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Abstract: we provide a framework in which a class of conditional limit theo-
rems can be proved in an unified way. We introduce three concepts: a concentration
set for a sequence of probability measures, generalizing the Weak Law of Large
Numbers; conditioning with respect to a sequence of sets which satisfies a regular-
ity condition; the asymptotic behaviour of the information gain of one sequence of
probability measures with respect to another. These concepts are required for the
statement of our main abstract result, Theorem 5.1, which describes the asymptotic
behaviour of the information gain of a sequence of conditioned measures with respect
to a sequence of tilted measures. Provided certain natural convexity assumptions
are satisfied, it follows that conditional limit theorems are valid in great generality;
this is the content of Theorem 6.1. We give several applications of the formalism,
both for independent and weakly dependent random variables, extending in all cases
previously known results. For the empirical measure, we provide a conditional limit
theorem and give an alternative proof of the Large Deviation Principle. We discuss
also the problem of equivalence of ensembles for lattice models in Statistical Me-
chanics.
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1 Introduction

The purpose of this paper is to develop a framework in which conditional limit
theorems can be proved. We have in mind a class of limit theorems of which the
following, due to van Campenhout and Cover, is an early example:

Theorem 1.1 ([CC]) Let Y;,Ys,... be iid. random variables having uniform
probability mass on the range {1,2,...,m}. Then, for1l < a < m and for all
z € {1,2,...m}, we have

l n
lim Prob{ti = 2| =3 ¥ = a} = £X(s), (11)
na integer =1
where
* e 1.2)
B (z) = ST ok (1.

and the constant ) is chosen to satisfy the constraint ¥ kB*(k) = a.

A landmark in the development of such theorems is the paper by Csiszar [C], in
which several important concepts are introduced. When one attempts to generalize
Csiszar’s results, one finds the need to make distinctions which do not arise in the
iid. setting. For example, information gain arises in [C] in two ways: 1t serves
as the rate—function of the empirical distribution and as the tool used to compare
probability measures through the Kemperman-Pinsker inequality; only the second
of these functions survives in the general setting. We introduce three concepts in
our analysis of the structure of conditional limit theorems:

e a concentration set for a sequence of probability measures, generalizing the

Weak Law of Large Numbers;

e conditioning with respect to a sequence of sets which satisfies a regularity con-
dition;

e the asymptotic behaviour of the information gain of one sequence of probability
measures with respect to another.

These concepts are related to ones introduced by Csiszar [C]: the first is related to
the generalized I-projection; the second, to the Sanov property; the third, to the
concept of asymptotically quasi-independence. Concentration of measures and reg-
ular conditioning sequences of sets are defined and studied in part I. Fundamental to
all this is the notion of the Ruelle-Lanford function ( RL—function ) through which
we express the large deviation aspects of the problem [LP]. In part II, we study
some properties of the information gain of a sequence of conditioned measures with
respect to a sequence of tilted measures. Here substantial use is made of convexity
theory. In part III, on the basis of the results of parts I and II, we prove conditional
limit theorems and study the question of equivalence of ensembles in Statistical
Mechanics. We give also an alternative proof of the Large Deviation Principle for
empirical measures. For the reader’s convenience, we summarize below our main
results. First we set the notation and recall some basic facts. We follow essentially
the setting of [LP]; however, in the course of this work, we have found it useful to
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take a slightly more general point of view and this has led to some modifications of
the framework established in [LP].

Throughout the paper, (X, B) is a measurable space and B is the collection of mea-
surable subsets of X. It is essential for our purposes that X have some topological
structure; we assume the minimum required for our purposes:

e X is a Hausdorff topological space;

e each point z of X has a local base of measurable subsets (that is, each open
set containing z contains a measurable neighbourhood of z).

Often we choose B to be the Borel o-algebra of X, but this is not always the case;
there are some interesting examples in which B is not the Borel o-algebra. This
approach obviates the discussion of non-measurable sets, required in [C].

We denote the closure of a subset A of X by cl A and its interior by int A. We
adopt the following convention: G always denotes a measurable neighbourhood and
B a measurable subset.

We use IR to denote the extended real line: IR := IR U {—o00,+o0}; for a,b in
IR, we define

aV b := max{a, b}, (1.3)
a A b := min{a, b}. (1.4)
If f: X — IR is an arbitrary function, we put
sup f(z) 1= —o0. (1.5)
z€d

Let {IM,}n>1 be a sequence of positive measures on B which are locally finite (that
is, for each z in X, there exists G, such that G, 3 ¢ and IM[G;] < 0); let {Va}ax1
be a scale, that is, an increasing sequence of positive real numbers diverging to +oc0
as n — oco. We are interested in the asymptotics of {IM,} on the scale {V,} as n
diverges. Define the set-function

1
mn|B] = A In M,[B]; (1.6)
let
m[B] = liﬂsogpmn[B], (1.7)
m[B] = liﬁglfmn[B]. (1.8)

The following properties of the set—functions m, 7 are easily proved. Property
(1.13) below is the key to the development; we refer to it as the Principle of the
Largest Term. It is a consequence of

limsup (an V b,) = (limsup an) V (limsup by), (1.9)

n—00 n—+oco

valid for each pair {an}n>1, {bn}n>1 of sequences in R.



Conditional Limit Theorems 4

Lemma 1.1 On B, we have

— o0 < m[B] < m[B] < +o0; (1.10)
'Lf Bl C Bz, then
m[B;] < m[B,] , (1.11)
and
m[B1] < m[By]; (1.12)

furthermore, for all By and By in B, we have

Following Orey [O], we exploit the topology of X to derive from 7@ and m two
auxiliary functions on X, the lower and upper deviation functions :

pe) = infmlGa] , B(s) = infm(Ga] (1.14)

Because the set-functions 7 and m are increasing, the definition (1.14) of u(z) and
E(z) is independent of the choice of the local base {G.} of measurable neighbour-
hoods of z.

Definition 1.1 A pair ({IM,}, {V,.}) has a Ruelle-Lanford function (RL- func-
tion) p if
(z) = (z) (1.15)

for all z in X ; in which case we put

u(z) = () = p(o). (1.16)

Lemma 1.2 is elementary; nevertheless, it contains the two fundamental inequalities
of Large Deviation Theory.

Lemma 1.2 The RL-function u is upper semicontinuous (u.s.c.) and

m[B] > sup u(z) , any B € B; (1.17)
z€int B

m|B] < sup u(z) , B relatively compact. (1.18)
z€clB

Lemma 1.2 can be regarded as an abstract version of Ruelle’s treatment of entropy
in Statistical Mechanics [Rul]. Ruelle gave a precise mathematical interpretation of
Boltzmann’s remarkable formula

S=klaW, (1.19)

relating the entropy S of a macroscopic equilibrium state to a measure W of the size
of the set of microscopic states corresponding to the macroscopic state. Lanford [L]
made explicit the connection with Large Deviations.

Often one needs a stronger version of (1.18), valid for all B in B. Together with a
compactness property for u, the strengthened bounds constitute a Large Deviation
Principle (LDP) as defined by Varadhan in [Val] (see also [Va2], [A],[DS]):
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A pair ({Mn}, {Va}) obeys a Large Deviation Principle with rate—function s
if there exists an u.s.c. function s : X — IR whose level sets {z : s(z) > a}, a € IR,
are compact, and such that

m[B] > sup s(z) , any B € B; (1.20)
z€int B

m[B] < sup s(z) , any B € B;. (1.21)
zeclB

Note: For the remainder of this Introduction, we specialize our results to the case
in which the space X is compact; this yields simpler statements. In the main part
of the paper, the theorems are stated and proved without this restriction.

The thermodynamic entropy is a concave function; this is not necessarily the case
with 4 in our general context. However, as with the thermodynamic entropy, there
is a “maximum principle” associated with u: the set on which p attains its maxi-
mum is a concentration set for the sequence {IM,}. We say that a sequence {IM,}
of probability measures is eventually concentrated on the set A if, for any
measurable neighbourhood G of A, we have

lim M, [G) = 1. (1.22)

For a sequence {IM,} of probability measures, an RL-function is necessarily non-
positive. If an RL—function u exists, the sequence {IM, } is eventually concentrated
on the set

A={ze X : u(z)=0} (1.23)

on which y takes its maximum value. If 4 in (1.23) is a singleton, then (1.22)
means that the sequence {IM,,} satisfies a Weak Law of Large Numbers. The word
“entropy” in the title of this paper refers to the RL-function.

In the rest of this Introduction, we shall assume that an RL-function p exists for
the pair ({IM,.},{Vn}), and that the IM,, are probability measures. Let Cp € B be a
non-empty set, and let C := clCy be its closure. We say that Cy € B is LD-regular
if

1. for n sufficiently large, 0 < IM,,[Co};
2. the limit lim, m,[C,] exists, is finite and lim, mn,[Co] = sup ¢ ().

The notion of an LD-regular set Cy is closely related to the Sanov property of
Csiszar [C]; it coincides with it when Cp is convex and g concave on C' = clCo.
More generally, we say that a sequence of sets {C,} is LD-regular if

1. {C,} is a decreasing sequence of measurable sets and, for n sufficiently large,

0 < M,[Ch];
2. the closed set C := N,clC}, is non—-empty;

3. the limit lim, m,[C,] exists, is finite and lim, m,[Cy] = sup ¢ p(z).
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The notion of LD-regularity of a sequence is not a notion of convergence since we
do not require that C, be eventually contained in any neighbourhood of C. Given
an LD-regular sequence {C,} , we study in Section 3 the corresponding sequence
of conditioned measures {IM¢},

M [B] := M,[B|C,] , B¢€B. (1.24)

In general, we cannot determine the RL-function of this sequence of probability
measures; it is possible that it does not exist. However, we prove (see Theorem 3.1)
the following useful result:

Theorem 1.2 Let X be compact and {C,} be LD-reqular. Then the sequence of
conditioned measures {]M,(’: } is eventually concentrated on the non—empty compact
set

Ne:={z e C:pz)= ilelg w(y)}. (1.25)

Part IT is devoted to the study of the tilted measures and the comparison of these
measures with the conditioned ones. To introduce the tilted measures, we need a
convex structure for the space X. It is natural to work with a dual pair (E*, E) of
locally convex topological vector spaces with pairing (z,z) € E*x E — (z',z) € R.
We require that the measurable space (X, B) be a closed convex subset of E with
the induced topology. Furthermore, we require that the maps z — (z',z) be B-
measurable for every z' € E*. For convenience, we extend u to all E by setting
u(z) ;= —co forz € E\X. A typical example is the following: (£, F) is a measurable
space and E is the space M(Q) of all finite signed measures on (Q2,F); E* is the
space Cp(Q) of all bounded F-measurable functions on {; the pairing is given by
the bilinear form

(', z) -—-/ﬂm'(w)m[dw] 2 e C(Q), T e MQ); (1.26)

the topology on M(Q) is the o(E, E*)-topology: a sequence {z,} of measures
converges to a measure z if and only if

lim /ﬂ Flw)ealdw] = fn Flw)e[dw] all f € Cy; (1.27)

X is the closed convex subset M7 (Q) of all probability measures on (Q, F) equipped
with the induced topology, and B is the o-algebra generated by the maps z — (z’, z),
e E.

We define on E* a function p , the scaled generating function,

1 ,
p(z') = h}fﬁ—vzln/XeV"(z = M, [dz] . (1.28)
We assume throughout this paper that p is well-defined, possibly non-finite; it 1s
automatically convex. The essential domain of p is the subset of E* defined by

domp:= {z' € E* : p(z') is finite}. (1.29)
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For X compact, Varadhan’s Theorem implies that domp = E* and that p is the
conjugate of the function —pu:

o(e) = (~u)'(e") = sup{(a’, =) + p(a)}. (1.30)

For any ' € dom p, we define the tilted measure IM2 by the formula

DB o Ja € M ds
T M, o)

BeB. (1.31)

An RL-function p*, given by

u (2) = plz) + (o', ) — p(z), (1.32)

exists for the pair ({IMZ'}, {V,}), and the sequence {IM2'} is eventually concentrated
on the non-empty compact set

N® :={z e X : 4" (z) = 0}. (1.33)

The central concept of part II is the notion of asymptotically I-nullness. In order
to compare the asymptotic properties of two sequences of probability measures, we
make use of the information gain. Recall that the information gain H(A;|A;) of
two probability measures A\; and A, defined on the same space (2, F) is

Jolnh(w)[dw], if Aj[dw] = h(w)Aq[dw],

+o0, otherwise.

H( D) i= { (1.34)
Let {IK,} and {Q,} be two sequences of probability measures. We say that the
sequence {IK,} is asymptotically I-null to the sequence {Q,} on the scale
{V.}if
1
lim VH(IK,JQ") = 0. (1.35)

The notion of asymptotically I-nullness is a generalization of the notion of asymp-
totically quasi-independence, introduced in [C]; it is not a symmetric relation. To
get some feeling for its significance, consider a sequence {@®,} which is eventually
concentrated on a set A at an exponential rate on the scale {V,} : instead of
(1.22), the stronger statement

1
limsup — InQ,[X\G] <0 (1.36)
holds for any measurable neighbourhood G of A . If, in addition, (1.35) holds, then

the sequence {IK.} is eventually concentrated on the set A, not necessarily at an
exponential rate on the scale V,;; this is the content of Theorem 2.3

One of the main result of part II is Lemma 5.1 which gives the following bounds: if
{C.} is LD-regular and X compact, then

0 < inf {-p(s)—p(a)} < lirr%linf—é—H(MS[Mf) (1.37)

~  zeNg¢ n

1 ,
< limsup —~H(M; |M;) < sup {p(=') — (a',2) — p(2)} ;
n n T c

here p* is the conjugate of p . The next theorem, a special case of Theorem 5.1,
follows immediately from these inequalities.
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Theorem 1.3 Let X be compact and {Cr} LD-regular. If Nc C N=', then {IMC}
is asymptotically I-null to {IM}; }.

The condition N¢ C N¥ has an immediate geometric interpretation: when u is
concave and (1.30) holds, each z in N® satisfies

wlz) + (', z) = p(z') 2 wly) + () , Yy € E; (1.38)
writing y = z + 2z, we have
- /A(:I: + Z) 2 -—/J,(:C) + (:E’,Z) ) Vz € E ) (139)

in the language of convex analysis, «’ is a subgradient of —u at z. When C is
convex, we verify the condition No C N =’ by showing the existence of a subgradient
z'; see Section 6. This result, Theorem 6.1, is a theorem of convex analysis; it is a

consequence of the Hahn-Banach Theorem.

Theorem 1.4 Let X be compact and {C,} LD-regular. Let C = Npcl Cy be convex
and let p coincide on C with its concave envelope. If intC is non—empty or p 18
continuous at some point of C, then there ezists ' € E* such that Nc C N=' and
z' is a subgradient of —u at z for all z € N¢.

In part III, we apply the general formalism to prove conditional limit theorems.
The spaces X, E and E* are as above. Let (S,S) be a standard Borel space; for
each i € Z%, let (Q, F;) be a copy of (5,S) and define (€, F) as the product space.
There is a natural action on Q of Z? as group of translations. This action lifts
to the space of random variables on 2, and to the space of probability measures
M7 on ; the action of translation by j € Z% is denoted in all cases by §;. Let
Fooc be the space of quasilocal functions on (Q, F); we equip the space M with
the o(M7, Faoc)-topology: a sequence {v,} converges to v if and only if for every
f € Fqloc

1i7rln/{;f(w)un[dw] :_/nf(w)u[dw] (1.40)

We choose an increasing sequence {An} of cubes in Z°%, each cube A, being centered
at the origin and having cardinality V,, = (2n+1)%. On the space of random variables
and on the space M7, we define the averaging operation

1
Ani= 7 > 8. (1.41)

™ jEAn

Let ¢ : @ — X be a random variable whose distribution is given by the probability
measure 8 € M7. Define for each n the random variable T, : @ — X by

To(w) i= Auplw) (1.42)

and put M, := 8o T;!. . In Section 8, we consider the case where G is a weakly
dependent translation invariant probability measure. (Weak-dependence is defined
in Section 8.1; examples of weakly dependent measures are Gibbs measures defined
by a local specification with an absolutely summable potential.) On the space MPe



Conditional Limit Theorems o}

of translation invariant probability measures, the specific information gain h(A[3) is
well-defined; on the space Fqoc, the scaled generating function

pf16) = lim o 1n [ exp{ ¥ f(6,0)}8lde] (143)

JEAR

is well-defined. In fact, these two functions are conjugate to each other; this state-
ment is the content of the variational principle in Statistical Mechanics. Let f belong
to Faloc; for any A € M? we have

[ f@)Mdw] < p(£18) + h(AIB) (1.44)
We say that X is an (f, 3)-equilibrium state if
[ f@)Xidw] = p(£18) + h(NIB). (1.45)

The set of such states is non-empty and convex; it is not necessarily a singleton.
Suppose that, for ¢’ € E*, the function f;l : 0 — IR defined by

fi(w) = (&, p(w)) (1.46)
is quasilocal; we define
i) = g7 1n [ exp( 3 f7 @wpolde (147)
and set , ,
By [dw] := exp{ Z} fo (6jw) = Vapa(2")}B[dw], (1.48)
JEAR
and
ﬁg[dw] 1= Bldw|Tn € Cnl, (1.49)

where C, € B is a sequence of sets with 8[T, € Cn] > 0. Recall that for every
pE ,Mf'e

H(pl6) = lim T, (416) (1.50)

exists, and is non-negative.

Theorem 1.5 In the above setting, assume that there ezists ' € E* such that the
function f;' 15 quasilocal and

: 1 Cipz'y
i o H(AS 5 = 0. (L51)

Then the set of limit points of the sequence
{A.8] - |Tn € Cal} (1.52)

is non-empty, and any limit point 3° satisfies the identity
o1 : ,
A(B°16) = ~lim o I A(T € Cul = [ f7'(w)B°[d] - p(") (1.53)

In particular 8% is an ( :l,,@)—equilibrium state.
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We give two applications of this theorem, one when ¢ is a quasilocal RF-valued
function (Theorem 8.4), and another one when @(w) = 6, where §, is the Dirac
mass at w, so that T}, is the empirical measure (Theorem 8.5). Our formalism yields
an alternative proof of the Large Deviation Principle for empirical measures: there is
a natural embedding of the space of probability measures in the unit ball of the dual
of the Banach space of quasilocal functions on { equipped with the weak*-topology;
since the unit ball is compact in that topology, we have an LDP when the random
variable T, is regarded as taking values in the unit ball; by a simple argument, we
show that u(z) > —oc implies that z is a translation invariant probability measure.
In the special case where (3 is a product measure and ¢ depends only on the value of
w at 0, p(w) = @(wo), we can use an argument due to Csiszar [C] to prove directly
a theorem extending the van Campenhout— Cover Theorem (Theorem 7.2).

In Section 9, we deal with the question of equivalence of ensembles in Statistical
Mechanics [Gi]. Theorem 8.4 is reformulated in the standard framework of lattice
systems, and the connection with the theory of Gibbs states is made. We give proofs
of the results announced in [LPS1] and [LPS2]. Since Gibbs’ time, many proofs have
been offered of the equivalence of ensembles. We refer to [LPS1] and [LP S2] for some
(incomplete) remarks on the history of the question. The recent works [DSZ], [RZ]
and [G1] all approach the problem of equivalence of ensembles through the Large
Deviation Principle for empirical measures; our large deviation analysis, based on
Theorem 8.4, is less technical and yet more natural; it has the merit of yielding more
precise results. The main advantage of the large deviation analysis, common to both
approaches, is that it permits the treatment of systems with phase transitions.
The essential features of our approach are these: we concentrate attention on a
sequence {T,} of generalized energy functions taking values in R*; we apply our
formalism to the sequence IM, of probability distributions on R*, where IM,, is the
distribution of T,,. In this case, the Ruelle-Lanford function y 1s concave and is
precisely the thermodynamic entropy, the scaled generating function is the grand
canonical pressure and z’ is the generalized chemical potential which now lies in
IR*. We prove that, provided the sequence {C,} of sets we use for conditioning is
LD-regular, the set of limit-points of the sequence

{AnB[ - |Tn € Cal} (1.54)

of averaged conditioned measures is non-empty and each limit-point B¢ is an equi-
librium state characterized by the generalized chemical potential z'. Moreover, z' is
characterized as a subgradient of —p at any point of the non-empty compact set N¢.
In typical situations in statistical mechanics, the thermodynamic entropy is C' on
the interior of its essential domain, and then «’ is given by ' = —gradu(z), = € Ne.
We obtain very satisfactory results concerning a subclass of translation invariant
microcanonical states; to extend these results to non-translation invariant states is
an open problem. The theory of Large Deviations works well, even in the presence of
phase transitions, because of its thermodynamic character: it exploits the properties
of thermodynamic potentials, the RL—function and the scaled generating function.
On the other hand, it seems that its thermodynamic character restricts it to those
equilibrium states which are translation invariant. It is an interesting and difficult
problem to consider limits of the sequence

{8 |1T. € Cl} (1.55)
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of conditioned measures without averaging; the techniques of large deviations do
not apply when the limits are not translation-invariant because the rate-function of
the distribution of the empirical measure is non-trivial on the translation-invariant
measures alone.

Acknowledgement: This work was partially supported by the European Union
under the Human Capital and Mobility Scheme.(EU contract CHRX-CT93-0411)
and by Fonds National Suisse de la Recherche Scientifique.
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Part I: Concentration of Probability
and Conditioning

2 Concentration of Probability

Throughout this section, we assume that {IM,} is a sequence of probability measures.
Given a scale {V,}, the upper deviation function determines a set on which the
measures are eventually concentrated (Theorem 2.2 and the comment following it);
the usefulness of this information about {IM,} depends on how well we have chosen

the scale {V,.}.

Definition 2.1 Let {IM,} be a sequence of probability measures on B; we say that
{M,} is eventually concentrated on a set A 1f, for each measurable neighbour-
hood G of A, we have

nlgglo M,[G]=1. (2.1)
This definition is a hypothesis of the following theorem which provides, via Lemma
5.1, the essential bounds for our main results, Theorem 5.1 and Theorem 6.1.

Theorem 2.1 Let {IM,.} be a sequence of probability measures on B, let f : X — R
be a measurable function and let { B,} be a sequence of measurable subsets of X such
that

lim M,[B,] =1. (2.2)

—+ 00

Suppose that {IM,} is eventually concentrated on a subset N of X, and that each
open set containing N contains a measurable neighbourhood of N.

a) If f is lower semicontinuous and uniformly bounded below on B, for n suffi-
ciently large, then

inf f(z) < liminf 5. f(z) M,[dz] . (2.3)

zeN n—oo

b) If f is upper semicontinuous and uniformly bounded above on B, for n suffi-
ciently large, then

lim sup f(z) M,[dz] < sup f(z) . (2.4)

n—oo Bn zeN

Proof: We give a proof of the upper bound; the lower bound can be deduced by
applying the upper bound with — f in place of f. Let G be a measurable neighbour-
hood of N; for each sufficiently large n we have

[, #(@) Malda] < [sup f(2)] Ma[Bn (1G] + [sup ()] ML[B:\G]  (25)

zeG TEBn
and
nlg{.lo IMJG] =1; (2.6)
since
lim M,[B,] =1, (2.7)

—+0Q
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it follows that, given € > 0, we have
M.[B.NG] > 1—¢, (2.8)

and

M [Ba\G] < &, (2.9)

for all n sufficiently large. Thus we have

limsup [ f(z) Mpldz] < sup f(z) (2.10)

n—oo B, zeG

for every measurable neighbourhood G of N. Since every open set containing N
contains a measurable neighbourhood G of N, the upper semicontinuity of f implies

Jof, sup f(z) = sup flz), (2.11)
and hence the lemma follows. a

Later, we shall make use of the fact that any compact set N has the property that
any open set containing N contains a measurable neighbourhood of N. Of course,
when B is the Borel o—algebra of X, this property holds for an arbitrary subset N.
We mention also the following particular case of Theorem 2.1:

Recall ([S]) that a sequence {IM,} of Radon measures converges narrowly to a Radon
measure IM if and only if, for every bounded u.s.c. function f on X, we have

lirnnsup M.[f] < M[f]. (2.12)

The Weak Law of Large Numbers: Let B be the Borel oc~algebra of the Haus-
dorff space X; let {IM,}be a sequence of Radon measures on B which is eventually
concentrated on the set N = {z,}; then {M,} converges narrowly to the Dirac mea-
sure bg,.

To proceed further, we need to be able to identify a set on which a sequence of
probability measures is eventually concentrated; we shall prove that the null-set of
an RIL-function is such a set. However, we are not always able to compute the
RL-function on a given scale, even when we can prove it exists; for that reason, the
following result is important.

Theorem 2.2 Let {IM,} be a sequence of probability measures on B and let {V,}
be a scale. Suppose there exists a function s which is u.s.c., has compact level-sets
and the upper bound

m|B] < sup s(z) (2.13)
rEclB
holds. Then
a) the set
N, :={z € X, s(z) > 0} (2.14)

15 non-empty and compact;
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b) the sequence {IMn} is eventually concentrated on the set N and, for any mea-
surable neighbourhood G of N, we have

1
limsupvlnIMn[X\G} < 0. (2.15)

Proof: Applying the upper bound to the set B = X, we have

m[X] < sup s(z). (2.16)

zeX

Since {IM,} is a sequence of probability measures, we have IM,[X] = 1; hence

sup s(z) > 0. (2.17)
zeX

Since s is u.s.c. and has compact level-sets, the supremum of s is attained on any
closed set, in particular, on X; thus the set

N,={z ¢ X,s(z) 2 0}
is a non—empty compact subset of X and (a) is proved.

Fix a in (—o0,0); the level-set L, := {z € X : s(z) > a} is compact and non-empty.
Let G be a measurable neighbourhood of Ny; there are two cases to be considered:
(a) cl(X\G) N L, is empty; since s(z) < a on cl(X\G), we have

sup s(z)<a<0; (2.18)
z€cl(X\G)

(b) cl(X\G) N L, is non-empty; then cl(X\G) N L, is a non-empty compact set
and, since s is u.s.c., there exists 4 € cl(X\G) N L, such that

sup  s(z) = s(za) <0, (2.19)
zec(X\G)

because N, is disjoint from cl(X\G). In either case, we have

sup s(z) <0 (2.20)
z€cl (X\G)
so that
mX\G] < sup s(z) <0, (2.21)
z€cl(X\G)
establishing (2.15). It follows that
lim M,[X\G] =0 (2.22)
and hence
Jim M,[G] = 1. (2.23)
a

Comment: In order to have the best result, one must find the smallest possible
function s with the properties mentioned in Theorem 2.2. If the upper deviation
function T has compact level-sets and if it has the upper bound property (2.13),
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then 7 is the best possible choice for Theorem 2.2 whenever the space X is regular
(Lemma 5.1 in [LP]). Moreover, if the pair ({IM.}, {V»}) is exponentially tight,
that is, if there exists a sequence { K, }n>1 of measurable relatively compact subsets
of X such that

limsupm[X\ K,| = —o0, (2.24)

n—o0

then the upper deviation function & has the upper bound property (2.13) and has
compact level-sets (see Lemmas 5.2 and 5.3 in [LP]; there the proofs are given in
the case of B the Borel o-algebra of X, but they hold with easy modifications in
the general case). Thus the hypotheses of Theorem 2.2 are satisfied with s = 77 in
the following cases:

e X is compact;
e ({IM,},{V,.}) is exponentially tight;
e the pair ({IM,}, {V.}) obeys an LDP with RL-function u as rate-function.

Notice that, in Theorem 2.2, we proved a little more than that the sequence {IM,}
is eventually concentrated on the set N, : in proving (2.15), we established a bound
on the rate at which the measure of a set in the complement of N, goes to zero. The
behaviour described by (2.15) is worth naming.

Definition 2.2 Let {IM,} be a sequence of probability measures; if, for every mea-
surable neighbourhood G of N, we have

1
limsup — In M,,[X\G] < 0, (2.25)

we say that the sequence {IM,} is eventually concentrated on N at an expo-
nential rate on the scale {V,}.

Definition 2.3 Let {S,} and {Q,} be two sequences of probability measures on the
same space. The sequence {S,} is asymptotically I-null to the sequence {Q,}
on the scale {V,,} if

v
where H(5,|Q®,,) is the specific information gain of 8, with respect to Q...

lim —H(S,|Q,) =0, (2.26)
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Theorem 2.3 Let {Q,.} be a sequence of probability measures which is eventually
concentrated on N at an ezponential rate on the scale {V,}. If {Sn} is a sequence of
probability measures which 1s asymptotically I-null to {Q,} on the scale {V,}, then
{S.} 1s eventually concentrated on N.

Proof: We note that

5n[G] S.[X\G]
H(S.|Q,) > S.[G]ln —— + S.[X\G]ln ——— 2.27
(5:Q.) 2 SWGln 4 S X\Ga g (22D
> —In2-S8,.[X\GnhQ,[X\G].
Since .
lim sup 7 InQ,[X\G] <0, (2.28)
there exists § > 0 such that, for all n sufficiently large, we have
%m Q,[X\G] < —6. (2.29)
Thus we have . D o
—1In —1In
- . > : .
VnH(Slen) S Sa[X\G] 2 —7—; (2.30)
but .
1i71;n ‘—/—'H(S,._IQ,;) =0 (2.31)
by hypothesis, so that
lign SA[X\G] =0 (2.32)
and
lim8,[G] = 1. (2.33)
O

3 Conditioning

Throughout this section, we use IM,, to denote a positive measure (not necessarily
normalised). We make the standing assumption that an RL-function p exists for
the pair ({Mn,},{Vn}).

Given a measurable set C for which IM,[C] is strictly positive for all sufficiently
large n, we can construct a sequence of probability measures IM,[ - | C' | by condi-
tioning on the set C. We are interested in finding a set on which the conditioned
measures are eventually concentrated; if we could compute the RL—function uc¢ for
the conditioned measures using the RL—function p, we could use the fact that a
sequence of probability measures is eventually concentrated on the null-set of its
RL-function. In some cases this computation can be carried out, yielding the result
that the sequence of conditioned measures is eventually concentrated on the set

Ne:={ze€clC: plz)= y?EI(l:lPC w(y)} . (3.1)

It turns out that we can prove this concentration property in a much wider setting
than that in which we can compute uc; this motivates the following definition:
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Definition 3.1 Let u be the RL-function of the pair ({IM,},{Vo}). A sequence
{C.} of sets is LD-regular if

a) {C.} 1s a decreasing sequence of measurable sets, and 0 < IM,[Cr] < oo for all
suffictently large n;

b) the closed set
C = ﬂchn

n

18 non-empty;
c) the limit lim, mn[Cr] ezists, is finite and

lim my,[Cy] = sup u(z).
n zeC

Lemma 3.1 Let {C,} and {D,} be LD-regular sequences. Then {Cn U Dp} is an

LD-regular sequence.

Proof: Since, for any sets A and B, we have

c(AUB)=clAUCcB, (3.2)
1t follows that
Ncl(CnUD,) =((clCrUclDy) = ([clCa) U ([l D) (3.3)
We have
lim inf Ma[Cr U Dp] 2 liminf mMn[Cn] V liminf Min[ Dy . (3.4)

On the other hand, by the principle of the largest term (see (1.9)), we have

limsup m,[Cr U D,] = limsup m,[Cy,] V limsup mn[D,] . (3.5)
Hence we have
lim m,[C,UD,] = sup pu(z). (3.6)
n z€cl(CuD)
O

For any sequence {C,} such that 0 < IM,[Cn] < oo, we define the conditioned
measures IMS by

MC[B] := M,[B|C.] , B¢€B. (3.7)
We set .
mc(B] := limsup 7 In ME[B] (3.8)

and define the upper deviation function as before by
Ao(z) := laf mo[G]. (3.9)

The main result on the concentration of probability of the sequence {IMS} is con-
tained in the next theorem.
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Theorem 3.1 Let the pair ({IMn},{Va}) obey an LDP with RL-function p. Let
{C,} be an LD-regular sequence with C := Nncl Cn. Then

a) the upper deviation function Lg has compact level-sets and, for each measurable
set B, we have

me|B] < sup fg(z); (3.10)
rEclB

b) the sequence {]MS} of conditioned measures is eventually concentrated on the
non-empty compact subset

Ne:={z€C: u(z)= sup wy)ks (3.11)

c) if the sets C, are relatively compact, then it is sufficient to suppose the ezistence

of an RL-function for the pair ({IMn},{Va}) in order that a) and b) hold.

Remark: Essentially the same theorem holds when the sequence {C,} satisfies a)
and b) of Definition 3.1 and c) is replaced by the weaker statement that

— 00 < limninfmn[Cn] = lim sup m,[Cn] < 0. (3.12)

n

In that case, one must replace the set N¢ by

{zeC: ulz)> lir{nmn[Cn]}. (3.13)

Proof: Let @ := lim, m,[Cn]; by hypothesis, a is finite. We assume that
mc[B] > —oo, otherwise there is nothing to prove. Since {C.} is decreasing, for
any index k, we have

mc[B] = limsupmn[BNCy] -« (3.14)

< sup  pz)— o
z€cl (BNCy)

Since cl (B N Ck) C cl BN clCy, we have

— oo <mg[B]+a<inf sup u(z); (3.15)
k zecdBnelCy

hence the compact level-set
K :={z: p(z) > mc[B] + a} (3.16)

is non-empty and has a non-empty intersection with clB. Let G be any open
neighbourhood of K; by definition of K, and because p attains its maximum on
every closed set, we have

sup u(z) < me[B] + a. (3.17)
zeX\G

The upper bound property for closed sets implies that

mc[X\G] < MX\G] —a < sup p(z)—a< mc|Bl, (3.18)
zeX\G
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and

T_nc[B}

il

mc|[B\G] V m¢c[B N G (3.19)
mc[X\G] \ m"c{B N G}
mclcl BN G

IA A

Given £ > 0, there exists for each z an open set G; 3 z such that

m0(Gal < Fol) + ¢ (3.20)
since K N cl B is compact, we can cover K Ncl B by a finite number of these open
sets, say Gg,,...,Gz,. Let U be an open neighbourhood of K; then

G:=[U\cBJU[UN (G U---UGyg,)] (3.21)

is also an open neighbourhood of K and, by the principle of the largest term,

mc|B] < mclcd BN G < Mg[UiGy,] < supBg(zi) +& < sup fig(z)+e. (3.22)
1 z€clB

For any k, if z & clCy, then there exists a measurable neighbourhood G 3 ¢ with
mc|[G) = —c0. (3.23)

On the other hand, for any measurable neighbourhood G 3 z we have

me|G] < mG| — a. (3.24)
Consequently, for any k
_ plz) —a ifzecdCy,
< .
Ao(z) < { -0 otherwise; (3.25)
hence (@) . c
— < —JpuE)—a iz ISHON _
Fo(2) < 5(a) { —00 otherwise. (3.26)

Since s has compact level-sets, the same is true for i. Using Theorem 2.2 with the
function s, we conclude that the conditioned measures are eventually concentrated
on the non—-empty compact set

Ne:={z e C:u(z) = ?elg w(y)}. (3.27)

To prove the last statement c), we notice that we used the upper bound property
only in (3.14) and (3.18). Lemma 1.2 covers (3.14). Since C; contains all Cy, we
have

Therefore, we only need the upper bound for the relatively compact set Ci\G, and
me[X\G] <m[C:\G] —a < sup p(z) —a <me[B], (3.29)
z€cl C1\G

since G is a neighbourhood of
{z: u(z) > mc[B] + a}. (3.30)

a
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Example: a) We consider several variants of the following example. Let X :=
(—1,+1], Vo :=n, and
2

M, =e ™ +e ™5 1 +e 6 1 +(1 -2 —e™" )61, (3.31)

with a some given positive real number. The RL~function of the pair ({IMn}, {Va})
1s

0 ifz = ——% ,

pe):=4¢ —a ifz=0orz=1, (3.32)
—oo otherwise.

Let {C,} be the sequence of sets defined by

Ci= {0} U (1 — %,1). (3.33)

We have C = NnclCp = {0} U {1} and lim, m,[C,] = —a; hence the sequence {Cr}
is LD-regular. Since X is compact, we can apply Theorem 3.1; the sequence {M%}
of conditioned measures is eventually concentrated on C. Moreover, this sequence
converges (in the narrow topology) to %50 + 368;. We have similar conclusions if we
replace the sequence {C,} by the sequence {C}}, with

2
Cli=(1- = 1). (3.34)
n
Here C' = {1}, and the sequence {IMS'} converges to §. In this case, we have
M,[{1}|C.] = 0 and N,.C;, = 0.
b) We consider the same example in the space X’ := [~1, +1). Now the RL-function
18
0 ifz= —% ,
p(z):=X —-a ifz=0, (3.35)
—oco otherwise.

The sequence {C,} is still LD-regular, but now C = {0}; the conditioned measures
M are the same as before. We cannot apply Theorem 3.1 because we do not have
an LDP,

1
—a=m(5 1] £ sup p(z). (3.36)
z€[1,1)
If we consider the sequence {C'}, we have lim, m,[C}] = —a and
' 2
C'=NcC,=N1-=,1)=0. (3.37)
n n n

Hence the sequence {C.} is not LD-regular.
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Part II: Tilted Measures and Convexity

We introduce the tilted measures and we compare them with the conditioned mea-
sures, using the notion of an asymptotically I-null sequence. To develop the theory
we require that the space X be a closed convex subset of a locally convex topological
real vector space.

4 Tilting

4.1 Convex Structure

We fix the setting for the next three sections. Let (E,7) be a locally convex Haus-
dorff topological vector space E over IR. The topological dual of (£, 7) is denoted
by E*. We choose a topology 7* on E* so that the pair (£, E*) is in duality: the
topological dual of (E*,7*) is E. Elements of E are denoted by = and those of E*
by z'; the pairing between E and E* is denoted by (z’,z) — (z’,z). We require that
the space X be a closed convex subset of E equipped with the induced topology. As
before, (X, B) is also a measurable space, and each point z in X has a local base
of measurable neighbourhoods; moreover, we require that the maps  — (', z) be
B-measurable for every z’ € E*.

Some important examples of the above setting are of the following kind: E and
E' are real topological spaces and (-, ) is a bilinear map E' x E — IR so that

a) for each z # 0 of E there exists ¢’ € E' with (z',z) # 0;
b) for each z’ # 0 of E' there exists z € E with (z',z) # 0.

When conditions a) and b) are satisfied, we say that (E, E’) is a dual pair. For
the topology 7, we choose the o( E, E')-topology which is generated by the base of
(closed) neighbourhoods

{z: sup [{z;,z)| <1} (2;€ EY); (4.1)

1<ikn

the topology o(E, E') is locally convex and Hausdorff since condition a) holds. The
topological dual E* of (E,7) is the set of all continuous linear forms on E. By
definition of the topology o(E, E'), E* contains the set E'. Since a) and b) hold,
the topological dual of (E,7) is E* = E'; if we choose for the topology 7% on E*
the o( E*, E)-topology, then the topological dual of (E*,7*)is E. (See, for example,
RR] or [B].) We require that the maps z — (z', z) be B-measurable for every z' in
E*, and that X be a closed convex subset of E. This implies that each point z in
X has a local base of open (respectively closed) convex measurable neighbourhoods.
Typical examples are:

(I) E = RY, with R? equipped with the Euclidean topology; in this case, we have
E* = IRY, the bilinear form is the Euclidean scalar product, the set X is a
closed convex subset of IR* and B is the Borel o-algebra of X.
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(II) Let (2, F) be a Polish space and £ = M(Q, F), the space of finite signed
measures on (0, F). Let E' = C,(Q) be the space of bounded continuous
functions on Q. The bilinear form 1s

(z',z) =/n:c’(w)z[dw] , @' e Cy(R),z € M(Q). (4.2)

The o(E, Cy(Q))-topology coincides with the topology of narrow convergence,
the set X = M7 (Q, F) is the space of probability measures on the Polish space
(Q, F) and B is the o-algebra generated by the maps z — (' z), o' € Cy().
In this case, the set X is a Polish space and B is the Borel o-algebra of X.

(ITI) Let (2, F) be a measurable space and £ = M(Q, F), the space of finite signed
measures on ({2, F). Let E’ be the space of all bounded F ~measurable functions
on €. The bilinear form is

(@,2) = [ 2(wald] , <€ C(Q),z € M(Q) (43)

We choose the o(E, E')-topology: a sequence {z,} of measures converges to a
measure z in this topology if and only if

lim /B zn[dw] = /B z[dw] for all B € B(Q). (4.4)

The set X = M (£, F) is the space of probability measures on (Q,F) and B
is the o—algebra generated by the maps z — (z',z), z’' € E'.

Finally, we recall two definitions of convex analysis. Let g be any function g : E —
R; the conjugate function g* of g is defined on E* by

(@) = sup{ (', 2) — g(=")} (45

Similarly, the conjugate function f*: E — R of f: E* - IR is defined by
f*(z):= sup {(z',z) - f(z")}- (4.6)

CL"EE'

The functions ¢* and f* are always lower semicontinuous and convex. Let f be
convex on E*; the subdifferential 8f of f at z' is the subset of E given by

0f(a’):={z € B: f(z'+y) > pla) + (v, ), ¥y’ € B}, (4.7)

4.2 Tilted Probability Measures

Let {IM,.} be a sequence of measures on (X, B) and {V,} a scale. We suppose always
that

no.__ 7 i_ Vnlz',z)
p(z') = lim 7 ln/;: e M, [dz] (4.8)

exists (but is not necessarily finite). The function p : E* — R, called the scaled
generating function, is necessarily convex; the essential domain of p, domp, is
defined by

domp:= {z' € E*: p(z') € R}. (4.9)



Conditional Limit Theorems 23

For all z’ € dom p, we have
0< AeV“<z"I>Mn[dm] < oo (4.10)

for n sufficiently large; for those ', we define the tilted (probability) measure
M by
, Vn(m’,x)mn d
M= [B] = 22 - [da]
[y eV a1 M, [dz]
Theorem 4.1 Let E, E* and X be as above. Let z' be an interior point of domp,
and suppose that the pair ({IMn},{V.}) obeys an LDP with RL—function u which is
not identically —oo and bounded above on X. Then

(4.11)

a) An RL-function u® | given by
u¥(2) = p(z) + (2',2) — p(z') < 0; (4.12)

ezists for the pair ({IMf:}, {V..}), and the sequence {IM='} 15 eventually concen-
trated on the non-empty compact set

N :={zeX: u°(z)=0}. (4.13)

b) If domp = E* and pu(z) = —p*(z), then the concentration set N=' coincides
with the subdifferential Op of p at z'.

Proof: For t small and positive and a non-negative, we have

1 / 1 /
A ln/{(y g &M [de] < ~tat o ln [ ROEIN [da] s (414)
thus 1
Jim (limsup - In /{ . V== M, [dz]) = —oo. (4.15)

Using Theorem 6.3 of [LP] we conclude that the pair ({MZ'}, {V,}) obeys an LDP
with RL-function

b (z) = wz) + (2',2) — p(a’) < 0. (4.16)
Theorem 2.2 implies that {IMZ'} is eventually concentrated on the non-empty com-
pact set
N = (o € X i p(a') = u(e) + (&',2)}. (4.17)
This proves a). The second part of the theorem is an elementary exercise in convex
analysis. For any y’ and any z € N?', we have

p(y) 2 =)+ {2 (4.18)
= p(a) = () + (¥, )
= p(z) +{y' -, 2);
hence z € Op(z'). Let —u(z) = p*(z) and = € Op(z'); we have

p(y') > p(z') + {y — ', z) = p(z') — (2, 2) + (', z); (4.19)
thus
(g z) —p(z') > szllp(@’, z) — p(y")) (4.20)
= p*(z)

= —u(z).

Since p® is non-positive, this implies that z € N=. a
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5 Asymptotically I-Null Sequences

We compare the sequence of c?nditioned probability measures {M%} with the se-
quence of tilted measures {IM7, }. Lemma 5.1 gives upper and lower bounds on the
specific information gain

1 ,
lim V—H(]MS |IMZ). (5.1)

Lemma 5.1 Let E, E and X be as above, and let p be the RL-function of the pair
({Ma.}, {Va}). Let C.. be a sequence O measurable sets such that a = limy, ma[Cn) 18
finite. Assume that the sequence {IME} is eventually concentrated on the non-empty
subset N and that any open neighbourhood of N contains a measurable neighbourhood
of N. Forz' in domp, we have:

a) If the continuous linear functional T — (z',x) 15 uniformly bounded below omn
C, formn sufficiently large, then

lim sup %—H(MﬁlIMZ') < sgg{p(m’) ~(a,z) —a}- (5.2)

b) Let i be the concave envelope of the RL—function p. If the continuous linear
functional T — (¢!, z) 15 uniformly bounded above on Cy form sufficiently large
and N C {z: p(z) > al, then

fmint S HMEIE) 2 ()~ 4] (53)
- inf (A(s) W@} 20

both terms on the right-hand side being nonnegative. If, in addition, domp =
E*, then

fmint S H(ME M) 2 fnf {-u(e) @ 20 (5.4)

Proof: a) Let us introduce the notation

p(a') = Vl—m [ ¥ dal. (5.5)
We have .
Lnmginez) = - [ (e sl £l - mn[Col (56)
so that
1 )
lim sup o H(MZMA) < - lim inf fc (2!, 2)MC [dz] (5.7)

+ p(z') — e

Using Theorem 2.1, we have

lim inf /C (', 2)MC[de) > inf (z',2); (5.8)
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thus
: 1 o} z! : / !
lim sup V:H(]Mn M) < —inf(@)2) +p(z ) -«
< sup{p(z’) — (z,z) — a}. (5.9)
€N
b) We have
1 ‘
FHMEDE) = - [ (o) MEda] + pa(a) = malCal  (5:10)
so that
1 :
lim inf V——H(IMS[IM:) > - limsup/c (z', z)IME [dz] (5.11)
+ p(z') — e
Using Theorem 2.1, we have
limsup/ (z', )M [dz] < sup(z', z). (5.12)
n Cn zeN
Since
0> u"(z) = (z',2) + u(z) —p(z’) , V2 €E, (5.13)
we get
(—u) (=) < p() (5.14)
by taking the supremum over . Thus we have
lim inf —%—H(MS{MZ’:) > —sup(z’,z) +p(z') — a (5.15)
n n z€EN

= [p(z") = (=p)"(a")]

+ [~ 22}3,(”’/’ z) + (—u)* (") — al.

But, since p(z) > a on N, we have

—ig(w’,wH(*#)*(w')—a > igl,f{~:teljg<rc’,x>+(—u)‘(m’)}—a (5.16)

inf inf{~(e",2) + (=4)"(z)} — @
== (@)} — e

> inf {A(e) - w(a)}

Il

From (5.13), we have

r'(2) < —ul) (5.17)
by taking the supremum over z’. From (5.15), using the hypothesis that pwlz) > a
on N , we have

1 /
liminf V—H(MSI]Mﬁ) > —sup(z’,z) +p(z’) — (5.18)
n n z€N
> _supsup{(’2) — p(e") + a}
zeN z!

> inf{-p'(z) — u(=)} 2 0.
d

Lemma 5.1 gives estimates which enable us to compare a sequence of conditioned
measures with a sequence of tilted measures.
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Theorem 5.1 Let the pair ({IM,},{V,}) obey an LDP with RL-function u as rate-
function. Let {Cn} be an LD-regular sequence with C := Nncl Cn, and domp = E*.
Then

(i) If the map ¢ — (z',z) is bounded below on C, formn suffictently large and

Ne= {z€C: sup uly) = p(z)} C N = {z € X : p() = u(z) + (z',2)},

then the sequence {IMC} of conditioned measures is asymptotically I-null to the
sequence {IMZ } of tilted measures on the scale {Vo}:

lim %—H(]MS |MZ') = 0.

(ii) If the map © — (z',z) is bounded above on Cy for n sufficiently large and the
sequence {IMS} of conditioned measures is asymptotically I-null to the sequence
{IMZ'} of tilted measures on the scale {V,}, then p 1s conjugate to —p at T’

p(z') = sup{{z’, z) + p(=)}-
zel

If the sets C,, are relatively compact, then it 1s not necessary to have an LDP; it is
sufficient to assume the ezistence of an RL—function L.

Proof: By Theorem 3.1, we can apply Lemma 5.1 with N = Nc¢. (Since N¢ is
compact, every open neighbourhood of N¢ contains a measurable neighbourhood of
lVC.) Thus

1 :
0 < limsup —H(ME|MZ) < sup {a(a") — (&', 2) — sup ()}
n Vn z€N¢ yel

< fﬁ»?c{p(xl) —(z',z) — p(z)}

= 0, (5.19)

since No C {z € X : p(z') = p(z)+ (z',z)}. If the C, are relatively compact, then
Theorem 3.1 is still valid if we assume only the existence of the RL~function. The
second statement of the theorem follows from Lemma 5.1 b},

since N¢ C {z : pu(z) > lim, mn[Cal}. a
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6 Convexity

We investigate the consequences of the assumption that C is a convex set and p a
concave function. The main result is that, under this assumption, we can fulfil the
hypotheses of Theorem 5.1. References on convex functions are [B], [R] and [ET].

6.1 Convexity and LD-Regularity

Let S be a subset of a real vector space E; we say that a point y € E is linearly
accessible in S from z if there exists ¢ € S, z # y, such that

lz,y[:= {az+(1-a)y: 0<a<1}CS. (6.1)
Lemma 6.1 Let the pair ({IM,.},{V.}) obey an LDP with RL-function p.

a) Let B be a subset of E with non-empty interior. If u is concave on cl B and
each point y in cl B is linearly accessible in int B from some x with u(z) finite,
then B 1s LD-regular.

b) Let B be a convez subset of E with non—empty interior. If u is concave on cl B
and finite at some point of int B, then B is LD-regular.

If the set B is relatively compact, then in order that statements a) and b) hold
it is not necessary to have an LDP; it is sufficient to assume the ezistence of an
RL—function p.

Proof: Since we have an LDP, we have

sup u(z) < m[B] <mlclB] < sup u(z). (6.2)
z€intB z€clB
We prove that
sup p(z) = sup u(z). (6.3)
z€intB z€clB

Let y € cl B. By assumption, there exists z € int B such that |z, y[C int B and u(z)
is finite. Let zo := az + (1 — a)y. Since g is concave on cl B, for all a > 0, we have

w(za) 2 ap(z) + (1 — a)u(y), (6.4)
which implies
liminf u(za) > uly) - (6.5)
Since p is u.s.c., we have
lim sup p(za) < p(y), (6.6)
which implies
lim p(za) = p(y)- (6.7)

Since, for all a different from zero, the point z, is in int B, equation (6.3) holds.
It remains to show that sup,c. g p(z) is finite. This supremum is not —oo, since
4 is finite at some point of B. Since p is u.s.c., concave and finite at some point
of B, a standard result of convexity theory implies that u(z) < oo for all z (see,
for example, [ET]). Since p has compact level-sets, the supremum of x on cl B is
attained and is therefore finite. Statement b) is a consequence of convexity theory:
if B is convex and has a non-empty interior, then all points of cl B are linearly
accessible in int B from any given point z € int B. Hence the result follows from a).
If B is relatively compact, then (6.2) still holds; therefore a) is still true. O
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6.2 Convexity and N¢ C N

We denote by B the concave envelope of the RL-function #; it is convenient to
extend 7 to all of E by putting p(z) = — for z € E\X. Let B bea convex subset
of E and set C == cl B; let u coincide with its concave envelope on C. Maximizing [
on C is equivalent t0 minimizing (—f) +heo on E, where hc 18 the indicator function

fC:
° 0 ifzeC

ho(z) := {oo fedC. (6:8)

Lemma 6.2 Let B be a convez subset, C :=cl B, and assume that

No = {zeC: supp(y) = K= (6.9)

yelC

is mon—empty and SUPyec p(y) s finite. Assume further that the RL—function p
coincides with its concave envelope i on C. If either C has an interior point OT f
is continuous at some point of C, then

a) there ezists ¢ in E* which 1s bounded below on C;
b) ' € 8(—p)(z) for all z € Nc;
c) —z' € B(hc)(m) for allz € N¢;
d) Nc is a subset of the subdifferential
(s = (s € B (ah2) = —a) £ () (6.10)

Remark: The subgradients of he(z) have a simple geometrical interpretation: if

0#z € dho(z), then (see (6.24))
0> (',z—2) > vz € C; (6.11)

thus z' is the exterior normal to the closed half-plane {z € E (z',2) )
taining C- Conversely, if z € C and the closed half-plane {ze E: (2, 2) < (', 2)}
contains C, then ' € dhc(z)-

IN
T
8
—
o
0
o

Proof : We set
_/j’(a:) T € Xa

= {0 Semx, (6.12)

and

falz) = he(z). (6.13)
The convex function f, is a closed function ( that is,
never takes the value —o0 and domfr = {z € E: fi(z) < oo} 1 non-empty. Since
C is closed, f21s a closed convex function, as is f = hi+f Let z belong to N¢; by

hypothesis, T is a minimum of fon E so that the definition of subgradient implies
that 0 € 8f(z). The heart of the proof is to show that

a(f + f)(e) = 0A(®) + 0 foe); (6.14)

:f this holds, then there exists o' € E* such that z € 8fi(z) and _g' € 8fa(z). We
follow [ET] for the proof of (6.14), a consequence of the Hahn-Banach Theorem.

it is lower semnicontinuous), it
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Since either C has an interior point or y is continuous at some point of C, it follows
that there exists z € dom f; Ndom f; where f; or f; is continuous, say f;. Let y’ be
any subgradient in d(f1 + f2)(z); this means that fi(z) < oo, f2(z) < co and, for
all y € E, we have

fily) + f2(y) > filz) + falz) + (¥, y — 2)- (6.15)

Let
y —g(y) := fily) — fu(z) = (¥, y — z); (6.16)

the function g is a closed convex function on E which is continuous at 2. Let us
consider the convex sets C; and C; in E x IR:

Ci = {(y,a): g(y) <al, (6.17)

and
Ca:i={(y,a): a < fo(z) = faly)}. (6.18)

Relation (6.15) implies that C; and C, have only boundary—points in common; since
C, is the epigraph of g and g is continuous at z, the set C; has a non-empty interior
int C;. We can separate C; and int C; by a closed hyperplane. The hyperplane cannot
be vertical; indeed, if the hyperplane were vertical, then we could separate dom f;
and dom f; this is impossible since there exists z € dom f; N dom f, which is a
continuity point of f;. Consequently, the separating hyperplane is of the form

y— Wy +a, Y EE, a€R, (6.19)
and for all y we have
fa(z) = f2(y) < " y) + o < fily) = filz) = ¥,y — 2). (6.20)
Putting y = z, we get @ = —(y"”, z), and hence
faly) 2 folz) +{~y",y — 2) ,Vy, (6.21)
and
A) 2 Alz)+ ' +y"y —2) Y. (6.22)
Therefore we can decompose y’ into y' = (y' + y") + (—y”) with y' + " € 8f; and
—y" € 0f;. In our case, we have ¥y’ = 0 and we set ¢’ := y”. Hence there exists

z' € E* such that —z' € 3f,(z); that is,
he(u) > ( —z' ,u—=z) , Yu€ E, (6.23)

which 1s equivalent to

(', u) > (z',z) , YueC. ‘ (6.24)

The functional z' is therefore bounded below on C and a) is proved.

The rest of the proof is elementary. We show that z' € 3fi(y) for any y € Ng¢,
which implies that

fi@)+ Ay) = («,y) , Yy € Ne. (6.25)
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Indeed, let z and y be distinct elements of Nc; since fi(z) = fi(y) and (z',y—z) >0
by (6.24), for all z, we have

fi(z) > fi(e) + (¢ 2 —2) (6.26)
= fily)+(z',z—y) +(z\y — )
> fily)+ (2, z—y).

Therefore (6.25) holds, and N¢ is a subset of
{zeC: (a,2) = (=A)(2) + (=) (=)} (6.27)

On Ng, we have fi(z) = p(z); we show that (—)*(') = (—p)*(z'). For any z € E,
we have [i(z) > u(z); using (6.25), we have

(—u) (@) < (=B)(2) (6.28)

AN

IA
—~
|
=
~—
#*
—~
8
~—

Hence d) holds. We have
(=w)*(z") + uy) = (&',y) , ¥y € Ne, (6.29)
so that ¢’ € 8(—pu)(y) for all y € Ng: hence b) and c) hold. o

Finally, we recall the following useful result which relates —u to the conjugate func-
tion of p ( see [DS] or [LP]).

Lemma 6.3 Let the pair ({IM,}, {Va}) obey an LDP with RL-function p. Ifdomp =

E*, then
p(e") = (—p)"(2"). (6.30)
If, in addition, u is concave, then —u and p are conjugate functions:
o) = (—u)"(s) and - u(z) = p'(=). (6.31)

6.3 Convexity and Asymptotically I-null Sequences

We summarize the results obtained so far. For convenience, we recall the setting.
(X, B) is a measurable space. There exists a locally convex Hausdorff topological
vector space (E, ) over R with topological dual (E*,7*), so that the pair (E,E*)
is in duality; X is a closed convex subset of E, equipped with the induced topology.
The measurable and topological structures on X are compatible in the following
sense: each point £ € X has a local base of measurable neighbourhoods; the maps
¢ — (z',z) are B-measurable for every z' € E*, where (z',z) denotes the pairing
between £ and E*.
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Theorem 6.1 The setting is as above. Assume that the pair ({IM,}, {Va}) obeys
an LDP with RL-function . Let {Cn} be an LD-regular sequence with C = NclC,.
Assume that C is convez and that the concave envelope of p coincides with u on C;
assume further that either int C' is non-empty or p 1s continuous at some point of

C. Then

a) The sequence of conditioned measures {IMS} is concentrated on the non-empty
compact set

Ne ={z € C:u(z) = sup w(¥)}; (6.32)

there ezists €' € Nzeny O(—p)(z) bounded below on C such that

Nc C 3(—u)*(z"). (6.33)

b) If, in addition, z' is bounded below on C, for n sufficiently large and p(z') =
(—up)*(z'), then N¢ ts a subset of

N* ={z € E: p(z) + (¢,2) — p(a') = 0}

and the sequence of conditioned measures {IMS} is asymptotically I-null to the
sequence of normalized tilted measures {IMZ } on the scale {V,}.

If the sets C, are relatively compact, then it is not necessary to have an LDP; it 1s
suffictent to assume the ezistence of an RL-function pu.

Proof: By Theorem 3.1, the conditioned measures are eventually concentrated on
the non-empty compact subset N¢. The second part of a) follows from Lemma 6.2.
In particular, (6.33) reads

Ne C{z € E: (z',2) = —p(z) + (—p)"(z")}- (6.34)

Therefore p(z') = (—u)*(z') implies No C N*. If z € Ng, then (—p)*(z') is finite;
hence p(z') is finite. Therefore b) follows from Theorem 5.1. a
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Part III: Conditional Limit Theorems

7 Independent Random Variables

We show how the formalism developed in parts I and II can be applied to prove
conditional limit theorems. In 7.1, we give a general result, a direct consequence of
Theorem 5.1. In 7.2, we give a concrete application for discrete random variables.
In the final subsection, 7.3, we study a counter—example where the hypotheses of
Theorem 6.1 are not verified.

7.1 General Case

Let (S,S) be a standard Borel space and (8 a probability measure on (S,S). For

each 1 € IN, let (Q;, F;) be a copy of the space (5,S) and define (2, F) to be the
product space. Let Y;, i =1,..., be independent random variables,

V;: Q-5 , Yi(w):=w, (7.1)

with common law 3. We consider another random variable ¢ : § — X with values
in a measurable space (X,B) which satisfies the hypotheses of part II. For each
n € IN, we take V,, = n and define T, : @ — X by

To(w) = ;1:2"’(“’1')' (7.2)

The distribution of T,, on X is IM,,. A typical example is
o S MI(S) , wls)=6., (73)

where &, is the Dirac mass at s € S. Here T, is the empirical distribution; this
case has been extensively studied, see for example [BZ], [GOR], [C] and [A]. The
scaled generating function p(z') exists for all z’ € E* but is not necessarily finite; 1t
is given by

1 ' '
p(z') = lim - ln/ e™= e M, [dz] = 1n/ el () g[ds]. (7.4)
nn Jx s

The function p is automatically convex, a consequence of Holder’s inequality. If
{z,} is a sequence converging to z’, then Fatou’s Lemma implies that

liminfln /
k

oA Nglds) 2 In [ A Dp(ds] (1.5)
S

S

Hence p is a closed convex function on E*. Let G be a convex neighbourhood of
L(z +y) € X; there exist convex neighbourhoods Gy 3 z and G, 3 y such that
%Gl + %Gg C G. Since the random variables Y; are independent, we have

M, [G1] - Ma[Ga] < Man[G]. (7.6)

From this inequality, the existence and concavity of the RL-function p follow im-
mediately using the standard subadditivity argument [L].
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Theorem 7.1 Let Y1,Y, ... be a sequence of 1.1.d. random variables taking their
values in a standard Borel space (S,S) with common law 3. Let ¢ : § — X
be a random variable with values in a the measurable space X which satisfies the
hypotheses of part II. Let {C,} be an LD-regular sequence in X with C := NpclC.
If there ezists ¢’ € domp such that the sequence of condztwned measures {IMS} is
asymptotically [-null to the sequence of tilted measures {]1\/[z }, then the law \S of V3
conditioned with respect to the event {T,, € Cr} converges in information asn — oo
to the probability measure

e(x,:‘\a(’)>ﬁ[d5]

/B:x: [ds] = fs e(xl*w(t»ﬁ[dt] N (77)
that 1s,
lim HOZ18%) = (738)

Proof: The idea of the proof comes from [C]. Let v be the infinite product measure
on  with all factors equal to 8 and let v* = [1j>1 pj, where the first n factors are
equal to the measure B%" and the remaining ones to the measure 3. We observe that
the conditioned measure IMS is the image under T, of the measure

v - |Ta € Cal, (7.9)

and that the tilted measure IM® is the image under T}, of the product measure vE
By a change of variable, we have

H(ME|ME) = H(v[ - |Tn € Cullvi). (7.10)
The law A of ¥} conditioned with respect to the event {T,, € Cr} is equal to the
marginal of v[ - |T, € C,); therefore the theorem follows from Theorem 5.1 and
Lemma 10.2. O

7.2 Lattice Case

Let Y3, Y5, ... be a sequence of i.i.d. integer-valued random variables with common
law 3. We assume that the variables have maximal span one. For ¢, we choose the
identity function, so that

1 n

- 13 Yw). (7.11)

nig
Here X = E = IR with its Borel structure, and E* = IR; the scaled generating
function p is given by

N =1 ="t 31 dt 7.12
p(a') = In [ *Bld], (7.12)
and we define as above the tilted measure
] CI,.,ﬁ[dS]
Tlds] = ———— . 7.13
58] = T (713)

Let u be the RL-function of the pair ({IM,},{V.}), let M, =B o T;! and V, = n.
By definition of y, for any point z € IR, we have

lin}linfmn[{m}] < limnsupmn[{:z:}] < p(z). (7.14)
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Proving that the singleton C := {z} is an LD-regular set is equivalent to proving
that
lin}linfmn[{m}} = 1i1xlnmn[{:c}] = u(z). (7.15)

There is a simple case where this can be done, namely, when we can show that
liminfma[{z}] = 0. (7.186)

Indeed, if this happens, we must have lim, m,[{z}] = pu(z) since p is nonpositive.
Another elementary remark is that whenever we have

limma[{z}] = (z), (7.17)

we have also an analogous result for the tilted case for any @’ such that p(z') is
finite:
limmy [{z}] = 47 (). (7.18)

We make use of these two remarks to prove

Lemma 7.1 Let z be a rational number with the properties:
a) there ezists k € IN so that Prob[{T = z}] > 0;
b) there exzists =’ in the interior of domp such that grad p(z') = z.

Then we have

1
lirrlann Min[{z}] = p(z). (7.19)
Proof: Let Z;, ¢ = 1,2,..., be i.i.d. random variables with common law B%': by

choice of z', we have IE[Z;] = z. The distribution of X ¥, Z; is the tilted measure

IMi'. Since z’ is in the interior of the essential domain of p, all moments of Z; are
finite and, by the Central Limit Theorem for lattice distributions (see [F]), we have

& / 1
Prob[) Z; = knz] = Mg, [{z}] = O(——). 7.20
322 = kna] = M, {a}] = O( ) (1.20)
It follows that .
0=lim.—In M2 [{z}] = = (z). (7.21)
n kn
But, clearly, we have
W (@) = oo - p(e) + ula) (7.22)
.1 2 , o1
= lim - I ME[{z}] = o'z — (&) + lim - In Myl {a}],

which means precisely that {z} is LD-regular for the pair ({IMga}, {Vin})- a
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Theorem 7.2 Let Y1,Y, ... be a sequence of i.1.d. integer-valued random variables
with magzimal span one and common law B. Let domp be the essential domain of
the closed convez function p: IR — R U {co},

p(z') = In /R &= 3]ds). (7.23)

Assume that domp contains a neighbourhood of the origin. Let = be a rational
number with the properties:

a) there exists k € IN so that Prob[{Ty = z}] > 0;
b) there exists «' in the interior of domp such that grad p(z') = z.

Then the law A%, of Y1 conditioned with respect to the event {Tkn = z} converges in
information for n — oo to the probability measure B%'. Consequently, we have

lim 3 g [{r}] - 87 [{r}]l = 0. (7.24)

rGZ

Proof: Since dom p contains a neighbourhood of the origin, we have an LDP for the
pair ({IMgn}, {Vin}). The function p is differentiable on the interior of its essential
domain, which implies that p is strictly concave and continuous on

A:={yeR:y=gradp(z'), ' € int(domp)}. (7.25)

The set C = {z} is LD-regular (Lemma 7.1). We have N¢ = {z}; by hypothesis,
z is in A and this implies that z' is the unique subgradient to (—) at z and thus
satisfies the hypothesis of part (b) of Theorem 6.1; hence Theorem 7.1 applies. The
final statement says that we have convergence in the total variation metric as a
consequence of the Kemperman-Pinsker inequality (see Proposition 10.3) a

7.3 A Counter—Example

The following example, inspired by a model from Statistical Mechanics, the Curie—
Weiss model, shows that if the RL—function is not concave, then the conclusions of
Theorem 6.1 need not obtain; this example shows that there are measures obtained
by conditioning on convex sets, which are not equal to tilted measures. We also
illustrate the fact that, for [Ng| > 1, it is necessary to study large deviations on a
scale smaller than the scale {V,} in order to determine more precisely the concen-
tration set of the conditioned measures.

Let S := {—1,+1} and, for each b € [—1,+1], let B be the probability measure on
S defined by

145 1-b
B+ =, AU = —— (7.26)
For each j € IN, let (25, A%) be a copy of (S, (°); let Q be the infinite product space

[1j51 Q; and let A% be the infinite product measure [];>; )\g. Let Y;, j € IN, be the
random variable defined on {1 by

Yi Q- {-1>+1} ) Y'J(w) = wy, (727)
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and for each n € IN let
1 1 &
mm:;an:;Z%. (7.28)

The random variable T}, is distributed according to the probability measure vy,

en%Ti(w) )0 {dl.d]

nldw] 1= Ty Tow .
V. [ ] fﬂ e"?Tn(w))\O[dw']

(7.29)

In this example V, =n, E = E* = R and X = [-1,+1] C R. The distribution of
T, on X is M, = v, 0 T7!. Let s be defined on [0, 1] by

0 ify =0,
s(y) == {—ylny-—(l——y)ln(l—y) o<y <1, (7.30)
0 iy =1.

The RL—function p of the pair ({IM,}, {V,a}) is

l4+z, az?
wz) = (2 + 22 _p, (7.31)
2 2
where p,, is the constant
1+¢z az?
z€[0,1]

For each z' € IR, the tilted measure ]Mf: is the image by the map T, of the measure

' dw en($T2(w)+2'Tn(w)) X0 ]
vE | ]"keﬂ%m@w%ﬂhwwkﬁiwy

(7.33)

The scaled generating function pa(z’) can be computed by Varadhan'’s Theorem,

2
l+m)+%?+wﬂm} (7.34)

Pa(2') = sup {s(—
z€[0,1]

For a > %, the RL—function p is not concave: the RL-function attains its maximum
value at the points £m*, where m* = m*(a) is the positive root of the equation

tanh 2az = z. (7.35)
The concave envelope of p,

w(z) ifz€[-1,-m"],
a(z) =40 if z € [-m*, m*], (7.36)
u(z) ifzem*1],

is strictly larger than p on the open interval (—m*, m*).

We choose the parameter a > %. Let C := [—a, +a], with 0 < a <m*. The set Cis
LD-regular; since the RL-function is symmetric, the concentration set is given by

Ne={z € C:pulz)= ilelg w(y)} = {—a, +a}. (7.37)
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For any z’' € R, we have
1 / 1 ,
lim ;%(Mf;‘mvx:) = lim ~H(va[ - {Tn € CHIvT) 2 —u(a) > 0. (7.38)

A simple analysis shows that the tilted measures are concentrated on the subset
N=', where
{b(z")}, bu(z') € (-=1,-m*) ifz’' <0,
N ={ {—m* +m*} if ¢’ =0, (7.39)
{b.(2")}, bu(z') € (m*,1) if ' > 0.

One can prove that the sequence {v='} converges to a probability measure, denoted
by v%. Since v is invariant under any finite permutation of the wj, it follows from
de Finetti’s Theorem (see, for example, [F]) that

o | Ab(E) if ¢’ # 0,
- { Domt Ly i gl =0, (740)

The conditioned measure v,[ - |[{T% € C}] has a limit as n tends to infinity, which
is also invariant under any finite permutation of the w;, so that again we can use de
Finetti’s Theorem. We show that we find different limiting measures by choosing
different LD-regular sequences {C,} converging to C. For example, we choose &, >
0, such that €, | 0 and ne, — co faster than Inn, as n — co and C, := [—a, a +€a);
the sequence {C,} converges to C and is LD-regular, thus the concentration set for
the sequence of conditioned measures {IMS} is again Ng = {—a, +a}. However, a
finer analysis based on Lemma 7.2 shows that the measures IMS converge to a Dirac
measure 6, concentrated at a, so that limpe va[ - |{Tn € C}] = A®. Notice that

A% is not of the form
/}R 2= 51 g, (7.41)

with p a probability measure on IR.

Lemma 7.2 Let J be an open subinterval of [—1,1] and let Do, := [a—§6,a] C D, :=
[a—6a+e,] CJ, where § > 0 anden | 0 as n — oo. With p'(z) denoting the
derivative of the RL—function, if inf ¢ s p'(z) is strictly positive and ne,/lnn — oo,

then Do)
lim ———22 = (. 7.42
% LD, 0 (7.42)

Proof: We prove the lemma for the case where the function p is given by

1+z

w(z) == g(z) + s( ), (7.43)

with g : [-1,1] — IR a continuously differentiable function. The measure IM, is in
this case (we can omit normalization because the limit involves a ratio)

MAB)i= 3 pn()5sz 1 B), (7.44)

where

pn(k) := <:) (1) (7.45)
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From Stirling’s formula, we have the following estimate: given 0 < a < o <1,
there exist Ko > 0 and ng € IN such that, for n > ng and k such that a < f < d,

we have

|1n (Z) — ns(%)] < Kolnn. (7.46)

From this it follows that there exist K; > 0 and n; € IN such that, for n > n; and
k such that %{9 — 1€ J, we have

10 pu(k) — np(?—;- _ 1) < KiInn. (7.47)

Define the measures IM,,, n > 1, on the subsets of [—1,1] by

B(B] = Y ¥ Vs, [B]; (7.48)
k=0
for B C J and n > nq, we have
e~Krlanf 1B] < M,[B] < 2" M, [B]. (7.49)
Now let B be an interval of length |B|; by the principle of the largest term, we have

2% . 2% In(n|B|)
i gl .[B] < = _ )
Jex p(—=—1) < ~InM Bl < max u(——1)+—— (7.50)

where ¢ 1B := {k : 2 — 1 € B}. Thus there exist K, > 0 and np € IN such that,
for n > ny, we have

0< Mn[Doo] S e(K2Lnn+ln6) . e(n{mzs.xkeq.’_.1D°° “(%—1)—mxke¢~an u(z—n&—l)})' (751>

~ IM,[Dx]
Since p is continuously differentiable, we have
2k 2k €
1) - b < g "(z): )
{ ax w(~—1)— max u( D} < -5 - b p(2); (7.52)
taking n — oo, the result follows. a

Let § be strictly positive, so that
[—a,a+¢eq] = [—a,—a+8]U(—a+8a—-8)U[a—ba+en]; (7.53)

we write the measure IMS as

MI[ -] = M - |[~a,—a+8]]- Mn[[ﬂ—\ﬁ[;:Jr 6]] (7.54)
+ M| - |(—a+8a—28)- MnK—H&IgL? —4)]
+ M, - \[a, —é,a+ En” . Mﬂ[[aih;["nfbi]‘i' 5nH‘

Using M,[[—a, —a + 6]] = Mau[[a — §, a]], it follows immediately that
M — 6, , n— oo. (7.55)
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8 Conditional Limit Theorems: Stationary Case

We now consider dependent random variables. The special case of Markov condi-
tioning is addressed in [CCC]; our results cover a much wider range of applications.
The main result, proved in 8.2, is a conditional limit theorem for stationary se-
quences of random variables {Y;} indexed by the points of the lattice Z¢. Two
concrete applications of this theorem are given in 8.3 and 8.4. In particular, we give
in 8.4 a new proof of the LDP for the empirical measure. In the first subsection,
8.1, we define the notion of equilibrium state. For that purpose, we introduce the
concept of a weakly dependent measure and recall the basic properties of the specific
information gain.

8.1 Equilibrium States

Let (S5, S) be a standard Borel space; for each z € Z4, let (Q, F;) be a copy of (S, S)
and define (0, F) as the product space. We set |1] := max |ik| if i = (31,...1a) € z¢
and use |A| to denote the cardinality of a subset A C Z°%. (Qp,Fp) denotes the
product space ([Ties 4, [Tica i) and (Q, F) stands for (Q¢, F5a). We write f € Fy
to mean that the function f is Fj-measurable. For 7 € Z%, we have the translation
operator #; acting on Z% by j — j + 4. This lifts to

91' : QA — QgiA with (G,w)j = Wi - (81)

For f € Fa, we define 6;f € Fg,5 by ;f(w) = f(f_,w). For the measure v, we define
f,v so that [ fd(8;v) = [(6_;f)dv obtains. For any bounded function ¢ :  — RF,

90=(f1,...,fk),weset

plw)l = max [fi(w)l, [ell:=suplp(w)l (8.2)
Definition 8.1 A real valued function f on Q is called local if f is Fy-measurable
for some finite A. The symbol Fi.. denotes the space of all bounded local functions;
the closure of Fioc with respect to the norm || - || is denoted Fqoc and f € Fyloc
is called quasilocal. The vector space of all finite signed measures on (0, F) 1s
denoted by M the probability measures, by My, translation invariant probability
measures, by .Mf’e.

For f € Fyoc and v € M, there is the natural pairing

(f,0) = [ flw)vlde]. (8.3)

Equipped with the o(Fqoc, M )-topology, M and Fgo. are mutually dual locally
convex Hausdorff topological vector spaces. The set M7 is a convex subset of M and
J\/lf’e is a convex subset of M. Though Fyoc and Fioc induce different topologies on
M, the topology on M7 induced by Fi.. coincides with the topology o(MT, Faoc)-
A sequence {v,} of probability measures on {) converges to the probability measure
v in this topology if and only if

lim [ fdv, = / fdv (8.4)

—+00
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for each f € Floc- Sometimes this convergence is called T—convergence. Unless
otherwise specified, the discussion of limits of probability measures below employs
this topology.

We fix once and for all a sequence of finite subsets A, C Z% nelN,
A :=[-n,n)¢ c Z¢ (8.5)

such that eventually any finite subset of Z% is contained in A,; the corresponding
scale is {V, := (2n + 1)¥}. The complement of A, in Z? is written A, := ZA\A,,.
The restriction of a probability measure ) to a o-algebra B is denoted Ajz. We set

Ea(f)
Exz, exx (f)

ca(A) :=sup{|In ( ) |: f>0in Floc}- (8.6)

(If the numerator and denominator are both zero, then the quotient in the definition
of c,(v) is defined to be 1.)

Definition 8.2 A translation invariant probability measure A on (2, F) is weakly
dependent if

1
lim — =0, .
M 7-ea(A) =0 (8.7)

Remark: In the case of a local specification defined by an absolutely summable
potential, Gibbs measures are weakly dependent (see Section 9). In [Su], a similar
definition is introduced ((3.8) of [Su]); however, the present formulation using (8.6)
is more convenient.

In this setting, we define two important functions: the specific information gain
h( - |B) on M and the scaled generating function p( - |B) for the empirical
measure, defined on Fyo.. In the following, 3 is a fixed translation invariant weakly
dependent probability measure. Let A be an element of M{; we set

Hrr, (MB) := HA 7, 817, )- (8.8)

Definition 8.3 A probability measure A has specific information gain k(A|5)
relative to the probability measure 3, if

A(VB) = Jim oM, (N6) (8.9)

ezists.
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Theorem 8.1 Let 8 € M be a weakly dependent probability measure.

a) For any A € Mf’e, the specific information gain

A(B) = Jim oMo, (AI6) (8.10)

ezists as a nonnegative number or +oo and h( - |5) is a lower semicontinuous
: 6
affine function on M7?.

b) The level-sets of h( - |8) in MT* are compact.
The proof is given in Section 10.2.

Definition 8.4 Let f be an element of Fooc and let 5 € Mf’a be weakly dependent.
We define

) 1
p(f|8) := limsup V—ln/ exp{ Y f(6,w)}Bldw]. (8.11)
i n j€AR
The empirical measure is the probability measure given by
1
A > b0 (8.12)
™ JEAn

Since

S f(850) = Valfy o 3 B (8.13)

JEA, n jEAn

the function p( - |8) is the scaled generating function for the empirical measure

defined on the probability space (2, F, ).

Theorem 8.2 Let 8 € M be a weakly dependent probability measure.

a) For any f € Faoc, p(f|8) given by (8.11) ezists as a limit, not just as a limit
superior, and p( - |B) is a lower semicontinuous convez function on Fgoc.

b) p( - |B) and h( - |B) are conjugate functions:

p(f18) = sup{(f,A) —h(AB): A e M’} (8.14)
h(Alﬁ) - sup{(f,A) _p(f‘ﬁ): f € fqloc}'

c) For any a € A/lf’e and f € Fyloc, u;e have
(f, ) < p(f1B) + h(B). (8.15)

The proofs of a) and b) are consequences of the results of Section 8.4. One can
give a direct and straightforward demonstration of a) along the lines of the proof of
Lemma 8.2, while c) follows from b).

Definition 8.5 Let f € Fyoc and 8 € M be weakly dependent. A translation
invariant probability measure a is an (f,0)—equilibrium state if

(f,a) =p(f18) + A(a|B). (8.16)
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In this section we shall make use of the following two operations. Let A be any
probability measure on . For any k € IN, we define a periodic probability measure
Pk)\ by
PkA = H 9(2k+1)j(A|fAk). (817)
jeZ?
We call P, the blocking operation. We define also the averaging operation A
by )
Ag = — 6, 8.18
* Vi jezA:h ’ ( )
acting on the space of measures or on the space of quasilocal functions; by definition
of the action of Z%, we have

(Anf A) = (f, And). (8.19)

It is immediate that v is a limit point of the sequence {Ax} if, and only if, v is a limit
point of {PxAx}. An elementary estimate shows that v is a limit point of {ArAc}
if, and only if, v is a limit point of {Ax(PxAx)}. Notice that AxPixA is an ergodic
probability measure. To see this, it suffices to note that, for any g € Fi.c, we have

2

[ 6() - bia(w)( AP o] = ( [ g@)(APXW]) ,  (820)
provided [z] is large enough.
Lemma 8.1 Let 8 € M7 be weakly dependent.

a) For any probability measure A, we have

(Hry,, (MB) = em(B) =10V ) /Vin < B(AmPrA|B) < (M, (AB) +m(B))/ Vi

(8.21)
b) For any sequence {A.} of probability measures, we have
1
limnsup VH}_A"(/\"W) = 1imnsup h(AnPrAnlB), (8.22)

and the corresponding equality with liminf obtains.

The proof of a) is given in Section 10.2, while b) is a direct consequence of a).

8.2 Conditional Limit Theorem: General Case

Let 8 be a translation invariant weakly dependent probability measure. We consider
a random variable ¢ : Q — X, defined on the probability space ({2, F, 8) with values
in a measurable space (X, B), which satisfies the hypothesis of part II (see Section
4.1). For each n, we define the random variable T}, : Q — X by

To(w) := Anp(w). (8.23)

If for 2’ € E* the function f:' : 0 — IR defined by

f7 (W) = (@', p(w)) (8.24)
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is quasilocal, then

lim (") —hm—é—ln/nexp{z £ (6;0)}Bldw] = p(a) (8.25)

j€EAn
exists. We set
B2 [dw] :=exp{ Y f7 (8jw) — Vapa(z")}Bldw], (8.26)
JEAR
and
BE[dw] := Bldw|Tn € Cl, (8.27)

where C,, € B is a sequence of sets with 8{T, € Cn] > 0. Recall that for every
pe M?

.1
(p18) = lim o=, (4I6) (5.28)
exists, and is non-negative.
Theorem 8.3 In the above setting, assume that there ezists ' € E* such that the
function f:' is quasilocal, and

: 1 Cipz'y __
i o H(BE167) = O (8.29)

Then the set of limit points of the sequence
{AnB[ - |Tn € Cal} (8.30)

is non—empty, and any limit point B€ satisfies the identity
h(B°18) = —hm———ln,@ T, € Cy] / £ — p(a"). (8.31)

In particular 3€ is an (f:',,@)—equilibrium state.

Proof: We have
| o1 y ,
HESI8E) = B8 — [ 7 (@) ARl el (832)

and

1 o 1. o 1

— < — = —— . .

7 HAn (BL18) < g (B 1B) = — - lnBlTn € Cul (8.33)
Since fZ' is quasilocal, sup,, |fe (W)l = | f2'|| < oo and lim, pa(z') = p(z') exists and
is finite. Using Lemma 8.1, (8 33) and (8.32) we get

0 < liminf Y}Hﬂn (6616) = liminf h(A, P65 |6) (8.34)

1 1
< linhinf—f/—ln,@[Tn € C,] < limsup —T/—Inﬁ{Tn e C,]

n

= hmsup( (ﬁcwm +/ fa (w)AnBE [dw] — pn(z')>
< timsup [ f7(@)AnB7 dw] — p(z") < £ - pla’) < oo
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Since the level-sets of the specific information gain are compact, the set of limit
points of the sequence {A4,P,8°} is non-empty. This set coincides with the set of
limit points of the sequence {A,B5}. Let B¢ be such a limit point. Since f:j' is
quasilocal,

lim [ 2'd 4,68 = [ £2'4p°; (8.35)
the lower semicontinuity of the specific information gain on A/l;"a implies that
M(B€8) < limin —Vinlnﬁ['rn € Cp) < limnsup—%lnﬁ[fl’n € C.] (8.36)
< [ f2 ()8l — p(a").
Since A€ is translation invariant, Theorem 8.2 implies the reversed inequality

W8OI8 2 [ £ ()BCTdw] — p(e") (8.37)

[

The above result may be applied to sequences which approximate {A,p(w)}. We
have the following

Corollary 8.1 Assume the hypotheses of Theorem 8.3 are satisfied with {T,.} which
does not equal { Anp(w)}, but such that

lim [[(2, Tu(w)) = (o', Anp(w)) | = 0. (8.38)

n— 00

Then the conclusions of the Theorem still obtain.

Remark: A crucial step of the proof is the use of the lower semicontinuity of the
specific information gain on Mf”e. The following example shows that this property
fails to hold on M7, even if the limiting measure is translation invariant. We
construct a sequence of probability measures {\,} such that {A,} converges (the
topology is that induced by Fyoc) to a translation invariant probability measure and

lim A(Aa|8) < h(lim A |B). (8.39)

Consider Z' with Q; = {0,1}. We have A, = {-n,...,n} and V, =2n + 1. Let 8
be the product probability measure with S[{1}] = a, for all< € Z, where 0 < a < 1,
and let v be the product probability measure with v[{w; = 1}| = o’ for all = € Z,
where 0 < @’ < 1 and a' # a. Define

;e o
S=1Y = a iff <k 8 40
vel{w }] { a otherwise. ( )

Then {v,} converges to v. Set A, := Pnvn; {An} converges to v. Note that
Hz,, (vn|B) is of order 24/n, so that Lemma 8.1 implies the equality

lim AOl6) = lim -, (18) =0, (3.41)

But A(v|B) is non-zero.



Conditional Limit Theorems 45

8.3 Conditional Limit Theorem: Euclidean Case

We give an application of Theorem 8.3 when the measurable space (X,B) is a
compact subset of IR with its Borel structure. We fix a translation invariant weakly
dependent probability measure 8 on (,F). Let o : Q — IRF be a quasilocal
function. Recall the norms defined in (8.2). Let E = E* = IR* with the pairing
given by the Euclidean scalar product (z',z). Let X C E be a closed ball at the
origin with max norm radius larger than ||¢||. The distribution on X of T, = Anp
is M, = 8o T

Lemma 8.2 The RL—function u of the pair ({IM,},{Va}) ezists; it is a concave
function on IR*. The scaled generating function

; 1 (Val(z',2)}
= — A 8.
p(z') :=lim 7 ln/X e M, [dz], (8.42)

exists; it 1s a closed convez function with domp = RF.

Proof: Let B.(a) be an open ball of radius ¢ and center a € RF. Let ag, a1, as be
elements of R* which satisfy ag + a; = 2a, and let 0 < " < &’ < ¢; we shall prove

[ Beu(ao)] + m{Ben(ar)]

m[B,(az)] > 5 (8.43)
If we put ag = a; = a, in (8.43), we have
m[Be(ao)] > m[Ber(ao)] , (8.44)

which implies u > 7. To see that the resulting function, denoted by p, is concave,
we note that (8.43) implies the inequality

plao) + p(a)

. (8.45)

paz) >
Since u is upper semicontinuous, this implies the concavity of . The existence of
p is a consequence of Varadhan’s Theorem; since X is compact, we have an LDP.

Therefore

p(z") = lim%ln‘/;(e{v"(ml’m)}ﬂ\/[n[dm] (8.46)

n
n

= sup{(z',z) + u(z)}.
zeX

We return to the proof of (8.43). If ¢ were a function of a single coordinate and 3
a product measure, then this would follow from (7.6); we have to show that, under
the existing assumptions, the inequality got from (7.6) by taking logarithms and
dividing by V;, continues to hold up to a small correction (which vanishes as n goes
to infinity) provided we work on a sufficiently coarse scale. Given the box A,, we
define for n > m the sublattice A,jm, whose points are the centers of all translates
of A, by multiples of 2m + 1 which stay inside Ap:

Appm = {(2m +1)7 : § € Mnom)div(zm+1)}5 (8.47)

2(nlm) = |Anm| = (2{(n — m)div(2m + 1)} +1)°, (8.48)
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where div denotes the integer part of the quotient. Then

U 6iAm CAx and | |J 6jAm | = g(nim)Vm,

jEAMm jeAnlm

since the translates §;A,, are disjoint.

All

d = 1: bozes Ay and Ay, large o are the points of Aiyja; q(11]2) = 3.

46

(8.49)

Enumerate the points of Anjm by 25, 7 =1,...,q(n|m), so that 1 corresponds to the
origin in A,j,. Because g(n|m) is odd, we omit the origin from sums involving Anjm.

Making use of the convex relationship a; = (ag + a1)/2, we have for n > m

q(n|m)

H(Tﬂ(w) - G‘Z)Vﬂ - Z (Biij(w) - a'jmod2)VmH S

i=2

(Ve — (a(nim) = 1)Vin ) (llaall + llel]) -

For any m € IN, we can find G,, € Fy,, so that
1
hm—sup|G — 3 p(bw)| =0.
Vin w
JEAmM
Therefore there exists M so that m > M implies

—]i—suplG - Y ¢(bw)] <minfe' —e",e — €'}

Vm JeAm
For m > M, it follows from the two estimates above that

V a(nim)

hmsup {Tn(w) — a2} — — Z {9,J V (W) — @jmoaz}l] < e —¢,

and

1
T [Ber(ajmoar)] C {w: - Gm(w) € Ber(ajmod2)}-

m

Then there exists N, such that n > N,, implies

{w:8; T

L (@) € Bu(agmeas), 5 = 2., a(nlm)} C T [Bu(az)]

(8.50)

(8.51)

(8.52)

(8.53)

(8.54)

(8.55)
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Using the fact that 8 is weakly dependent, we can write

InIM,,|B.(as InIM,,|B.(ag nIM,, B.(ay ' (g(njm) —
(B, 1ol 1 o) Vo)1) g5

To deduce (8.43) from (8.56), select a sequence {my} so that InMp, [Ber(ao)]/Vm,
converges to 7i[Ber(ao)]. Using this sequence and the fact that (g(n|ms) —1)Vn, /V;
goes to 1 as n — 00, (8.43) follows. a
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Theorem 8.4 Let 8 € M be weakly dependent. Let o be a quasilocal RF—valued
random variable on the probability space (Q, F,3). The distribution of T, = An
on R* is My, and p is the RL—function of the pair ({IMn},{Va}). Let {Cpn} be an
LD-regular sequence in IR® with respect to . Assume there exists ' € IR® such that
N¢ C N&'. Then the following hold:

a) The set of limit points of the sequence
{AB] - |Th € Cnl} (8.57)

18 non—empty.

b) Any limit point of the sequence (8.57) is an ( :',ﬂ)~equilibrium state, with
fg =z 9).
c) z' 1s a subgradient of —p for any point of the non-empty compact set Nog =

{zeRF: u(z) = sup,ec #(y)}-

In particular, of B is a convez set containing an interior point where u is finite, then
the sequence {C, = B} is LD-reqular and there ezists ' so that No C N* with
C :=clB.

Proof: The pair ({IM,},{V,}) has an RL-function x and a scaled generating func-
tion p, with domp = IR*, and

p(z’) = (—p)"(2"). (8.58)

Since X is compact, we have an LDP; we apply Theorem 6.1. The sequence of
measures {IMS } is eventually concentrated on the non—empty compact set N¢; there
exists £’ € Ngen,0(—p)(z) C IR*, such that

1 :
lim T/—H(]M,C‘]]Mi )=0. (8.59)

The theorem is now a consequence of Theorem 8.2; Lemma 6.1 covers the particular
case. a

8.4 Conditional Limit Theorem: Empirical Measure

We consider here a case where the random variable ¢ : ) — X takes its values in
the space of probability measures M. Putting

o(w): =6, , b, Dirac massatw, (8.60)

the random variable Ty,
To(w) == App(w), (8.61)

is called the empirical measure. The main result of this section is a simple proof
of the LDP for empirical measures.

There is a natural embedding of M7 in the unit ball of the dual F7__ of the Banach

gloc

space of quasilocal functions Fgoc equipped with the norm || f|| = sup, |f(w)|. We

take advantage of the fact that the norm unit ball of Fj,.,

{iE € ;10c : Kf)z")l S. “f“ fOl' a‘u f € Fqloc}r (862)
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is compact in the o(F.c, Faloc)-topology. We always choose this topology for Fijoe-
In general, this space contains M as a proper subspace and the subspace topology
on M is the topology introduced in Section 8.1, so that we have an embedding of
M into Ffje: On Faoc , we consider the o (Faloc; Fiioe)-topology which differs in
general from the o(Fgoc, M)-topology. With this topology, the spaces Faloc and

Sloc aTe in duality. With the notations of Section 4, we have E* = Faoc, £ = F ..

and we choose X as the norm unit ball (8.62). The o-algebra B on X is generated
by all maps

T <f)$> ) f € fqlocy (863)
where (f,z) is the pairing between Fgc and Fg,.. We fix a translation invariant

weakly dependent probability measure 8 on ({2, F) and consider the empirical mea-
sure T, on the probability space (€, F,8) with values in the compact space X. The
distribution of T, on X is M, = Bo T 1.

The proof of existence and concavity of the RL—function for ({IMn}, {Va}) is essen-
tially the same as the proof of Lemma 8.2 since a base of neighbourhoods of z* € X
is of the form

B(m*ﬂf)e) = {m E X : I<f17$> - <f.77z‘>! < 6]7] = 17"'7k}) (8'64)

where f = (f1,..., fx) with each f; € Fioc, € = (€1,...,€) with each ¢; > 0 and
k an arbitrary positive integer. (It is sufficient to consider only f; € Fioc because
X is a norm bounded subset of F}..) The RL-function y for ({M,}, {Va}) can
at each z € X be approximated arbitrarily closely by an RL-function pr for some
finite vector f = (fi1,..., fi) with each f; € Froc.

Lemma 8.3 The RL—function i associated to the empirical measure, regarded as a
random variable with values in X, ezists and 1s concave.

Since X is compact we have an LDP; we compute the scaled generating function by
Varadhan’s Theorem:

p('16) = lipo-ln [ exp{Va(a!, To(w)) }ldw] (8.65)
m o In /X e/~"@) M, [dz]
= ig;@({(m',x) +u(z)},

for any ¢’ € Faoe. This identity shows that p(-|3) is the conjugate function of —u;
since —u is closed convex and proper, the converse is also true: —p is the conjugate

of p( - B).

Remark: It is possible to treat on the same footing the following variants of the
empirical measure. Define

Ti(w) = AnPap(w); (8.66)

T¢ is called the periodic empirical measure. More generally, define

Tr(w) = AnQ,(w), (8.67)
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where @,,(w) is any probability measure on ) which is a measurable function of w
and whose marginal distribution on F,, coincides with é,. The empirical measure
(8.61) and the periodic empirical measure (8.66) are special cases of (8.67). In all
cases, the RL—functions and scaled generating functions are the same, so that we
have the same large deviations results on the scale {V;}. Indeed, for any f € Fioc
and any i € Z¢, we have

(6:f,65) = (6:f, Qu(w)), (8.68)

if n is large enough; hence

lim [ (£, T80 - ) = (£, Tal - NI =0. (8.69)

Lemma 8.4 Let z € X satisfy u(z) > —oo. Then z is translation invariant and
(f,z) > 0 for all nonnegative f € Fioc; moreover, we have (z,1) = 1.

Proof: We show translation invariance; the other parts are similar. Assume z 1s
not translation invariant. Then there exist 1 € Z%, £ > 0 and f € Fioc so that with
g := f — 6;f, we have (z,g) > €. Notice that

lim sup |Ang| = 0. (8.70)
Therefore, for all w and all n sufficiently large, we have

g, Ta(w))] = [ Ang(w)] <¢; (8.71)

this implies that the neighbourhood {u € X : (u,g) > €} of = has 7ag = —c0, hence
p(z) = —oo. O

Lemma 8.5 For f1, fo € Faloe, we have |p(f118) — p(f218)] < || fr — fol|. Also, for
any i € Z%, we have p(f, + f2 — 8:£218) = p(f118).

Proof: The inequality follows from
p(f;18) = S‘ég(fj, z) + p(z) (8.72)

and |(z, fi — f2)| < || fi = fal for z € X. The second part follows because pu(z) = —co
unless z is translation invariant. .

Lemma 8.6 If v € X is a translation invariant probability measure, then the con-
jugate function of p( - |B) at v, pj(v), satisfies

~ u(v) = ph(v) < h(¥1B) (8.73)

Proof: By definition, we have

pa(v) = sup (<f,u>— lim 1o [ exp( 3 Gif(w))ﬁ[dw]) . (874

fej:qloc 1€AR
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We have shown already that p( - |3) and —u are conjugate functions. From Lemma
8.5 and the continuity of (v, f), it follows that the supremum over Floc yields the
same value. Take any f € Fa,,. Then, by Proposition 10.2, we have

U0} = 51 [ expl 3 0uf(w)Blde] = (8.75)

1€AR

o (< > 6uf,v) ~1n [exp(3 9if(w))/3[dw]) < .., (V16),

i€hn i€hn
because Y;en, 0if € Fhnym- Now

1

limiat .. (418) = h(v16), (8.75)
so f € Floc implies
(f,0) = Jim o1 [ exp( 3 6f(w))Bld] < h(vI6), (8.77)
n i€An
Then (8.73) follows. ]

For any z* € X with u(z*) > —oo, each measurable neighbourhood C of z* and
each positive integer n with [T, € C] > 0, we consider the probability measure

Bacl - 1:=8] - ITa€C], Bic:=APnbnc- (8.78)

Lemma 8.7 Let z* € X with p(z*) > —oo, where § is a translation invarant
weakly dependent probability measure. Let C be a measurable neighbourhood of z*
in X. Then, for n sufficiently large, we have

4818 < ) i gIT, € O/ (5.19)

If, in addition, C is closed and convez, then any limit point y of the sequence {B; ¢}
satisfiles y € C.

Proof: From Lemma 8.1, we have

V, WB2el8) - Fg) < 8L 1T ClB) (850)

< H(B[ - 1Tn € ClIB)
= —InBlw:T, € Cl.

Assume, in addition, that C is closed and convex. Let y be an element of X \ C;
then there exists f € Fgloc so that

(f,z) <0forallzeC, (f,y) =1 (8.81)

Given f € Fqoc satisfying the above, one can find f* € Fioc satisfying the same
condition, so we may assume without loss of generality that we have f € Floc
satisfying (8.81), say f € Fa,,.. An elementary calculation shows that

[ Aaf = Ane 1 < 201 2 (8.82)
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We have defined the action of A, so that

(fsTa(w)) = (Anf,8u),  (f,Bic) = (Anf, PaBnc): (8.83)
Because (An—m+f, Pubnc) = (An-m+ f,Bnc), we have

I/n - Vn—m‘

%(f) ﬁfp) - (Aﬂ—m‘f7ﬁn,C>I < 2HfH V.

(8.84)

Now (¢ is supported by those w € Q which satisfy (A, f,8,) < 0; hence we have

(Anf,Bnc) <0. (8.85)
From the four above displayed formulas we deduce that
Vn - Vn—-m‘

(f,Bac) < A= (8.86)

Since (Vo —Viem+)/Va — 0 as n — oo, if z is a limit point of {ﬁ,fc}, then (f,z) <0;
that is, y € X \ C implies y is not a limit point of {Bz¢}. O

For the probability measure v € X from (8.73), we always have —u(v) < A(v|B). A
periodic probability measure v which is not translation invariant has p(v) = —oo,
but one may have h(v|3) < co. In the case of translation invariance, h coincides
with —p.

Lemma 8.8 If u(z*) > —oo, then z* s a translation tnvariant probability measure.
If v € X 1s a translation tnvariant probability measure, then

u(v) = ~h(v|B). (8.87)

Proof: Let z* be an element of X such that u(z*) > —oo. For any closed convex
neighbourhood C 3 z*, we have

u(z*) < m(C]; (8.88)

for € > 0 and all n sufficiently large, we have

—oo < p(z*) < —InB[T. € Cl +e. (8.89)

)=

For those n, Lemma 8.7 implies that, for B;ffo defined in (8.78), we have

cn(B)
Vn

h(BhclB) < — ple*) + ¢ < oo; (8.90)

since the level-sets of h( - |B) are compact on the space M7’ for each closed
convex neighbourhood C of z* the sequence {:B;:c} has at least one limit point
which is a probability measure which we denote by B¢; Lemma 8.7 shows that G¢
belongs to C. The lower semicontinuity of the specific information gain on M®
implies that

h(Bc|B) < —p(z*) + € < 0. (8.91)
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The net of probability measures {3¢ } parameterized by the closed convex neighbour-
hoods of z* ordered by inclusion has limits points which are probability measures
because of (8.91). By definition, this net converges to z*. Since the topology is
Hausdorff, the limit is unique and is thus a probability measure. If v € MTP? with
u(v) = —oo, then (8.73) implies (8.87); otherwise, the reverse inequality follows
from (8.79) and the lower semicontinuity of the specific information gain. O

We consider again the setting of Section 8.1 with the empirical measure T, regarded
as a random variable defined on the probability space (Q, F, ), where 8 € ,f\/[;"‘9 is
weakly dependent. We have the following result:

Theorem 8.5 Let B € _;\/(;“’5 be a weakly dependent probability measure. Then the
empirical measure T, defined on the probability space (Q,F, ) with values in the
space of probability measures M{ satisfies an LDP with RL-function p given by

8

Proof: We know that we have an LDP on the space X. Since the empirical measure
T, takes its values in M7, the RL-function at v € M7 is equal to the above RL~
function; it remains to show the upper bound for closed sets. Let B be a measurable
set in M7; denote by B its closure in M7 and by By its closure in X. We have
B = Bx N M7; thus from Lemma 8.8 and the LDP on X we have

m[B] < sup p(z) = sup p(z). (8.93)

J:EEX zE§
Od
The proof of Theorem 8.4 and Corollary 8.1 yield the following result.

Theorem 8.6 Let 8 € M} be weakly dependent. Let {T,} be the empirical mea-
sure (8.61) or one of the the variants of the empirical measure given by (8.66) and
(8.67). Let M, = Bo T ! and let p be the RL—function of the pair ({IMn},{Va}).
Let {C,} be an LD-regular sequence in X such that there ezists z' € Fqoc so that
N¢ € N® | where C :=NclC,. Then the following hold:

a) The set of limit points of the sequence

{AB[ - |Tn € Cul} (8.94)

15 non—-empty.
b) ¢’ is a subgradient of —u for any point of the non-empty compact set No¢ =
{z € M : u(z) = supyec u(y)}-

In particular, if B is a convez set containing an interior point where u is finite, then
the sequence {C, = B} is LD-regular and there ezists ' so that N¢ C N=' with
C :=clB.
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9 Equivalence of Ensembles for Lattice Systems

As an application of Theorem 8.4, we discuss the question of equivalence of ensem-
bles in the case of lattice systems, giving proofs of the results announced in [LPS1]

and [LPS2].

The setting is that of Section 8.1. An interaction ® = {®,} is a family of Fj-
measurable functions ®,, indexed by the finite nonempty subsets A of Z%, such
that

6;B4 = ®p.4 , VA, Vi € Z°. (9.1)

A potential is absolutely summable if
121 == > |24l < o0, (9.2)

A30

where [|®,] is the supremum of |®,(w)| over 2. Another norm used with lattice

models is given by
@[l == >_ l1@all/IA]. (9-3)
A30

For each interaction ®, we define a quasilocal function fs by

fe =) 171\—}'@’1\- (9.4)

A30

It is convenient to allow the interaction to be RF-valued. For a given IRF-valued
interaction ¢, we define

Ur(w) := AZ Pa(w), Walw):= > ®a(w), (9.5)
TACA A=’}[\‘£§2

and the families of mappings {S,}, {S7}, and {S¢} of Q into IR* by
VaSn(w) = (Uyp(w), - .., Ugn(w)); (9.6)
VaSi(w) = (Una(w) + Win(waang, ), - Ukn(w) + Win(waaz, ) (9.7)

The first index of U, ,, refers to the coordinate of IR* and the notation WA, T, means

the point of 0 whose A, coordinates are taken from w while the A, = Zd\An
coordinates are taken from 7; {S5} is {S7} with 7 arising from w € A, by peri-
odic continuation to Z% The sequence {S,} corresponds to the energy with free
boundary conditions; {S7}, to fized boundary condition n; {S:}, to cyclic boundary
conditions.

The next estimates allow us to make the connection with the results of Section 8.3.
We define the A-boundary of the set A, as the subset of Z¢

Oahn:={J €A A+7 ¢ AL} (9.8)

The following properties are obvious from the definition:

16AAnl

n

<1,ACZ% (9.9)
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. [0ala]
lim = 0,4 C Z° (9.10)
We have
1D 0ife— D Ball = [ > 02— > > ‘I’Aél (9.11)
JE€EAR ACAn jEAn AD] 'A' jEAR Aza; IA‘
1
< ;:/';n Ay;, WH‘I’AH
< E;EIBAA IIAIHQ"AH.
Since e 1
A
and .
EWH%H =[]l < oo, (9.13)

it follows from the Bounded Convergence Theorem that

1 _ |04A,| 1
lim || —®4|| < lim —||®all (9.14)
JEZAn Agn Va § Aza:O Vo |4
. 0aAn] 1
Zh A 1A‘H AH

A30

A similar estimate can be derived for {S7} or {S5} instead of {S,.} when the inter-
action i1s absolutely summable because

> lleal < 3 3 24l (9.15)

LANAR#Q JEAR A3J
“a\Anzo AZAn
< Y [Oaba] 1B all.
A30
As above, we have
430

The next Lemma follows directly from these estimates.

Lemma 9.1 Let 8 € ,Mf’e be weakly dependent and ® be an IRF—valued interaction.

a) If |®|l4 < oo, then the RL-function of ({80 S;1},{Va}) ezists and is equal to
the RL-function p of ({Bo T '}, {Von}) with Tn = Anfs.

b) If|®]| < oo, then the RL—functions of ({80577}, {Va}) and ({80571}, {V,.})
ezist and are equal to the RL-function pu of ({Bo T '}, {Va}) with Ty, = A fs.

The above shows that the RL-function determined by Faloc yields the RL-functions
for potentials. For the IR* valued f € F, A,.., one defines the absolutely convergent

potential ®f by
f (6 A = A,
Ph = {0 otherwise, (8-17)
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Using (9.4) to define fss, we compute

for = A f: (9.18)
thus the RL-fuction determined by fs; coincides with that determined by f and
p(fs:18) = p(f|B) for all weakly dependent § € M. More generally, for f € Faoc
there exists a sequence {f;} in F. so that f = ¥ f; and 3 [|fj|| < oo. Define
®f = 3 &y, where @y, is given by (9.17) with m* the smallest positive integer for
which f; € Fa,... Then ||®/||4 < co and fgs determines the same RL-function as
that determined by f.

Henceforth in this Section, IP denotes a given translation invariant probability mea-

sure which is the product of its marginals [Py, 7 € Z%. Let T be a real-valued
absolutely summable interaction. For finite A C Z?, define «

ra(w) := eUaIHal) (9.19)

with Us and W)y given by (9.5) with ¥ instead of ®. For each finite subset A of /A

we introduce a probability kernel v4 : F x Q@ — [0, oc] given by
P
VA(F,W) e fﬂ 1F(77AUJ‘X‘)7‘A(T)AMX) }-A(dn), (920)
Jara(nawg)P, (dn)

where 1p is the indicator function of F' € F.

Definition 9.1 Let ¥ be a real-valued absolutely summable interaction. Let IP €
M be the product of its marginals Py, 7 € Z%. A probability measure A on
(Q,F) s a (¥,IP)-Gibbs state if and only if

]EA(lF;FZd\A)(LU) = '7A(F,w) A —a.s. (921)
for each finite subset A of Z% and each F € F.

It is known that a translation invariant probability measure A is a ( fg, IP)-equilibrium
state if and only if A is a (¥, IP)-Gibbs state. For a proof, see [Ru2] or [G2]. Notice
that a Gibbs state is not necessarily translation invariant.

Lemma 9.2 Let U be a real-valued, absolutely summable interaction. Any (¥,IP)-
Gibbs state is a weakly dependent probability measure with

cn(A) 43 |0ahnl [ all (9.22)
A30
Proof: Define
w(n) = [0ahnl [|¥all. (9.23)
430
We have
e My (wa,nz,) < Tan(wanwg,) < €0y (wa,mg,)- (9.24)
If f € Fioc is positive, then
[ f@pds] = [ (f0) A, [do] (9.25)
< et / (f f (wknwxn)’:z\n(wxnﬂxﬂ)?sf?n[da/]) A [d].
. Jraa(wh, 15, )P 7, [do] An
Integrating this inequality with respect to Aldn], we get
[ Fw)ds] < &) [ flh o Wir, [dwh, | @ A, [dog). (926)

A similar lower bound can be proved; this shows that c,(A) < 4w(n). O
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Theorem 9.1 is a more elaborate version of Theorem 5.2 of [LPS1]; see also [LPS2].

Theorem 9.1 Let ¥ be an absolutely summable real-valued interaction and 8 a
translation invariant (¥, IP)-Gibbs state on (2, F). Let ® be an absolutely summable
RF-valued interaction, and C C R* a closed convez subset such that p 1is finite at
an interior point of C, where u is the common RL-function of Lemma 9.1. Then

a) Each of the sequences

{AB[ - 18, €ClY, {AnBl - [Sp € Clyor {AB - [SR€Cl}, (9.27)

has at least one limit point.

b) There ezists ¢’ € R* such that any limit point of the sequences (9.27) is an
((z', ®) + ¥, IP)-Gibbs state.

c¢) The generalized chemical potential &' is a subgradient of —u for any point of
the non-empty compact set No = {z € R* : p(z) = sup,ec p(y)}

d) If ||®]|4 < oo instead of ||®|| < oo, then any limit point of the sequence
{A.8] - |8, € C]} is an (fE, B)-equilibrium state, with 2= (', fs).

Proof: The theorem is essentially a corollary of Theorem 8.4. Any limit point A of
the sequences (9.27) is an (fZ, B)-equilibrium state:

[ 73 @)ld] = p(£718) + h(NB). (9.28)
It is not difficult to show that

p(fZ18) = p(f& + fe|PP) — p(fa|P), (9.29)

and, from Lemma 10.1 (see also [G2]), that

A(AIB) = HOIP) = [ fu(w)Pldu] + ol o) (9.30)

From these identities, we conclude that

/n{fél(w) + fo(w)}Ndw] = p(f3 + felP) + A(A|P); (9.31)

that is, A is an (fE + fg, IP)-equilibrium state, and therefore also an ((z’, ®)+ ¥, IP)-
Gibbs state. O

Remark: Convexity is used to prove LD-regularity and the existence of z'; equiv-
alence of ensembles can be proved in special cases without assuming convexity of
the conditioning set. Equivalence of ensembles for the empirical measure can be
proved in the case of absolutely convergent potentials in essentially the same way
as was done with Fyoc. Instead of F2., one embeds M in the norm unit ball of
the Banach space dual of the space of absolutely convergent interactions.
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10 Information Gain and Specific Information
Gain

10.1 Information Gain

Let (©2,F) be a measurable space. Let A and § be two probability measures on
(Q,F). The information gain H(A|G) of A with respect to § is defined by

H) = {212 B, ] = (sl 10.1)

+o0, otherwise,

with 0ln0 := 0. If B is a sub-o-algebra of F, then
Ha(AB) := H(A8|818), (10.2)
where g and S denote the restrictions of the measures to B.

Proposition 10.1 For probability measures X and 8 on the measurable space (2, F),
we have

H(MB) > 0. (10.3)
If By, B, are sub-o—algebras of F and By C By, then
Hs, (MB) < Hs,(AB). (10.4)
There ezists a sequence {Fy,} of finite sub—o—algebras of F such that
lim Hz, (AB) = H(AIB). (10.5)

Proof: With ¢(f) = flnf — f +1 we have ¥(f) > 0 and [ fln fdB = [+¢(f)dB
when f > 0 and [ fdB = 1, which proves (10.3). Since 1 is convex, (10.4) follows
from Jensen’s inequality. For (10.5), if A is not absolutely continuous with respect
to B3, take F, to be the o-algebra generated by any set 4 € F with A[A] > 0 and
B[A] = 0. Otherwise, let f denote a Radon-Nikodym derivative of A with respect
to 3. Define B, to be the o—algebra of subsets of the real line generated by sets of

the form
{zeR:k/2"<z<(k+1)/2"}for k=0,...,4™ (10.6)

Let 7, = f~'B,. Let f, be the G-conditional expectation of f with respect to
Fn. Then lim, .o fn = f, B-almost surely. If H(A|B) < oo, the Legesgue Dom-
inated Convergence Theorem implies the convergence of {Hz,(A|B)} to H(A[B).
Conversely, if {Hz,(A|8)} is bounded above, H(A|B) is finite. a

Elementary considerations yield the following.

Lemma 10.1 If A = f8, g is X integrable and [e9df =1, then
H()Neo) + /gdA = H(A|B). (10.7)

Proposition 10.2 For probability measures A and 3 on the measurable space (2, F),
we have

H(MB) = sup /gd)\ - ln/eg dg, (10.8)

gE€Fy

where Fy denotes the set of bounded, F measurable, real valued functions.
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Proof: If H(\|B) < oo, we have

sup /gd)\ —m/eg d8= sup [gdh= sup H(AB)—H(MeB) (10.9)
geFy f gEFY f gEF,
ed dS=1 ed df=1

from (10.7). This shows that H(X|8) is an upper bound for the right hand side of
(10.8). To show that it is the supremum, we first remark that if A is not absolutely
continuous with respect to 3, we can select A with A[A] > 0 and B[A] = 0. Define

c ifced

clw) = . 10.10

9e(e) {0 otherwise. ( )

The supremum over {g.} gives an infinite value to the right hand side of (10.8). If
A = f(3, define

_(hmf  f|mfl<n,

gn(w) = { nsign(f) otherwise. (10.11)

Then limy_o J €9 dB8 = 1 and lim,, oo [ gn dA = H(A|B3), which shows that the right

hand side of (10.8) can be no less than H(A|B). o

Lemma 10.2 Let (4, F1) and (Q3, F;) be measurable spaces. Let Q=0 x O,
with F the corresponding product o—algebra. Let A and B be probability measures
on (Q,F) with M, X; and B1,B; denoting the restrictions to Fi,Fa considered as
sub-o—algebras of F. Assume 8 = (1 ® (2. Then we have

HOMB) = HM M ® A2) + HO|8) + H(X2162) - (10.12)

Proof: If H()|8) < oo, we have H(A;]8:) < oo and H(A2|B2) < oo from(10.4). If
we write A = f(wy,wz)B and Ay = fi(w1)B1, A2 = fo(w2)B2, the relation (10.12) is
a formal equality involving integrals. Since three of the four terms are finite, the
fourth must be finite and equality obtains. Similarly, if the terms on the right hand
side of (10.12) are finite, one can deduce the remaining Radon-Nikodym derivative
and equality obtains. O

Lemma 10.3 Forj =1,...,m, let a; > 0, Y7, = 1, and let A; be a probability
measure with H();|8) < co. Then

S0 HOB) + S oy lna; < HS ashylB) < SoagHOI8).  (10.13)

Proof: Let X = Y a;A;. On {1,...,m} x Q, define the Broba.bility measures A*

and A* so that A\*[{j} x B] = ;A[B] and A*[{j} x B] = a;A[B]. A straightforward

calculation similar to that of the previous lemma shows that
S a1 18) = H(Y a5h518) = HORF). (10.14)
1 1

This proves the second inequality of (10.13); the first follows by noting that, for fixed
7, the Radon-Nikodym derivative of A* with respect to A* is equal to or greater than
1/a; so that

—_ & A, &
HAT ) =D oy ln—d—_)‘r] <Y ajlnl/a;. (10.15)
1 1
a
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Proposition 10.3 For probability measures A and 3 on the measurable space (2, F),
we have

1A = Blizv < 2H(AIB), (10.16)

where the norm 1s the total variation norm.

Proof: If H(A|B) = oo, there is nothing to prove. Otherwise, let A = fB. Let
A ={w: f(w) > 1}. Let F4 denote the (finite) o-algebra generated by A. With
z = MA] and y = B[A], we have

1A =Bllrv = 2(z — y). (10.17)
Ifz=0ory=0o0orz=1ory=1,then A = 3. Otherwise, we have

l—=z

Hr, (AB) = zln = + (1 — z)ln ——. (10.18)
y -y
Since H(A|B) > Hz,(A|B), it suffices to show that
l—-2z
2(z — zf_:cln?—%— 1—2z)ln . 10.19
(5 -9 Soln+(1-2)l (10.19)
But this is a consequence of the fact that the convex function
uw(z):=zlnz + (1 —z)ln(l — z) — 22° (10.20)
satisfies u(z) —u(y) > (z — y)u'(y) when 0 < z < land 0 <y < L. O

10.2 Specific Information Gain

We prove Theorem 8.1 and Lemma 8.1. The setting and the notations are those of
Section 8.1.

Lemma 10.4 Let 8 € M with cm(B) < co. Then, for n > m, the restriction of
Bi7,, to the o-algebra Fy, and the probability measure

QR 0.8, @ BiFrusesam (10.21)

are mutually absolutely continuous. The absolute value of the logarithm of the
Radon-Nikodym derivative is bounded almost surely by g(n|m)cm(0).

Proof: Consider the analog of (8.6) with 8z, and 8* := Bix, \, @ Oi7,, - Let
A € Fa,; since cm(B) is finite, Bix, (A) = 0 if and only if 8*(A) = 0. (8.6)
implies the a.s. bound of ¢,,(3) for the absolute value of the logarithm of the Radon-
Nikodym derivative. One repeats the argument for subsets of A, \ An,. a

Proof of Theorem 8.1
Proof of a): For m > m, we have from Lemmas 10.1, 10.2, 10.4 and translation
invariance the inequality

Hry (M) > a(nlm) (Hz,  (MB) — cn(B))- (10.22)
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We have ¢,n(8)/Vm — 0 as m — oo, and g(n|m)V,,/V;, — 1 as n — oo. Therefore
we have

HJ:A,[(AIIB) > HFAM()‘W) - Cm(IB)
VTL - Vm -
Now take limsup over m. The lower semicontinuity of Hz, (-|6)and (10.23) imply

(10.23)

lirr}1 inf

that h(-|3) is lower semicontinuous. Indeed, let {A\;} be a net in M7 converging
to A; we have

Hr, (AelB) — em(B) _ Hzy, (AB) — cm(B)
i~ > = . (10.24)

lin}cinf h(AklB) > lirriinf

hence we have liminfg A(Ag|B) > h(A|G). The affine character of A(A|G) is a conse-
quence of Lemma 10.3. For the proof of b), see for example [G2]. a

Proof of Lemma 8.1

Fix the integer m > 0. For n > m we have

ri=2+4(n—-m)div(2m +1) implies An C Y Oami1);(filAm) (10.25)

JEA
for any 2 € A,,. Then, with ¢ € V,,, (10.12), (10.7) and Lemma 10.4 yield
Hr,, (6:PndB) < V; (Hor, (MB) + cm(B)), (10.26)

because Hy, 7, (AB) = Ha,7,(0:iPmA|B). From translation invariance, we deduce
that Hy, . (A|B) = Hx,_(A[B). From (10.26) and Lemma 10.3, we then have

Hry, (AmPmAIB) < Vi(Hz,, (AB) + cm(B))- (10.27)

We divide by V;, and use lim, V,,/V, = V,,. The other bound follows from (10.23)
applied to A,,PnA and Lemma 10.3. a
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