Bl and [32, Theorem 3] (for # = 1/2 and with p = 2, a valid choice for

q € [2,00) obeying ¢ > d/2 and p € [2,00) obeying d/2 < p < ¢ when 2 < d < 4). In order to

apply [32, Theorem 3], we must strengthen the hypothesis (IL33]) to

A = Tlyr2x) <o,

corresponding to the hypothesis [32, Inequality (1.16)]. m|
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Proof of Theorem[d, including direct proof of Inequality (L30]). The first and final assertions re-
garding the Morse-Bott properties of & : &/(P) — R and & : #*(P) — R both follow from
Lemma For the remainder of the proof, we highlight the modifications required to the proof
of Theorem [Gl

As before, we may assume without loss of generality that I' is a C'°° connection by choosing
a W24 gauge transformation u € Aut(P) such that u(I') is a C* flat connection. Similarly, we
have an L2-orthogonal Hodge decomposition [36, Theorem 1.5.2],

W(X; A' @ adP) = Ker (dr + df) @ Ran dr & Ran dj.

Note that Ran dr C Kerdr and write A =I"+a for a € Wll’q(X; Al ®adP) and split a = a +ay,
where ay,a) € Wll’q(X; A!' ® adP) and a, is L*-orthogonal to Ker dr while a| € Kerdr.

We first consider the case where a = 0 and observe that a = a; = dfw for v € ng’q(X; A’ ®
adP) by the Hodge decomposition. Because Fr = 0, we have

(5.7) Fy = Fri, =dra+aAha.

The proof of (53] carries over without change to show that a obeys the following a priori estimate,
with p € (1,00) obeying p < ¢ and a constant C' = C(A~, g, G,p) € [1,00):

(5.8) lallyrxy < Clidrall e x).
Moreover, the proof of (5.4]) adapts to show that, for small enough o = o(g,G,p,T") € (0,1],
(59) laly o < CHFAlln o

where C' = G(g,G,p,T") € [1,00) and for p € (1,d) or p =2 when d = 2 obeying p < q.

The only change in the proof of (5.4]) is that we now use the continuous Sobolev multiplication,
LY(X) x LP"(X) — LP(X), and continuous Sobolev embedding, WP(X) C LP"(X) for p € (1,d)
and p* = dp/(d —p) € (d,0) to estimate,

la A allogxy < Cllallagx) lalyex)-

For d = 2 and p = 2, which is excluded by the preceding requirement that p € (1,d), we recall
that ro > 2 and choose tg € (2,00) by writing 1/2 = 1/rg + 1/tg and use the continuous Sobolev
multiplication, L™(X) x L(X) — L?*(X), and continuous Sobolev embedding, W'P(X)
L™ (X), to estimate

la A algx) < Cllallzrog lallyae o)
For all d > 2, we thus obtain (5.8]), now using the condition (I.33)) in place of the condition (.29))
used to obtain (B.4)).

By choosing p = 2 in (59]) we obtain (L34]). To establish (IL38]), we write dqa = dra+2aAa =
Fy + a A a and adapt the argument in the proof of Theorem [G used to prove (L3I). The
only significant change is that, for d > 3, we now use the continuous Sobolev multiplication,
LYX) x L¥ (X) — L?*(X), and continuous Sobolev embedding, W12(X) c L? (X) for 2* =
2d/(d —2) € (d,00). For d = 2 and rop > 2, we use the continuous Sobolev multiplication,
L™(X) x L' (X) — L*(X), and continuous Sobolev embedding, W'?(X) C L (X), as discussed
above. This completes the proof of the optimal Lojasiewicz—Simon inequalities when a) = 0.

When q| # 0, we instead choose a Wt flat connection T on P such that A = T’ + @, where
ae Wll’q(X; A' ® adP) is L*-orthogonal to Ker dy and obeys ||| 7o (x) < 20. The existence of a
follows because an open neighborhood of T' in My(P, g) C </ (P) is a smooth submanifold by our
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hypothesis that H% = 0 and so has an L2?-normal tubular neighborhood in <7 (P), by the same
argument as used in the proof of Theorem [6l In the present context, we recall that

Tr = Kerdr N Wr9(X; A' @ ad P)
is the tangent space at I" to {A € &/ (P) : F4 = 0} and
Nr := (Kerdp)" N Wp(X; A' @ adP)
is the corresponding normal space. Because I = 0, we have

FA:F;+d:dfa+aAa,

and so the inequalities (L34) and (L35 now follow almost exactly as before, noting that ||T' —
['f|zro(x) < 0. This completes the proof of Theorem [l o

5.3. Yang—Mills energy function near arbitrary critical points when 2 < d < 4. It
remains to give the short

Proof of Theorem[3. Our [32, Theorem 3], giving analyticity (again, we just need C' here) of
the gradient map for the boson coupled Yang-Mills energy function and its Lojasiewicz—Simon
gradient inequality, for some exponent 6 € [1/2,1), specializes to the Yang-Mills energy function.
By hypothesis, & has the Morse-Bott property (in the sense of Definition [[3]) at A. Inequality
(CZ0) now follows from Theorem Bl and [32, Theorem 3] (for # = 1/2 and with p = 2, a valid
choice for ¢ € [2,00) obeying ¢ > d/2 and p € [2,00) obeying d/2 <p < gwhen2<d<4). O
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