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Abstract.

A spinless particle in an SU(2) self-dual Wu-Yang monopole field is shown to admit an
0(4,2) dynamical symmetry with isospin dependent generators found previously by Barut
and Bornzin. This same symmetry arises for a spinless particle with anomalous charge

studied by D’Hoker and Vinet, which we relate to a (spinless) ‘nucleon’ in the self-dual
Wu-Yang monopole’s field.
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1. Introduction

In a little-known paper [1] Barut and Bornzin pointed out that the spin-dependent

generators
J=rxp+ L
1 J?
Iy = —(rpi—l—r+ —)
2 T
17 J?
o=t %)
(1.1) D = r.p—i

1
V:rp—|—§a><i'

1 r 1 ' .
A:irpz—p(r.p)——g-{——g%—5a><p—zz;a><r
1 r 1 ' .
M:Erpz——p(r.p)—l——;~+—8—E—§axp—£;axr

(where r and p are the ususal position and momentum and the ¢’s are the Pauli spin
matrices) close into o(4,2). This received little attention, mostly because no physical

system with this symmetry has been exhibited so far.

The clue of their proof is the observation that the operator
, 1 )
(1.2) T=p+—0XT
2r

behaves as momentum in a gauge background, i. e. satisfies the ‘'monopole’ commutation

relations
(1.3) [ri,rj] =0, [’I‘i,ﬂ’j] = 16,5 and I:ﬂ',;,’ﬂ'j} = iﬂfijk%

where y = —0.1/2. p (whose eigenvalues are +1/2) commutes with IT, r and with J. But
a previous result [2] of the same authors says that, for any half-integer ¢ and commutation

relations (1.3), the mass 0 helicity u representation of the the conformal algebra o(4,2) is
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given by the generators
L=rxn—pr

2
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1 .
=5 (7 xL-Lxn) -l
(r =] r |). Substituting (1.2) into (1.4) yields exactly (1.1).

With o = q¢ = eg, (1.4) is a symmetry (‘non-invariance’) algebra of the 'MIC-
Zwanziger’ [3] system consisting of a charged, spin 0 particle in the combined field of

a Dirac monopole and of a fine-tuned inverse-square potential,

2 2 2
(1.5) HMZ:';‘H2+%2‘—%+%‘,
where IT = (—i0g — gAp), Ap being the vectorpotential of a Dirac monopole of unit
strength, curl Ap = R/R®. This can be established by a suitable rescaling [2] cf. (2.4)
and allows to calculate the Coulomb-type spectrum (and the S-matrix) algebraically [3].
(For u = 0 (1.4) reduces to the well-known o(4, 2)-generators of the Kepler problem [4]).
We show in this Letter that the algebra (1.1) arises naturally as a symmetry for a
spin 0 particle in the field of a self-dual Wu-Yang monopole [5] -but with spin replaced by
1$08pIn.
Another application concerns the system with anomalous charge whose Hamiltonian
18
(A—q)? — g2+ 3:%* «a

P~ %E)ADF - 2R "R

(1.6) Hpy =

N =

(where £ = 03 and IT = —idr) considered (without a physical interpretation) by D’Hoker
and Vinet [6] who found that for A = 2q the spectrum becomes degenerate. Below we

explain this again by a dynamical symmetry similar to (1.1).
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We also consider a spin 0 isospin 1/2 particle with anomalous 'nucleon-type’ charge
(0 or 1) in a self-dual Wu-Yang monopole and show that its Hamiltonian only differs
from (1.6) in an o(4,2) preserving term. This provides a physical interpretation to the

D’Hoker-Vinet system (1.6).

2. Self-dual Wu-Yang monopoles.

A self-dual *"Wu-Yang’ monopole is a Dirac monopole imbedded into SU(2) gauge

theory to which a suitable hedgehog’ Higgs field has been added:

(2.1) A:z’Agf‘-Qf‘-:f—o—xR and & =0"2% =(1- <)==

(2.1), a self-dual (D® = B) Yang-Mills-Higgs system, is in fact the large-R limit of the
spherically symmetric BPS (Bogomolny-Prasad-Sommerfield) monopole [5].

Let us consider a non-relativistic, spinless particle moving in the self-dual Wu-Yang
monopole field. Let us assume for simplicity that our particle is an isospin doublet. Its
momentum is Il = —i0r — 1A =P + 0 x f!./2R cf. (1.2) so the Hamiltonian is Hwy =
(I1? + $2)/2.

Now o,®,, the projection of isospin on the Higgs field, is the electric charge operator

Qem whose eigenvalues are identified with the electric charge. If the Higgs direction is

covariantly constant, Qem is conserved. This is what happens in our case: Qem 18

oR

(22) Qem - —_—2_"7

whose eigenvalues are ¢ = +1/2. The operators R and I satisfy the commutation relations

(1.3) with gt = Qem. Inserting Qem into the Hamiltonian, using @2, = 1/4, we get

2
(2.3) Hwy = %(—ia — QemAp)® + %(1 - %) :
Diagonalizing the electric charge operator Q.m, the Hamiltonian (2.3) reduces to two
'MIC-Zwanziger’ systems (1.5) but with opposite charges ¢ = £1/2.

On the other hand, the restriction of these generators into each of the charge sectors
yields [twice] the Abelian algebra (1.4) [with opposite charges]. But the non-Abelian
generators have the same commutation relations as their Abelian restrictions because Qem
commutes with everything, explaining why (1.1) closes into o(4,2).

Notice that J, the total angular momentum of a spin 1/2 particle in a spherically
symmetric potential field with no monopole, replaces here the spin 0 angular momentum
L containing the 'monopole’ contribution —gi. This is another illlustration of the interplay

of spin and isospin [7].



Isospin-dependent o(4,2) 5

Apply now the same rescaling as for MIC-Zwanziger,

II
(24) r=+v qz — 2HR and ™ = —2‘\/__——2_“2{“
q —

r and 7 satisfy the same commutation relations (1.3) as R and II, and (2.4) takes Hyy
into I'g in (1.1). Notice in particular that 7 in (2.4) is just (1.2), explaining why Barut
and Bornzin could view it as momentum in a gauge background.

We conclude that (1.1) is a symmetry for the Hamiltonian (2.3) which describes an
isospin carrying, spin 0 particle in a Wu-Yang monopole field. In particular, A is the

rescaled Runge-Lenz vector, A = Ky /+v/¢? — 2H, with

. - . P R
2. - 2 _ _ RV -1 ST e+ 1
(25)  Kwy = {RP’-P(RP)-¢'R} 7 X R+ oplot+ ),

where £ = R x P is the (not conserved) orbital angular momentum.

The same procedure as for ’Mic-Zwanziger’ [2,3] shows that the spectrum is

2

(2.6) Bwy =5 (1-(2)?), m=q+1L- (lal=1/2)

Observe that the spectrum is the same for both signs of the charge. The degeneracy
is therefore 2(n® — ¢?), twice that in the Mic-Zwanziger case. This can also be seen by
using the trick IT> = —(9g)? + R x I1/R?: the numerator of the 1/R? term, R x (—i0r —
QemADp)? + Q2,,, is just J2. The hamiltonian (2.3) can thus be written as

em)

1 1 J? 1 2
2.7 =_Z B T (1 - =
(2.7) Hwy 5(Or + R) +opr t 8( R)’
showing that Hyy only depends on Q2. = 1/4 and not on Q.n, itself. Eqn. (2.7) allows
for a simple solution cf. [3]: the radial eigenfunctions are of the Coulomb form but with
the total angular momentum j replacing the orbital angular momentum £:
(2.8) RIeHR F(j F1- Zl%,j +2, —QikR),
where k = \/2E — 1/4 and F denotes the confluent hypergeometric function.

The above procedure can also be understood in fibre-bundle terms [8]: the Hopf
bundle of unit Chern class over the two-sphere (extended to the punctured plane) can
also be viewed as a U(1) subbundle of a trivial SU(2) bundle. The Hopf connection -
physically, a Dirac monopole of unit charge - extends into an SU(2) connection - the Wu-
Yang monopole. Matter fields are sections of associated bundles with the appropriate
representation space as fiber. The algebra (1.1) has the same commutation relations as its

restriction onto the Hopf bundle - where it is just the 'monopole’ algebra (1.4).
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3. Particle with anomalous charge.

The original idea of Yang and Mills [9] was that the proton and neutron are actually
two states (with electric charge 1 and 0) of the same particle related by SU(2) rotations
and interacting through an SU(2) gauge field. This amounts to using

R
(31) Qem =4q— 0-7'
(with ¢ = 1/2) as charge operator. The momentum is thus
R

A spinless particle with such an anomalous charge, interacting with a self-dual Wu-Yang
monopole, is therefore described by the 'nucleon’ (*) Hamiltonian

1 1
N 2H + u (1——)

(3.3)
1

» 2 2 s P 2
-z—[P—(q—%R—)AD] L4 qg;+1/4+(q U-QR/2) (1_%)_
When the charge operator Q.. is diagonalized, (3.3) only differs from the D’Hoker-
Vinet expression (1.6) in a constant and an 1/R term. The IT’s satisfy the monopole’
commutation relations (1.3) with g = Qem. With these values, the operators in (1.4)

become

J:Lo+%::rxvr—qf'+%
1 J?
Foz—(rpf—}—r—}——)
2 r
1 J?
F4:—|:rp3—r+—]
2 r
D=r7m—1
1 .
(3_4) V——-r7r+§a><r
1
A:{é‘(’)TXLo—'LoXﬂ')—f‘Fg}
+ q o.r 1 i 1 y +f'
PSS Al S o el
o’ I T T T T 7 P T g,
1
M:{E(WXLO—Loxw)—ﬂ“g}
N q or . 1 i 1 y Jrf-
I PSS el S - il
0w’ I T 79 P&

(*) This terminology should not be taken too seriously: unlike real protons and nucleons,

) . . .
our 'nucleon’ has no spin and no anomalous gyromagnetic ratio.
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where now m = p — gAp as for an ’ordinary’ Dirac monopole of strength g so that IT =
7 +0 x £/2 and we used the notations I'S = (rp, +r+L2/r)/2 and I'§ = (rp, —r+L32/r)/2
for the usual meanings in (1.4). These operators close, once more, into o(4,2) and for
g = 0 they reduce to (1.1), as they should.

In order to relate this algebra to physical situtation, consider first the D’Hoker-Vinet
Hamiltonian (1.6) [with —%/2 replaced by —o.F/2]. Rescaling once more as in (2.4) (with
H = Hpv), using J2 = £2+(q—0./2)?, Hyv (where now £ = R xII), (1.6) is transformed
into

1 J? (a/2)?
3-5 — 2 _— — = ————
(3:5) 2 [rpr trel=h = g

The spectrum of I'y is known to be n = 7 + m,m = 0,1,.... The D’'Hoker-Vinet
spectrum is therefore (?)

2 2
(3.6) Bpy= -2 g
n
By (8.5), (3.4) is a dynamical symmetry for the D’Hoker-Vinet system. Notice that the

angular momentum operator J is that of a spin 1/2 particle in a monopole field, J =
Lo + 0/2, and that A corresponds to the Runge-Lenz vector

KDV :{5(71' X LO — LO X ’/T) — q2R}
(3.7)

q oR 1 1 R
2 s g=——R - — R-= —(cf+1
T oRT TR T apT X R go Pt gt
Writing the D’Hoker-Vinet Hamiltonian as
1 1 J? o
3. == — S L =
(3.8) Hpv 2(5R+R) +2R2 + 5

shows that the sign of the extra charge is irrelevant: the degeneracy of the energy level

(3.6) is thus again 2(n? — ¢%). The eigenfunctions are again Coulomb-type just as in (2.8).
For the 'nucleon’ Hamiltonian (3.3) one rescales as r = /p? —2Hy R and @ =

IT/\/u? — 2Hy to get

(3.9)

u?

v/ 12 —2H

Observe that the ¢ — —q symmetry is now broken: the Lh.s. is fine but for ¢ # 0 p® on

1 J?
—[TP3+T+—] =Ty =
2 r

the r.h.s. is an operator rather than a number and is non-invariant. This is also seen from

writing the nucleon Hamiltonian (3.3) as

1 1,, 32  (¢g—oR/2?*/ 2
(3.10) Hy = -3+ 2) + opr + (1= )

(?) For o = +2¢? and adding a constant ¢?/2 one would again get the spectrum (2.6)
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where the last term is not ¢ — —q invariant. For a fixed eigenvalue g £ 1/2 of p, however,

o(4,2) is still a symmetry: with this constraint (3.4) simply reduces to (1.4) with p =

q+1/2. By eqn. (3.9), the spectra are
(g £1/2)?

(3.11) By =220 1

+1/2
q___/_)2], n=q+1/2+1,---.
n
For each sign of the extra charge, the degeneracies are n? — (g +1/2)?, but the two spectra
are clearly different. For a 'proton’ (p = +1) for example, there exist bound states for all

n but a 'neutron’ (z = 0) has no bound states. The eigenfunctions are proportional to
(g +1/2)?

(3.12) RigiR F(j p1- =2 iy ——2z’kR>,
4k

where ky = 1/2E — (¢ £1/2)2. For ¢ # 0, 1/2 — —1/2 is clearly no more a symmetry.

4. Discussion.

Our results are strongly reminding to what happens for ’dyons’ i.e. for charged, spin
1/2 particles with anomalous gyromagnetic ratio g = 0 or 4 in a 'MIC-Zwanziger’ field
[10,11]. The restrictions Q¢m = g = const. of the Hamiltonian (2.3) are quite similar to

the g = 0 sector which is just the doubled MIC-Zwanziger system
(41) Ho = Huzlz,

so it is o(4,2) symmetric. Since both components have here the same electric charge and
the spin is uncoupled, there is an obvious extra o(3) due to invariance under rotations of
ordinary spin. The only difference is that our system has opposite electric charges. It is
puzzling whether our ’¢ — —¢’ symmetry is actually part of such an extra o(3).

On the other hand, the particle with g = 4 described

(42) Hy = Ho —q—5

is the chiral superpartner of Hy [9,10] and has therefore the same symmetry as Ho.
Curiously, the same o(4,2) representation as here appears also for the 'Kaluza-Klein’
monopole [12], where the +q charges also have the same spectra.
It would also be interesting to find a geometric derivation for the isospin-dependent
algebras (1.1) and (3.4) analogous to the one given for (1.4) [13].

Acknowledgements. We would like to thank Professor L. O’Raifeartaigh for hospi-
tality in Dublin.



Isospin-dependent o(4,2) 9

References
[1] A. O. Barut and G. L. Bornzin, Phys. Rev. D7, 3018 (1973)
[2] A. O. Barut and G. L. Bornzin, Journ. Math. Phys. 12, 841 (1971)

(3] H. V. McIntosh and A. Cisneros, Journ. Math. Phys. 11, 896 (1970); D. Zwanziger,
Phys. Rev. 176, 1480 (1968). The physical interpretation is given in J. Schonfeld, Journ.
Math. Phys. 21, 2528 (1981) and in L. Gy. Fehér, Journ. Phys. A19, 1259 (1986); Non-
Perturbative Methods in Quantum Field Theory, Proc. 1986’Siéfok Conference, Horvath,
Palla, Patkds (eds). Singapore: World Sci. (1987).

[4] H. Kleinert, Colorado Lectures (1966); A.O. Barut and H. Kleinert, Phys. Rev. 156,
1541; 157, 1180; 160, 1149 (1967) G. Gyorgyi, Il Nuovo Cimento 53A, 717-736 (1968)

[5] T. T. Wu and C. N. Yang, in Properties of matter under unusual conditions, H. Mark

and S. Fernbach (eds). Interscience, N. Y. (1969). For a review on monopoles see, e.g., P.

Goddard and D. Olive, Rep. Progr. Phys. 41, 1357 (1978)

[6] E. D’Hoker and L. Vinet, Nucl. Phys. B260, 79 (1985); Commun. Math. Phys. 97,
391-427 (1985)

[7] R. Jackiw and C. Rebbi, Phys. Rev. Lett. 36, 1116 (1976)

[8] P. A. Horvathy and J. H. Rawnsley, Journ. Math. Phys. 27, 982 (1986)

[9] C. N. Yang and R. Mills, Phys. Rev. 96, 191 (1954)

[10] E. D'Hoker and L. Vinet, Phys. Rev. Lett. 55, 1043 (1986); in Field Theory,
Quantum Gravity and Strings, Meudon/Paris seminars 85/86, Springer Lecture Notes in
Physics 280, p. 156; E. D’Hoker, V. A. Kostelecky and L. Vinet, in Dynamical Groups
and Spectrum Generating Algebras, p. 339, World Scientific: Singapore (1988);

[11] L. Gy. Fehér and P. A. Horvathy, Mod. Phys. Lett. A3, 1451 (1988); L. Gy. Fehér,
P. A. Horvathy and L. O’Raifeartaigh, Phys. Rev. D40, 666 (1989); Int. Journ. Mod.

Phys. A4, 5277 (1989).

[12] G. W. Gibbons and P. Ruback, Phys. Lett. 188B, 226; Commun. Math. Phys. 115,



10 Fehér and Horvdthy

267 (1988); B. Cordani, L. Gy. Fehér and P. A. Horvathy, Phys. Lett. 201B, 481 (1988).
The Kaluza-Klein monopole was discovered by D. J. Gross and M. J. Perry, Nucl. Phys.
B226, 29 (1983), and by R. Sorkin, Phys. Rev. Lett. 51, 87 (1983).

[13] B. Cordani, Journ. Math. Phys. 27, 2920 (1986)



