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corresbonding to the piece (’P% + P;) of T, (3.73), by imposing the partial gauge fixing
condition

$o(2) =0, ¢ €(Qo+ Q) (3.80)

where the ¢; form a l;asis of the space (Qo + Q%) and the ¢,’s are defined like in (2.3).
This implies that the reduced phase space defined by the constraints in (3.79) is the same
as the one determined by the original constraints (3.66). In conclusion, our purely first
class constraints, (3.79), have the same physical content as Bershadsky’s original mixed
set of constraints, (3.66).

Finally, we give the relationship between Bershadsky’s W!-algebras and the si(2)
systems. Having seen that the reduced KM phase spaces carrying the W}-algebras can be
realized by starting from the first class constraints in (3.79), it follows from (3.74) that the
W] -algebras coincide with particular Wg—algebras if and only if the space Dy is empty, ie.,
for W2 with n = odd. In order to establish the Wg interpretation of W} in the general
case, we point out that the reduced phase space can be reached from (3.79) by means of
the following two step process based on the sl(2) structure. Namely, one can proceed by
first fixing the gauge freedom corresponding to the piece (P% + G>1) of T, and then fixing
the rest of the gauge freedom. Clearly, the constraint surface resulting in the first step is
the same as the one obtained by putting to zero those components of the highest weight
gauge current representing W$ which correspond to Dy. The final reduced phase space
is obtained in the second step by fixing the gauge freedom generated by the constraints
belonging to Dy, which we have seen to be the space of the upper triangular singlets of S.
Thus we can conclude that W} can be regarded as a further reduction of the corresponding
Wg, where the ‘secondary reduction’ is of the type mentioned at the end of Section 3.4.
One can exhibit primary fields for the W!-algebras and describe their structure in detail
in terms of the underlying Wg—a.lgebra,s by further analysing the secondary reduction, but
this is outside the scope of the present paper, see [37].
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4. Generalized Toda theories

Let us remind ourselves that, as has been detailed in the Introduction, the standard
conformal Toda field theories can be naturally regarded as reduced WZNW theories, and
as a consequence these theories possess the chiral algebras W9 x WY as their canonical
symmetries, where S is the principal sl(2) subalgebra of the maximally non-compact real
Lie algebra G. It is natural to seek for WZNW reductions leading to effective field theories
which would realize W$ x WY as their chiral algebras for any sl(2) subalgebra S of any
simple real Lie algebra. The main purpose of this chapter is to obtain, by combining the
results of sections 2.3 and 3.4, generalized Toda theories meeting the above requirement
in the non-trivial case of the half-integral sl(2) subalgebras of the simple Lie algebras.
Before turning to describing these new theories, next we briefly recall the main features
of those generalized Toda theories, associated to the integral gradings of the simple Lie
algebras, which have been studied before [3,4,14-18]. The simplicity of the latter theories

will motivate some subsequent developments.

4.1. Generalized Toda theories associated with integral gradings

The WZNW reduction leading to the generalized Toda theories in question is set up
by considering an integral grading operator H of G, and taking the special case

= ggl and ['= g_l<_1_1 ) ’ (4.1)

and any non-zero

M e gﬂ and M e ng y (4.2)

in the general construction given in Section 2.3. We note that by an integral grading
operator H € § we mean a diagonalizable element whose spectrum in the adjoint of g
consists of integers and contains +1, and that GF denotes the grade n subspace defined
by H. In the present case B in (2.25b) is the subalgebra G of G, and, because of the
grading structure, the properties expressed by equation (2.34) hold. Thus the effective

field equation reads as (2.37) and the corresponding action is given by the simple formula
I (b) = Swa(b) - / d2e (bIT6~1, M) | (4.3)
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where the field b varies in the little group G§ of H in G.

Generalized, or non-Abelian, Toda theories of this type have been first investigated by
Leznov and Saveliev [1,3], who defined these theories by postulating their Lax potential,

AH =0,b-07' 4+ M, AH = oMbt (4.4)

which they obtained by considering the problem that if one requires a G-valued pure-gauge
Lax potential to take some special form, then the consistency of the system of equations
coming from the zero curvature condition becomes a non-trivial problem. In comparison,
we have seen in Section 2.3 that in the WZNW framework the Lax potential originates
from the chiral zero curvature equation (1.9), and the consistency and the integrability of

the effective theory arising from the reduction is automatic.

It was shown in [3,4,16] in the special case when H, M and M are taken to be
the standard generators of an integral sl(2) subalgebra of G, that the non-Abelian Toda
equation allows for conserved chiral currents underlying its exact integrability. These
currents then generate chiral W-algebras of the type W, for integrally embedded si(2)’s.

By means of the argument given in Section 3.4, we can establish the structure of the
chiral algebras of a wider class of non-Abelian Toda systems [18]. Namely, we see that if

M and M in (4.2) satisfy the non-degeneracy conditions
Ker(ady)NG¥, = {0}  and  Ker(ady)NGZ_, = {0}, (4.5)

then the left x right chiral algebra of the corresponding generalized Toda theory is isomor-
phic to Wg x W§+, where S_ (S4) is an sl(2) subalgebra of § containing the nilpotent
generator M (M), respectively. The H-compatible sl(2) algebras Si occurring here are
not always integrally embedded ones. Thus for certain half-integral sl(2) algebras Wg can
be realized in a generalized Toda theory of the type (4.3). As we would like to have gen-
eralized Toda theories which possess Wg as their symmetry algebra for an arbitrary sl(2)
subalgebra, we have to ask whether the theories given above are already enough for this
purpose or not. This leads to the technical question as to whether for every half-integral
sl(2) subalgebra & = {M_, My, My} of G there exists an integral grading operator H such
that S is an H-compatible sI(2), in the sense introduced in Section 3.4. The answer to this
question is negative, as proven in Appendix C, where the relationship between integral
gradings and sl(2) subalgebras is studied in detail. Thus we have to find new integrable
conformal field theories for our purpose.
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4.2. Generalized Toda theories for half-integral sl(2) embeddings

In the following we exhibit a generalized Toda theory possessing the left x right
chiral algebra W$ x Wg for an arbitrarily chosen half-integral sl(2) subalgebra S =
{M_, My, My} of the arbitrary but non-compact simple real Lie algebra §. Clearly,
if one imposes first class constraints of the type described in Section 3.4 on the currents
of the WZNW theory then the resulting effective field theory will have the required chiral

algebra. We shall choose the left and right gauge algebras in such a way to be dual to each
other with respect to the Cartan-Killing form.

Turning to the details, first we choose a direct sum decomposition of g% of the type
in (3.51), and then define the induced decomposition Q_% =P_s + Q_% to be given by
the subspaces

Q_

1]

’P'%Lﬂg_%=[M_,’P%] and P_;.= Q%lﬂg_%=[M_,Q%]. (4.6)

1
3
It is easy to see that the 2-form wps, vanishes on the above subspaces of g_% as a conse-

quence of the vanishing of wps_ on the corresponding subspaces of G 1 Thus we can take
the left and right gauge algebras to be '

T'=(Gs1+P;) and I'=(G<1+Py), (4.7)
with the constant matrices M and M entering the constraints given by M_ and M, re-
spectively. The duality hypothesis of Section 2.3 is obviously satisfied by this construction.

In principle, the action and the Lax potential of the effective theory can be obtained

by specializing the general formulas of Section 2.3 to the present particular case. In our

case
B=Qi+Go+Q 1, (4.8)
and the physical modes, which are given by the entries of b in the generalized Gauss

decomposition g = abc with a € e and ¢ € €', are now conveniently parametrized as
P g ’ yp

b(z) = explgy(2)] - go(=) - explg_1(=)] , (4.9)

where ‘1;};;(1’) € Qi% and go(z) € Gy, the little group of Mo in G. Next we introduce
some notation which will be useful for describing the effective theory.
The operator Adg, maps §_3 to itself and, by writing the general element u of G_1

as a two-component column vector u = (u; u2)* with u; € P_y and uz € Q@_1, we can
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designate this operator as a 2 x 2 matrix:

_( X11(g0) Xi12(g0)
Ad-""W.}f - (le(go) Xzz(!]o)) ’ (4.10)

where, for example, X;1(go) and X;2(go) are linear operators mapping 'P_% and Q—§ to

P_ 1) respectively. Analogously, we introduce the notation

_ (Yn(go) Y12(90)> , (4.11)

Ad
Y21(g90) Ya2(g0)

-1
90 lg‘&

which corresponds to writing the general element of G L asa column vector, whose upper

and lower components belong to P 1 and Q 1) respectively.

The action functional of the effective field theory resulting from the WZNW reduction
at hand reads as follows:

Ifa(go,q;,q_;)=5wz(go)~/ &’z (goMygy ', M-)

(4.12a)
+/ d’z ((0-93 , 90049-195 ") + (ny Xatn-y)),
where the objects M1 € Pyy are given by the formulae
N = [M'hq—.%] + Y12 - 3-q% and N1 = [M_.,q_tf] - X2 3+q_%. (4.12b)

The Euler-Lagrange equation of this action is the zero curvature condition of the following
Lax potential:

- - -1
A =M_ +8y90- 95" +g0(B4q_y + X11' "1-3)95 (4.13)
AL = —goMigg' —0_qy +Yy; -y
The above new (conformally invariant) effective action and Lax potential are among
the main results of the present paper. Clearly, for an integrally embedded sl(2) this action
and Lax potential simplify to the ones given by equation (4.3) and (4.4).

The derivation of the above formulae is not completely straightforward, and next
we wish to sketch the main steps. First, let us remember that, by (2.29a), to specialize
the general effective action given by (2.40) and the Lax potential given by (2.32) to our
situation, we should express the objects Oy.cc™! and a™*8_a in terms of b by using the
constraints on J and J, respectively. (In the present case it would be tedious to compute
the inverse matrix of V;; in (2.27), which would be needed for using directly (2.29b).) For
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this purpose it turns out to be convenient to parametrize the WZNW field g by using the
grading defined by the sl(2), i.e., as

g=g+ 9o g— where gy =a- exp[q%], g— = exp[q_%] -c. (4.14)

We recall that the fields a, ¢, go and 9+ have been introduced previously by means of the

parametrization g = abc, with b in (4.9). Also for later convenience, we write g+ as

g+ =explro1 +p1 +q3] and g =explr<1+p_y+g-y]. (4.15)

Note that here and below the subscript denotes the grade of the variables, and p;1 € Py 3.
In our case this parametrization of g is advantageous, since, as shown below, the use of

the grading structure facilitates solving the constraints.

For example, the left constraint are restrictions on J<o, for which we have
J<o = (9+90Ngy 97" )<o with N =08,9--9g7". (4.16)

By considering this equation grade by grade, starting from the lowest grade, it is easy to

see that the constraints corresponding to G>; C T' are equivalent to the relation
Ng 1 =g 'M_go . (4.17)

The remaining left constraints set the P_; part of J_y to zero, and to unfold these

constraints first we note that
J_%. = [P% + 91, M_]+go- N__% -g;l , with N__% = 8+p__% + 5+q__% . (4.18)

By using the notation introduced in (4.10), the vanishing of the projection of J to ’P__% is
written as

lgs, M_] 4+ X11 - 04p_y + X12- 0493 =0, (4.19)
and from this we obtain

8yp_y = X5 - {IM-, qy] — X12- O4q_3 } - (4.20)

Combining our previous formulae, finally we obtain that on the constraint surface of the

WZNW theory

N =g M_go + Oyq_1 + X1:'(90) - {[M-, ‘1;] — Xi12(g0) - 5+q_%} . (4.21)
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A similar analysis applied to the right constraints yields that they are equivalent to the

following equation:
—g7! 0_gy = —goMyggt —8_gy + Y7 (90) - {[M+, a_y] + Y12(g0) - O-g3} . (4.22)

By using the relations established above, we can at this stage easily compute b 1T =
Orcc™! and bTH™! = a~19_a as well, and substituting these into (2.40), and using the
Polyakov-Wiegmann identity to rewrite Swz(b) for b in (4.9), results in the action in (4.12)
indeed. The Lax potential in (4.13) is obtained from the general expression in (2.32) by
an additional ‘gauge transformation’ by the field exp[——q%], which made the final result
simpler. Of course, for the above analysis we have to restrict ourselves to a neighbourhood

of the identity where the operators X1;(go) and Y11(go) are invertible.

The choice of the constraints leading to the effective theory (4.12) guarantees that the
chiral algebra of this theory is the required one, Wg X Wg, and thus one should be able to
express the W-currents in terms of the local fields in the action. To this first we recall that
in Section 3.1 we have given an algorithm for constructing the gauge invariant differential
polynomials W(J). The point we wish to make is that the expression of the gauge invariant
object W(J) in terms of the local fields in (4.12) is simply W (045671 + T(b)), where b
is given by (4.9). Applying the reasoning of [40,18] to the present case, this follows since
the function W is form-invariant under any gauge transformation of its argument, and
the quantity (8;bb~1 + T'(b)) is obtained by a (non-chiral) gauge transformation from J,
namely by the gauge transformation defined by the field a™' € e, see equations (2.31-
2). (In analogy, when considering a right moving W-current one gauge transforms the
argument J by the field c € ef.) We can in principle compute the object T'(b), as explained

in the above, and thus we have an algorithm for finding the formulae of the W’s in terms
of the local fields go and ¢, 1

The conformal symmetry of the effective theory (4.12) is determined by the left and
right Virasoro densities Lp,(J) and L_ Mo(j ), which survive the reduction. To see this
conformal symmetry explicitly, it is useful to extract the Liouville field ¢ by means of the
decomposition gy = e$Mo . §o, where §o contains the generators from Go orthogonal to Mp.
One can easily rewrite the action in terms of the new variables and then its conformal
symmetry becomes manifest since e? is of conformal weight (1,1), go is conformal scalar,
and the fields ¢4 have conformal weights (3,0) and (0, 1), respectively. This assignment
of the conformal weights can be established in a number of ways, one can for example
derive it from the corresponding conformal symmetry transformation of the WZNW field
g in the gauged WZNW theory, see eq. (5.30). We also note that the action (4.12) can be
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made generally covariant and thereby our generalized Toda theory can be re-interpreted

as a theory of two-dimensional gravity since ¢ becomes the gravitational Liouville mode
[14].

We would like to point out the relationship between the generalized Toda theory
given by (4.12) and certain non-linear integrable equations which have been associated
to the half-integral s/(2) subalgebras of the simple Lie algebras by Leznov and Saveliev,
by using a different method. (See, e.g., equation (1.24) in the review paper in J. Sov.
Math. referred to in [3].) To this we note that, in the half-integral case, one can also
consider that WZNW reduction which is defined by imposing the left and right constraints
corresponding to the subalgebras §>; and G<_; of ' and [ in (4.7). In fact, the Lax
potential of the effective field theory corresponding to this WZNW reduction coincides
with the Lax potential postulated by Leznov and Saveliev to set up their theory. Thus,
in a sense, their theory lies between the WZNW theory and our generalized Toda theory
which has been obtained by imposing a larger set of first class KM constraints. This means

that the theory given by (4.12) can also be regarded as a reduction of their theory.

There is a certain freedom in constructing a field theory possessing the required chiral
algebra Wg, for example, one has a freedom of choice in the halving procedure used here
to set up the gauge algebra. The theories in (4.12) obtained by using different halvings in
equation (3.51) have their chiral algebras in cémmon, but it is not quite obvious if these
theories are always completely equivalent local Lagrangean field theories or not. We have

not investigated this ‘equivalence problem’ in general.

A special case of this problem arises from the fact that one can expect that in some
cases the theory in (4.12) is equivalent to one of the form (4.3). This is certainly so in
those cases when for the half-integral sl(2) of My and My one can find an integral grading
operator H such that: (i) [H, My] = =My, (ii) Py +G>1 = ggl, (iii) Py +0<—1 = gg_u
(iv) Q 1+Go+ Q1 = GH where one uses the My grading and the H-grading on the left-
and on the right hand sides of these conditions, respectively. By definition, we call the
halving Gy =Pi + Qs an H-compatible halving if these conditions are met. (We note
in passing that an sl(2) which allows for an H-compatible halving is automatically an
H-compatible s/(2) in the sense defined in Section 3.4, but, as shown in Appendix C,
not every H-compatible sl(2) allows for an H-compatible halving.) Those generalized
Toda theories in (4.12) which have been obtained by using H-compatible halvings in the
WZNW reduction can be rewritten in the simpler form (4.3) by means of a renaming of

the variables, since in this case the relevant first class constraints are in the overlap of the
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ones which have been considered for the integral gradings and for the half-integral sl(2)’s
to derive the respective theories. Since the form of the action in (4.3) is much simpler than
the one in (4.12), it appears important to know the list of those sl(2) embeddings which
allow for an H-compatible halving, i.e., for which conditions (i) ... (iv) can be satisfied with
some integral grading operator H and halving. We study this group theoretic question
for the sl(2) subalgebras of the maximally non-compact real forms of the classical Lie
algebras in Appendix C. We show that the existence of an H-compatible halving is a very
restrictive condition on the half-integral sl(2) subalgebras of the symplectic and orthogonal
Lie algebras, where such a halving exists only for the special sl(2) embeddings listed at
the end of Appendix C. In contrast, it turns out that for G = sl(n, R) an H-compatible
halving can be found for every sl(2) subalgebra, since in this case one can construct such
a halving by proceeding similarly as we did in Section 3.5 (see (3.78)). This means that
in the case of G = sl(n, R) any chiral algebra WY can be realized in a generalized Toda

theory associated to an integral grading.

It is interesting to observe that those theories which can be alternatively written in
both forms (4.3) and (4.12) allow for several conformal structures. This is so since in this

case at least two different Virasoro densities, namely Ly and Lpy,, survive the WZNW
reduction.

4.3. Two examples of generalized Toda theories

We wish to illustrate here the general construction of thé previous section by working
out two examples. First we shall describe a generalized Toda theory associated to the
highest root sl(2) of sl(n + 2, R). This is a half-integral sl(2) embedding, but, as we shall
see explicitly, the theory (4.12) can in this case be recasted in the form (4.3), since the
corresponding halving is H-compatible. We note that the W-algebras defined by these s{(2)
embeddings have been investigated before by using auxiliary fields in [29]. It is perhaps
worth stressing that our method does not require the use of auxiliary fields when reducing
the WZNW theory to the generalized Toda theories which possess these W-algebras as
their symmetry algebras, see also Section 5.3. According to the group theoretic analysis
in Appendix C, the simplest case when a Wg~algebra defined by a half-integral si(2)
embedding cannot be realized in a theory of the type (4.3) is the case of G = sp(4, R).
As our second example, we shall elaborate on the generalized Toda theory in (4.12) which
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realizes the W-algebra belonging to the highest root sl(2) of sp(4, R).
i) Highest root sl(2) of sl(n + 2, R)

In the usual basis where the Cartan subalgebra consists of diagonal matrices, the sl(2)
subalgebra S is generated by the elements

1 1 -« 0 0 --- 1
Mo=310 0, 0 and My=M' =0 0, 0]. (4.23)
o ... =1 0o --- 0

Note that here and below dots mean 0’s in the entries of the various matrices. The adjoint
of sl(n + 2) decomposes into one triplet, 2n doublets and n? singlets under this S. It is

convenient to parametrize the general element, go, of the little group of M, as

| 1 ... 0 . [(n 0
go=e*M . ¥T. [0 G 0], where T= 0 —2I, 0 (4.24)
0 --- 1 "\ .. n

is trace orthogonal to My and §o is from SL(n). We note that T and M, generate the
centre of the corresponding subalgebra, Go. We consider the halving of G4 which is

defined by the subspaces P:l:} and Q4 ! consisting of matrices of the following form:

0 pt 0 0 0
pr=10 0. 0]}, q1 = 0 0, q],
0 -~ 0 0 0 (4.25)
0 .-~ 0 0 0
poy=|5 0a 0], g_y=10 0. 0},
0 --- 0 0 g* 0

where ¢ and § are n-dimensional column vectors and p' and §*® are n-dimensional row
vectors, respectively. One sees that the P and @ subspaces of gi% are invariant under the
adjoint action of gg, which means that the block-matrices in (4.10) and (4.11) are diagonal,
and thus 71 = [Mx,gz1]. One can also verify that X1 = e~ 34~¥§,, and that using this

the effective action (4.12) can be written as follows:

_ 2. | ¢ —§é+¥ 7). g7t
Lew(g0,91,9-1) —-Swz(QO)"‘/d @ [e e 3V (040) 45 - (0-) (4.26)

i - .
+e3tt¥ gt go -Q],
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where dot means usual matrix multiplication. With respect to the conformal structure
defined by My, e? has weights (1,1), the fields ¢ and § have half-integer weights (3,0)
and (0, -;-), respectively, 1 and §o are conformal scalars. In particular, we see that ¢ is the

Liouville mode with respect to this conformal structure.

In fact, the halving considered in (4.25) can be written like the one in (3.78), by using
the integral grading operator H given explicitly as

1 1 n+1 0
= T = . 4.21
H =M+ T n+2( 0 -n+1) (4.27)

r

It is an H-compatible halving as one can verify that it satisfies the conditions (i)...(iv)
mentioned at the end of Section 4.2, see also Appendix C. It follows that our reduced
WZNW theory can also be regarded as a generalized Toda theory associated with the
integral grading H. In other words, it is possible to identify the effective action (4.26)
as a special case of the one in (4.3). To see this in concrete terms, it is convenient to

parametrize the little group of H as

1

¢H ¢s | 0

b= exp(q%) - go - exp(q,%), where go=¢€ = -e ) (4.28)
0

-0 O

go

and § = Mo — (%E2)T is trace orthogonal to H. It is easy to check that by inserting this
decomposition into the effective action (4.3) and using the Polyakov-Wiegmann identity

one recovers indeed the effective action (4.26), with

$=0+¢ and Y= 8- "¢ (4.29)

The conformal structure defined by H is different from the one defined by M. In fact,
with respect to the former conformal structure @ is the Liouville mode and all other fields,

including q and ¢, are conformal scalars.

ii) Highest root si(2) of sp(4, R)

We use the convention when the symplectic matrices have the form
g:(é _IZ,),» where B = BY, c=0Ct, (4.30)
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and the Cartan subalgebra is diagonal. The sl(2) subalgebra S corresponding to the
highest root of sp(4, R) is generated by the matrices
1

M, = 5(611 —ess), My=eys, and M_ =es, (4.31)

where e;; denotes the elementary 4 X 4 matrix containing a single 1 in the ij-position. The
adjoint of sp(4) branches into 3 +2-2 + 3 -1 under S. The three singlets generate an
sl(2) subalgebra different from S, so that the little group of Mo is GL(1) x SL(2). GL(1)
is generated by My itself and the corresponding field is the Liouville mode. Using usual

Gauss-parameters for the SL(2), we can parametrize the little group of Mo as

1 0 0 0
0 e¥+afe ™ 0 ae ¥
go=et™ | o ¢ ‘;ﬁ L (4.32)

0 Be~ ¥ 0 eV
We decompose the G, 1 subspaces (spanned by the two doublets) into their P and Q parts
as follows

0 p 0 ¢ 000 O
{00 q o (500 o0
00 —p 0 § OO 0

Now the little group, or more precisely the SL(2) generated by the three singlets, mixes
the P and Q subspaces of G_; so that the matrices X;; and Y;; in (4.10) and (4.11) possess
off-diagonal elements:

¥ -y —¢
Xij = e3¢ (e + afe e, ) Yi; = X;i. (4.34)
Inserting this into (4.12) yields the following effective action:
L(90,9,d) =Swz(g0) — /dzw [84’ —2e7347¥(8_q) - (84+9)

(4.35)
+

s A1 1479000) (g e 34-¥ads)

e¥ + afe ¥ ’
for the Liouville mode ¢, the conformal scalars ¥, @, B and the fields q, § with weights
(3,0) and (0, 3), respectively. '

It is easy to see directly from its formula that it is impossible to obtain the above
action as a special case of (4.3). Indeed, if the expression in (4.35) was obtained from (4.3)
then the non-derivative term ~ Gg(e¥ + afe~¥)~! could only be gotten from the second
term in (4.3), but, since go and b are matrices of unit determinant, this term could never

produce the denominator in the non-derivative term in (4.35).
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5. Quantum framework for WZNW reductions

In this chapter we study the quantum version of the WZNW reduction by using the
path-integral formalism and also re-examine some of the classical aspects discussed in
the previous chapters. We first show that the configuration space path-integral of the
constrained WZNW theory can be realized by the gauged WZNW theory of Section 2.2.
We then point out that the effective action of the reduced theory, (2.40), can be derived
by integrating out the gauge fields in a convenient gauge, the physical gauge, in which
the gauge degrees of freedom are frozen. A nontrivial feature of the quantum theory
may appear in the path-integral measure. We shall find that for the generalized Toda
theories associated with integral gradings the effective measure takes the form determined
from the symplectic structure of the reduced theory. This means that in this case the
quantum Hamiltonian reduction results in the quantization of the reduced classical theory;
in other words, the two procedures, the reduction and the quantization, commute. We
shall also exhibit the W-symmetry of the effective action for this example. By using the
gauged WZNW theory, we can construct the BRST formalism for the WZNW reduction
in the general case. For conformally invariant reductions, this allows for computing the
corresponding Virasoro centre explicitly. In particular, we derive here a nice formula for
the Virasoro centre of WY for an arbitrary sl(2) embedding. We shall verify that our result
agrees with the one obtained in [16], in spite of the apparent difference in the structure of

the constraints.

5.1. Path-integral for constrained WZNW theory

In this section we wish to set up the path-integral formalism for the constrained
WZNW theory. For this, we recall that classically the reduced theory has been obtained
by imposing a set of first-class constraints in the Hamiltonian formalism. Thus what we
should do is to write down the path-integral of the WZNW theory first in phase space
with the constraints implemented and then find the corresponding configuration space
expression. The phase space path-integral can formally be defined once the canonical
variables of the theory are specified. A practical way to find the canonical variables is the
following [41]. Let us start from the WZNW action Swz(g) in (1.2) and parametrize the
group element ¢ € G in some arbitrary way, g = g(¢). We shall regard the parameters
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€%, a = 1,...,dimG, as the canonical coordinates in the theory. To find the canonical

momenta, we introduce the 2-form A = %Aab(f) dé¢*deb to rewrite the Wess-Zumino term

as

%Tr(dg g1 = dA. (5.1)

The 2-form A is well-defined only locally on G, since the Wess-Zumino 3-form is closed
but not exact. Fortunately we do not need to specify A explicitly below. We next define

Nap(€) b
o (22) 4™ = Nus(e)T* (5.2)
6&“ a A ’

where T are the generators of G. The matrix N is easily shown to be non-singular,

detN # 0. Upon writing Swz(g) = [d*z L(g), the canonical momentum conjugate to {*
is found to be

I = ez = K[MalOBoa g ™) — Au(OBE!] (5.3)

The Hamiltonian of the WZNW theory is then given by H = [ dz'H with

M= 00" — £ = 5T [P + (sBrg.9 7)), (5.4)

where

P® = (N71)*4(Iy + K Apody£°). (5.5)

Since P = k8ygg~! in the original variables, the Hamiltonian density takes the usual

Sugawara form as expected.

Classically, the constrained WZNW theory has been defined as the usual WZNW
theory with its KM phase space reduced by the set of constraints given by (2.16), which

in the canonical variables read

¢i = (7i, P+ k(Brgg™' — M)) =0,

g i (5.6)
¢i = (3,97 ' Pg— (g™ 019 + M)) =0,

with the bases ; € T, ; € I. As in Section 2.2, no relationship is assumed here between
the two subalgebras, I' and I'. Now we write down the phase space path-integral for the
constrained WZNW theory. According to Faddeev’s prescription [42] it is defined as

2 = [ ande s(6($)5(08(2) det [, x} det 1{4, 1)
X exp(i /dzz (T, 00" — 'H)), (5.7)
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where we implement the first class constraints by inserting §(¢) and 6(:1;) in the path-
integral. The §-functions of x and ¥ refer to gauge fixing conditions corresponding to
the constraints, ¢ and ¢, which act as generators of gauge symmetries. By introducing

Lagrange-multiplier fields, A_ = A v; and A} = Afﬁ/,-, (5.7) can be written as

7 = [ dndgdn dA-s(x)6(3) det 114, )| det {3, 3}
Xexp(i/dztv [TI(H60£+A_¢+A+Q§) —'H]). (5.8)

By changing the momentum variable from II, to P® in (5.5), the measure acquires a

determinant factor, dIl = dP det N, and the integrand of the exponent in (5.8) becomes

Tr (186 + A_¢ + Ard) — H
1,1 1 -
= kTr [—i(zp)z + ;P(A.. +gA g~ +80gg™ ') - N"'A8¢(Bog g Y

B =

(01997")? + A-(Bigg™" — M) —A+(g“319+1\7f)]- (5.9)

Since the matrix N(¢) is independent of P, we can easily perform the integration over
P provided that the remaining §-functions and the determinant factors are also P-
independent. We can choose the gauge fixing conditions, x and ¥, so that this is true. (For
example, the physical gauge which we will choose in the next section fulfills this demand.)
Then we end up with the following formula of the configuration space patix:integrﬁl: T

i

Z = / d¢ det N dA4dA_6(x)6(x) det |{¢, x}| det |{#, 2} (444, (5.10)

where I(g, A_, Ay ) is the gauged WZNW action (2.18). We note that the measure for the

coordinates in this path-integral is the invariant Haar measure,
du(g) = [J dé" det N = [](dgg™")". (5.11)

This is a consequence of the fact that the phase space measure in (5.7) is invariant under

canonical transformations to which the group transformations belong.

The above formula for the configuration space path-integral means that the gauged
WZNW theory provides the Lagrangian realization of the Hamiltonian reduction, which

we have already seen on the basis of a classical argument in Section 2.2.
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5.2. Effective theory in the physical gauge

Having seen how the constrained WZNW theory is realized as the gauged WZNW
theory, we next discuss the effective theory which arises when we eliminate all the unphys-
ical degrees of freedom in a particularly convenient gauge, the physical gauge. We shall
rederive, in the path-integral formalism, the effective action which appeared in the classical
context earlier in this paper. For this purpose, within this section we restrict our attention
to the left-right dual reductions considered in Section 2.3. It, however, should be noted
that this restriction is not absolutely necessary to get an effective action by the method
given below. In this respect, it is also worth noting that Polyakov’s 2-dimensional gravity
action in the light-cone gauge can be regarded as an effective action in a non-dual reduc-
tion, which is obtained by imposing a constraint only on the left-current for G = SL(2)

[43,12]. We will not pursue the non-dual cases here.

To eliminate all the unphysical gauge degrees of freedom, we simply gauge them away

from g, i.e., we gauge fix the Gauss decomposed g in (2.25) into the form
g = abc — b. (5.12)

More specifically, with the parametrization a(z) = exp [oi(z)7i], c(z) = exp [Gi(z)7:] we
define the physical gauge by

Xi=0i=0, Xi=8&=0 (5.13)

We here note that for this gauge the determinant factors in (5.8) are actually constants.
Now the effective action is obtained by performing the A, integrations in (5.10). The

“integration of A_ gives rise to the delta-function,
H6((7,~,bA+b‘1 +9,bb7 — M)), (5.14)

with 7; € T normalized by the duality condition (2.22). One then notices that the delta-
function (5.14) implies exactly condition (2.29) with 8;cc™" replaced by A4. Hence, with
the help of the matrix V;;(b) in (2.27) and T(b) in (2.29), it can be rewritten as

(det V)™ 6(A+ _ b"T(b)b). (5.15)
Finally, the integration of A4 yields

7 = /dpeff(b) eI°“(b), (5.16)
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where I.g(b) is the effective action (2.40)*, and dp.g(b) is the effgctive measure given by

dptesr(b) = (det V)~ du(g)6(o)é(6) = (det v)™? i’—‘—(g-—)- . (5.17)

dodo |,_5-0

Of course, as far as the effective action is concerned, the path-integral approach should
give the same result as the classical one, because the integration of the gauge fields is
Gaussian and hence equivalent to the classical elimination of the gauge fields by their field
equations. However, a non-trivial feature may arise at the quantum level when the effective
path-integral measure (5.17) is taken into account. Let us examine the effective measure
in the simple case where the space B = (I' + I')*, with which b € €?, forms a subalgebra
of G satisfying (2.34), and thus the effective action in (5.16) simplifies to

L(b) = Swa(b) — & / d2a (bBTb~, M). (5.18)
In this case, the 1-form appearing in the measure dp(g) of (5.11),
dgg ' =daa ' +a(dbb)a"t + ab(dcc YoM a T, (5.19)
turns out, in the physical gauge, to be |
dgg™t|,_,_, = vidoi + dbb™' + V;;(b)7:d5;. (5.20)

As a result, the determinant factor in (5.17) is cancelled by the one coming from (5.20),

and the eflective measure admits a simple form:
dpesr(b) = dbb™ 1. (5.21)

The point is that this is exactly the measure which is determined from the symplectic
structure of the effective theory (5.18) obtained by the classical Hamiltonian reduction.
This tells us that in this case the quantum Hamiltonian reduction results in the quantization
of the reduced classical theory. In particular, since the above assumption for B is satisfied
for the generalized Toda theories associated with integral gradings, we conclude that these

generalized Toda theories are equivalent to the corresponding constrained (gauged) WZN'W

* Actually, the effective action always takes the form (2.40) if one restricts the WINW
field to be of the form g = abc with a € €', c € el and b such that V;;(b) is invertible.

The duality between I' and T is not necessary but can be used to ensure this technical
assumption.
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theories even at the quantum level, i.e., including the measure. This result has been
established before in the special case of the standard Toda theory (1.1) in [44}, where the
measure dp.g(b) is simply given by []; dy*.

We end this section by noting that it is not clear whether the measure determined
from the symplectic structure of the reduced classical theory is identical to the effective
measure (5.17) in general. In the general case both measures in question could become

quite involved and thus one would need some geometric argument to see if they are identical

or not.

5.3. The W-symmetry of the generalized Toda action I’£(b)

In the previous section we have seen the quantum equivalence of the generalized Toda
theories given by (4.3) and the corresponding constrained WZNW theories. It follows from
their WZNW origin that the generalized Toda theories possess conserved W-currents. It is
thus natural to expect that their effective actions, IL in (4.3) and I in (4.12), allow for
symmetry transformations yielding the W-currents as the corresponding Noether currents.
We demonstrate below that this is indeed the case on the example of the theories associated
with integral gradings, when the action takes a simple form. We however believe that
there are symmetries of the effective action corresponding to the conserved chiral currents

inherited from the KM algebra for any reduced WZNW theory.

Let us consider a gauge invariant differential polynomial W(J) in the constrained
WZNW theory giving rise to the effective theory described by the action in (4.3). In terms
of the generalized Toda field b(z), this conserved W-current is given by the differential
polynomial

Wee(B8) = W(M + B), where B=08,bb71. (5.22)

This equality [40,18] holds because the constrained current J and (M + B) (which is,
incidentally, just the Lax potential Af in (4.4)) are related by a gauge transformation,
as we have seen. By choosing some test function f(z*), we now associate to Weg(B) the

following transformation of the field b(z):

6Weﬂ'($)
8B(y)

and we wish to show that Sy b is a symmetry of the action I'L(b). Before proving this, we

suwbly) = [ [ 2 1) 522 400 (5.23)
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notice, by combining the definition in (5.23) with (5.22), that (wb)b™' is a polynomial

expression in f, 8 and their 8,-derivatives up to some finite order.

We start the proof by noting that the change of the action under an arbitrary variation
8b is given by the formula
IH

s1(6) = - [ Py iebvw), b(y);%,fg;)

(5.24)
= / d?y (6bb7(y), 8-B(y) + [b(y)M b~ (y), M]).

In the next step, we use the field equation to replace 9_8 by —[6Mb~1, M] in the obvious
equality

0-Warlz) = [ &y <§%§§‘-’l,a_ﬂ(y»,  (5.25)

and then, from the fact that 8_ W.g = 0 on-shell, we obtain the following identity:

[ @ Er) s, m = o, (5.20
Of course, the previous argument only implies that (5.26) holds on-shell. However, we
now make the crucial observation that (5.26) is an off-shell identity, i.e., it is valid for any
field b(z) not only for the solutions of the field equation. This follows by noticing that
the object in (5.26) is a local expression in b(z) containing only z*-derivatives. In fact,
any such object which vanishes on-shell has to vanish also off-shell, because one can find
solutions of the field equation for which the z*-dependence of the field b is prescribed in

an arbitrary way at an arbitrarily chosen fixed value of ™.

By using the above observation, it is easy to show that §wb in (5.23) is indeed a
symmetry of the action. First, simply inserting (5.23) into (5.24), we have

swith(t) = - [ @) [ @y CEC) 0 pl) + WIS @M. (520
We then rewrite this equation as
Swilh(t) = - [ 2 (=)0 Wer() (5.28)

with the aid of the identities (5.26) and (5.25). This then proves that

SwiIi(b) =0, (5.29)
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since the integrand in (5.28) is a total derivative, thanks to 6_ f = 0. One can also see, from

equation (5.23), that W.g is the Noether charge density corresponding to the symmetry
transformation éwb of Igf(b).

5.4. BRST formalism for WZNW reductions

Since the constrained WZNW theory can be regarded as the gauged WZNW theory
(2.18), one is naturally led to construct the BRST formalism for the theory as a basis for
quantization. Below we discuss the BRST formalism based on the gauge symmetry (2.19)
and thus return to the general situation of Section 5.1 where no relationship between the

two subalgebras, I' and T, is supposed.

Prior to the construction we here note how the conformal symmetry is realized in
the gauged WZNW theory when there is an operator H satisfying the condition (2.13).
(For simplicity, in what follows we discuss the symmetry associated to the left-moving

sector.) In fact, with such H and a chiral test function f*(z*) one can define the following
transformation,

bg = f*Org+ 8, Hy,

§A_ = fYO,A_ + 0, fY[H, A, (5.30)

§Ay = fro Ay + 04 fF Ay,
which leaves the gauged WZNW action I(g, A_, A, ) invariant. This corresponds exactly to
the conformal transformation in the constrained WZNW theory generated by the Virasoro
density Ly in (2.10), as can be confirmed by observing that (5.30) implies the conformal
action (2.11) for the current with f(z*) = f*(zt). We shall derive later the Virasoro
density as the Noether charge density in the BRST system.

Turning to the construction of the BRST formalism, we first choose the space I'* C G
which is dual to I' with respect to the Cartan-Killing form (and similarly I'* dual to
f‘) Following the standard procedure [45] we introduce two sets of ghost, anti-ghost and
Nakanishi-Lautrup fields, {¢ € ', €;,B4+ € I'*} and {b € T, b_,B_ € I'*}. The BRST
transformation corresponding to the (left-sector of the) local gauge transformation (2.19)

is given by

bpg = —cg, épcy = 1By,
bpA_ = D_g, By =0, ‘ (5.31)
bpe = —c?, 6 (others) =0,
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with Dy = 84 F[A4, | After defining the BRST transformation 8p for the right-sector

in an analogous way, we write the BRST action by adding a gauge fixing term and a ghost
term to the gauged action,

Igpst = I(g, A——:A—l—) + Igf + Ighost- (532)
The additional terms can be constructed by the manifestly BRST invariant expression,
b_, A4))

= n/dzm ((By,A) +(B=,Ay) +i(e4, D_c) +i(b-, D4 b)), (5.33)

Igf+Ighost = "'iﬁ'((sB + SB) /dzm ((6+;A-—) + (

where we have chosen the gauge fixing conditions as Ay = 0. Then the path-integral for
the BRST system is given by '

Z = / dp(g) dA,dA_dcdz,dbdb_dBydB_ e'PrsT, (5.34)

which, upon integration of the ghosts and the Nakanishi-Lautrup fields, reduces to (5.10).
(Strictly speaking, for this we have to generalize the gauge fixing conditions in (5.10) to
be dependent on the gauge fields.) By this construction the nilpotency, 62 = 0, and the
BRST invariance of the action, dgIprsT = 0, are easily checked.

It is, however, convenient to deal with the simplified BRST theory obtained by per-
forming the trivial integrations of Ay and By in (5.34),

Inrst(g,c,&4,b,b_) = Swz(g) + ix /dzm ((e4,0-¢) + (b—,04b)). (5.35)

We note that this effective BRST theory is not merely a sum of a free WZNW sector and
free ghost sector as it appears, but rather it consists of the two interrelated sectors in
the physical space specified by the BRST charge defined below. At this stage the BRST

transformation which leaves the simplified BRST action (5.35) invariant reads

bpg = —cg, bpy = —mr- {i(3+9 g7t — M)+ (cty + 5+°)]»

2

(5.36)
bpc = —c’, 6p(others) =0,

where mp« = 3. |#)(7i| is the projection operator onto the dual space I'* with the nor-
malized bases, (7i,7]) = 6;j. From the associated conserved Noether current, 8_j% =0,
the BRST charge g is defined to be

@B = /dm+j2(w) = /dz+(c, 0499 — M — cty). (5.37)
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The physical space is then specified by the condition,

Qs |phys) = 0. (5.38)

In the simple case of the WZNW reduction which leads to the standard Toda theory, the
BRST charge (5.37) agrees with the one discussed earlier [46].

In the case where there is an H operator which guarantees the conformal invariance,

the BRST system also has the corresponding conformal symmetry,
8g=f*oyg+ 84 fHy, 8b = f*o4b,
bc= fto,c+ 04 f1[H, ¢, 66 = fro,b_, (5.39)
88y = fro ey + 04 (ey + [H,84]),
inherited from the one (5.30) in the gauged WZNW theory. If the H operator further
provides a grading, one finds from (5.39) that the currents of grade —h have the (left-)
conformal weight 1 — h, except the H-component, which is not a primary field. Similarly,
the ghosts ¢, &; of grade h, —h have the conformal weight h, 1 — h, respectively, whereas

the ghosts b, b are conformal scalars. Now we define the total Virasoro density operator

Lot from the associated Noether current, a_jg =0, by

/ da*i5(x) = - / dzt f* @) (). (5.40)

The (on-shell) expression is found to be the sum of the two parts, Liot = LH + Lghost,
where Ly is indeed the Virasoro operator (2.10) for the WZNW part, and

Lghoat = iK((E+, 6+C) + 8+(H, céy + E+C)), (541)

is the part for the ghosts. The conformal invariance of the BRST charge, QB = 0, or

equivalently, the BRST invariance of the total conformal charge, égLiot = 0, are readily
confirmed.

Let us find the Virasoro centre of our BRST system. The total Virasoro centre ciot
is given by the sum of the two contributions, ¢ from the WZNW part and cghost from the
ghost one. The Viraso centre from Ly is given by

kdimG
¢ =
k+g
where k is the level of the KM algebra and g is the dual Coxeter number. On the other

hand, the ghosts contribute to the Virasoro centre by the usual formula,

cghost = —2 ) _[1+ 6h(h —1)], (5.43)

— 12k(H, H), (5.42)
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where the summation is performed over the eigenvectors of ady in the subalgebra I'. (One

can confirm (5.43) by performing the operator product expansion with Lgnost in (5.41).)

5.5. The Virasoro centre in three examples

By elaborating on the general result of the previous section, we here derive explicit

formulas for the total Virasoro centre in three interesting special cases of the WZNW

reduction.

i) The generalized Toda theory I (3)

In this case the summation in (5.43) is over the eigenstates of ady with eigenvalues
h >0, since I' = g;’o. We can establish a concise formula for cyot, (5.46) below, by using

the following group theoretic facts.

First, we can assume that the grading operator H € G is from the Cartan subalgebra
of the complex simple Lie algebra G, containing G. Second, the scalar product (, ) defines
a natural isomorphism between the Cartan subalgebra and the space of roots, and we
introduce the notation § for the vector in root space corresponding to H under this iso-
morphism. More concretely, this means that we set H = ) §; H; by using an orthonormal
Cartan basis, (H;, H;) = §;;. Third, we recall the strange formula of Freudenthal-de Vries
[47], which (by taking into account the normalization of {, ) and the duality between the

root space and the Cartan subalgebra) reads
12

where g'is the Weyl vector, given by half the sum of the positive roots. Fourth, we choose
the simple positive roots in such a way that the corresponding step operators, which are

in general in G, and not in G, have non-negative grades with respect to H.

By using the above conventions, it is straightforward to obtain the following expres-
sions

2:1=dimr=1(dimg-dimg§), S h=2(5"5),
2
h>0 k>0

1 -
th = itr(aduf = g(H, H) = g|6?,
h>0

(5.45)
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for the corresponding terms in (5.43). Substituting these into (5.43) and also (5.44) into
(5.42), one can finally establish the following nice formula of the total Virasoro centre [14}:

. z 1 2
Crot = ¢ + Cghont = dimGH —12i,/k+g5— \/k_+_gp1 . (5.46)
In particular, in the case of the reduction leading to the standard Toda theory (1.1) the
result (5.46) is consistent with the one directly obtained in the reduced theory [8,10].

ii) The W¢-algebra for half-integral s/(2) embeddings

For sl(2) embeddings the role of the H is played by My and in the half-integral case
we have I' = G5, + ’P% =Gso — Q%. It follows that the value of the total Virasoro centre
can now be obtained by substracting the contribution of the ‘missing ghosts’ corresponding

to Q%, which is %dim g%, from the expression in (5.46). We thus obtain that in this case

Ctot=Nt”";‘N5—12|\/k+g5— mﬁ" , (5.47a)

where

N; =dim G, , and N, =dim0; , (5.47b)

are the number of tensor and spinor multiplets in the decomposition of the adjoint of G
under the sl(2) subalgebra S, respectively. We note that, as proven by Dynkin (39], it is
possible to choose a system of positive simple roots so that the grade of the corresponding
step operators is from the set {0, %, 1}, and that § is (3 %) the so called defining vector of
the sl(2) embedding in Dynkin’s terminology.

As has been mentioned in Section 3.4, Bais et al [16] (see also [29]) studied a similar
reduction of the KM algebra for half-integral sI(2) embeddings where all the current com-
ponents corresponding to G are constrained from the very beginning. In their system,
the constraints (3.59) of g%, being inevitably second-class, are modified into first-class by
introducing an auxiliary field to each constraint of g%. Accordingly, the auxiliary fields
give rise to the extra contribution —-;-dim g% in the total Virasoro centre. It is clear that
adding this to the sum of the WZNW and ghost parts (which is of the form (5.46) with
My substituted for H), renders the total Virasoro centre of their system identical to that
of our system, given by (5.47). This result is natural if we recall the fact that their re-
duced phase space (after complete gauge fixing) is actually identical to ours. It is obvious
that our method, which is based on purely first-class KM constraints and does not require

auxiliary fields, provides a simpler way to reach the identical reduced theory.
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iii) The W!-algebras

By using the results of Section 3.5 we can easily compute the Virasoro centre of the
W/-algebras. We consider the conformal structure given by Las,, where M, is the sl(2)
generator (3.68), and introduce ghosts for the first class constraints defined by I' (3.74).
The contribution to the Virasoro centre from L4, is given by

(n? - 1)k

A km(m 4+ 1)[3n — (2m + 1)I]. (5.48)

Taking into account the multiplicities of the grades in I', we find from (5.43)

cghost = —2dim Dy + dimPy —2 ) "[1 + 6i(i — 1)]dim;

i=1
5.49
= —(m® + 4m? + 3m + 1)I? + [n(2m® 4 3m® + 6m + 2) + 1] (5.49)

—n?(3m? +2).

The result disagrees with the one obtained for W2 in [26], where instead of our Ly, a
different Ly was adopted for defining the conformal structure and (instead of performing
the symplectic halving) a set of auxiliary fields was introduced to render the constraints
first class. This disagreement is not surprizing because of the ambiguity in defining the
conformal structure of W/, i.e., in choosing the H in (2.10), which eventually reflects in
the value of the Virasoro centre. In addition, there is also an arbitrariness in the number
of the auxiliary fields introduced, and the Virasoro centre agrees only when one uses the

minimal number of the fields (with the same H).
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6. Discussion

The main purpose of this paper has been to study the general structure of the Hamil-
tonian reductions of the WZNW theory. Considering the number of interesting exam-
ples resulting from the reduction, this problem appears important for the theory of two-

dimensional integrable systems and in particular for conformal field theory.

Our most important result perhaps is that we established the gauged WZNW setting
of the Hamiltonian reduction by first class constraints in full generality. It was then used
here to set up the BRST formalism in the general case, and for obtaining the effective
actions for the left-right dual reductions. We hope that the general framework we set up

will be useful for further studies of this very rich problem.

The other major concern of the paper has been to investigate the W-algebras and
their field theoretic realizations arising from the WZNW reduction. We found first class
KM constraints leading to the W$-algebras which allowed us to construct generalized
Toda theories realizing these interesting extended conformal algebras. We believe that the
sl(2)-embeddings underlying the Wg~algebras are to play an important organizing role
in general for understanding the structure, especially the primary field content, of the
conformally invariant reduced KM systems. This is quite a natural idea since we have
seen that the presence of an sl(2) embedding can be exhibited in every polynomial and
primary KM reduction and that the W!-algebras are nothing but further reductions of
WY -algebras belonging to particular sl(2)-embeddings (see also [37]). The importance of
sl(2) structures in classifying W-algebras have been advocated in the recent preprint [50]
as well, on the basis of different arguments. In our study of W-algebras we employed
two (apparently) new methods, which are likely to have a wider range of applicability
than what we exploited here. The first is the method of symplectic halving whereby we
constructed purely first class KM constraint for the Wg as well as for the W!-algebras.
The second is what we call the sl(2)-method, which can be summarized by saying that if one
has conformally invariant first class constraints given by some (I', M_) with M_ nilpotent,
then one should build the s/(2) containing M_ and try to analyse the system in terms of
this sl(2). We used this method to investigate, in the non-degenerate case, the generalized

Toda sytems belonging to integral gradings, and also to provide the Wg—interpretation of
the W!-algebras.

We wish to remark here that, as far as we know, the technical problem concerning the

inequivalence of those Wg-algebras which belong to group theoretically inequivalent sl(2)
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embeddings has not been tackled yet.

It is well known [22] that the standard W-algebras can be identified as the second
Poisson bracket structure of the KdV type hierarchies of Drinfeld-Sokolov [5]. This fact
leads to the question whether there is a relationship between W-algebras and integrable
hierachies also in more general cases [16,17,28,48,49].

We gave a general local analysis of the effective theories arising in the left-right dual
case of the reduction, and investigated in particular the generalized Toda theories obtained
by the reduction in some detail. In the case of the generalized Toda theories associated
with the integral gradings we exhibited the way in which the W-symmetry operates as
an ordinary symmety of the action, and demonstrated that the quantum Hamiltonian
reduction is consistent with the canonical quantization of the reduced classical theory. It
would be nice to have the analogous problems under control also in more general cases.
In our analysis we restricted the considerations to Gauss-decomposable fields. The fact
that the Gauss decomposition may break down can introduce apparent singularities in
the local description of the effective theories, but the WZNW description is inherently
global and remains valid for non Gauss-decomposable fields as well (12,13]. It is hence an
interesting problem to further analyze the global (topological) aspects of the phase space
of the reduced WZNW theories.

We should also note that it is possible to remove the technical assumption of left-right
duality. In particular, the study of purely chiral WZNW reductions could be of importance,
as they are likely to give natural generalizations of Polyakov’s 2d gravity action [43,12].

In this paper we assumed the existence of a gauge invariant Virasoro density Ly,
of the form given by (2.10), for obtaining conformally invariant reductions. However,
the example of Appendix A indicates that there is another class of conformally invariant
reductions where the form of the surviving Virasoro density is different from that of an
Ly. The study of this novel way of preserving the conformal invariance may open up a

new perspective on conformal reductions of the WZNW theory.

There are many further interesting questions related to the Hamiltonian reductions
of the WZNW theory, which we could not mention in this paper. We hope to be able to

present those in future publications.

Acknowledgement. We are indebted to J. Balog and P. Forgécs for their very important
contribution in [12,13] to the reported research. We also wish to thank B. Spence for a

suggestion which has been crucial for understanding the W-symmetry of the Toda action.
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Appendix A: A solvable but not nilpotent gauge algebra .

In all the cases of the reduction we considered in Chapters 3 and 4, the gauge algebra T’
was a graded nilpotent subalgebraof G. On the other hand, we have seen in Section 2.1 that
the first-classness of the constraints implies that I' is solvable. We want here to discuss
a constrained WZNW model for which the gauge algebra is solvable but not nilpotent.
Interestingly enough, it turns out that in this example no H satisfying (2.13) exists which
would render the constraints conformally invariant. However, conformal invariance can
still be maintained, showing clearly that the existence of such an H is only a sufficient but

not a necessary condition.

We choose the Lie algebra G to be sl(3, R) and the gauge algebra I' as generated by

the following three generators

0 1 0 0 01 -
71 = Eal = 0 0 0 , Y2 = qu-l—ag = 0 0O , (Ala)
0 0O 0 00
1
1 1 i %)
3= —=(2H1 + H2) + 5(Bay — E-a)= | 0 —35 2 ’ (A.1b)
73 2 O
T2 2/3
where the Cartan-Weyl generators are normalized by [Hi, E4s;] = +Eia, and

(Ea;, E_o;] = 2H;, for the simple positive roots a;. Note that, being diagonalizable over

the complex numbers, 73 is not a nilpotent operator. The algebra of T is

V3 1 1 V3

(11,72 =0, [11,73] = 5t 57 [y2,7s] = —gM = 5 " (A.2)

It is easy to verify that T' is a solvable, not-nilpotent Lie algebra. It qualifies as a gauge
algebra since Tr(v;v;) = 0.

It is readily checked that the spaces I't and [[',T']* are given by

I't = span{Hz, Ea,, Ba,taq, 2H1 + V3Ea,,2H; — V3E_a,},

(A.3)
[F’ I\]-L = span{Hl ’ H2’Ea1 ) Eax-}-a:) E021E~a2}'

Thus [T, T]*/Tt, which is the space of the M’s leading to first class constraints, is one-

dimensional, and we can take

» 2 0 0
b P | |
M=pY=-""(4H, +2H,)=-—=|0 -1 0 (A-4)
V3 v3lo o0 -1
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without loss of generality.

The next question is the conformal invariance. As discussed in Section 2.1, a sufficient
condition for conformal invariance is provided by the existence of a (modified) Virasoro
density Ly = Lxym — 0:(H, J(z)) weakly commuting with the constraints. For this to
work, the generator H must satisfy the three conditions in (2.13). However, it is an easy
matter to show that those conditions are contradictory in the present case, and therefore

no such H exists.

The above analysis can also be carried out for the simpler gauge algebra spanned by s
only. This gauge algebra is obviously nilpotent, since it is Abelian. Nevertheless, the pre-
vious conclusion remains: There exists no H which would render the first class constraints
conformally invariant, for any M # 0 from [[,T']*/T't. This shows the importance of the
gauge generators being nilpotent operators, rather than the gauge algebra being nilpotent.
It would be interesting to know whether there is always an H satisfying (2.13) for gauge

algebras consisting of nilpotent operators.

Although there is no H such that the constraints are preserved by Ly, we can nev-

ertheless construct another Virasoro density A which does preserve the constraints. It is

given by
A(z) = Licm(2) = ulr3, J(2))- (4.5)
For M given in (A.4‘), the constraints read 4
(1, J(2)) = (12, J(2)) =0,  (13,J(2)) =, (4.6)

and are checked to weakly commute with A: {A(z), (vi, J(¥))} = 0 on the constraint
surface (A.6). (Note that, when going from Lga to A, we have not changed the conformal
central charge, which is classically zero.) Therefore we expect the reduced theory to be
invariant under the conformal transformation generated by A being its Noether charge
density. We now proceed to show that it is indeed the case. Before doing this, we display

the form of A on the constraint surface:
A() = T2 (2) + T2(2), (A.7a)

Ty = =(Boy + E—ay, J), Ty = (Ha,J). (A.7b)

B =

Following the analysis of Section 2.3, we take the left and right gauge algebras to be
dual to each other ((yi,%;) = 6ij)

I' = span{v1,72,7s}, r= span{T1,72,7s} = SPan{’Y;,’Y;,’Y;}’ (A.8)

75



#

and consider M = pY and M = vY* = vY. We write the SL(3, R) group elements as
g=a-b-c,withacexpl', b € expH and ¢ € exp ', with H = span{Y, H,} the Cartan
subalgebra. We did not conform to the general prescription given in Section 2.3, which
required to write g = abc with b € exp B for a space B complementary to I' + I'in G,
eqs.(2.25-26). Had we done that, the resulting effective action would have looked much

more complicated. Here, we simply take a set of coordinates in which the action looks

simple.

The reduction yields an effective theory for the group-valued field b, of which the
effective action is given by (2.40) with (2.29b). Using the parametrization b = exp (aY’) -
exp (26H;), the explicit form of the effective action is

_ [z (8ya — p)(8-0a—v)
La(a, ) = / &o {8+a3_a + 8,00_0 — T } (A.9)
By inspection, we see that this effective action is going to be conformally invariant if the
field A3 is a scalar, and if the transformation of « is such that p — 8, and v — 8_a are

(1,0) and (0,1) vectors respectively. It implies that, under a conformal transformation

gt — g — f¥(z%), the fields @ and B transform as

ba = fF(Bpa—p)+ f (O-a—w),

(A.10)
88 =f"0,8+ f 0-p. '

We now want to show our previous claim: the action (A.9) is conformally invariant un-
der the conserved Virasoro density A(z), which reproduces the f*-transformations (A.10)
by Poisson brackets. (The f~-transformations could also be realized by constructing the
corresponding Virasoro density A in the right-handed sector in a similar way.) For this,

we first note that in terms of the reduced variables a and B the two current components
Ty and T; of (A.7b) read

Ty = —(p— 04a) tanh B, and T, = 04p. (A.11)

These expressions can be obtained as follows. Writing g = a-b-c and using the constraints

(2.29b), the constrained current reads
J =a[T(b) + 84b-b"Ya™! +04a-a™?, (A.12)

with T(b) given by (2.29). Although neither Ty nor T} is gauge invariant, the quantity we

want to compute, A(z), is gauge invariant. As a result, it cannot depend on the gauge
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variables contained in a. Hence we can just as well put @ =1 in (A.12). Doing that, the
definitions (A.7b) yield (A.11). We thus find the following expression for A:

A = (p — 8ya)? tanh® B + (848)°. (A.13)

It is an easy matter to show, by using the field equations obtained from the action (A.9),

sinh® # 84 0_a + tanh B [04B(0_a — v) + 0-P(O4a — p)] =0,

(A.14)
cosh? 8 8,6_0 — tanhB(0_a — v)(Oya —p) =0,
that A is indeed chiral, satisfying ,
0-A=0. (A.15)
Moreover one also checks the following Poisson brackets
A=), = —(0ra—p) (=" —y'),
{A(z),a(y)} = —(8ra — p)b(=" —y') (A.16)

{A(2),B(y)} = —(8:+8) (=" —v"),

which reproduce the transformations (A.10). Thus the density A features all what is

expected from the Noether charge density associated with the conformal symmetry.

Finally, we present here for completeness the general solution of the equations of
motion (A.14). Along the lines of Section 2.3, it can be obtained as follows:

Sinh(o[, - 9}2)
sinh(0y, + Or)
cosh(20) = cosh(26},) cosh(20r) + sinh(26,) sinh(26r) cos(2(AL — pr)),

a = (7 + nr) + tan™" [ tan(Ap — pn)] + pzt f vz,

(A.17)

where {11, A1,0.} and {nR, pr, Or} are arbitrary functions of z* and =~ only, respectively,
and the three functions of each chirality are related by the equations,

047 + 04 AL cosh(281) =0, O_nRr + 8_pr cosh(20r) = 0. (A.18)

(&}



Appendix B: H-compatible s!/(2) and the non-degeneracy condition

Our purpose in this technical appendix is to analyse the notion of the H-compatible
’31(2) subalgebra, which has been introduced in Section 3.4. We recall that the sl(2)
subalgebra § = {M_, My, M} of the simple Lie algebra G is called H-compatible if H
is an integral grading operator, [H, My] = + My, and My satisfy the non-degeneracy

conditions

Ker(adpy, )N g;’ = {0}. ‘ (B.1)

Note that the second property in this definition is equivalent to the fact that § commutes
with (H — M,). We prove here the results stated in Section 3.4, and also establish an

alternative form of the non-degeneracy condition, which will be used in Appendix C.

Let us first consider an arbitrary (not necessarily integral) grading operator H of G and
some non-zero element M_ from G¥,. We wish to show that to each such pair (H, M_)
there exists an sl(2) subalgebra S = {M_, Mo, M+} for which M, € Qfl. To exhibit
the S-triple in question, we need the Jacobson-Morozov theorem, which has already been
mentioned in Section 3.4. In addition, we shall also use the following lemma, which can

be found in [33] (Lemma 7 on page 98, attributed to Morozov).

Lemma: Let £ be a finite-dimensional Lie algebra over a field of characteristic 0 and
suppose L contains elements h and e such that [h, e] = —e and h € (L, e]. Then there

exists an element f € £ such that

[h,fl=Ff and [f,e]=2h. (B.2)

Turning to the proof, we first use the Jacobson-Morozov theorem to find generators
(m_,mq,my) in G completing m_ = M_ to an sl(2) subalgebra. We then decompose the

elements my and m into their components of definite grade, i.e., we write
mg = ng and my = ng‘_ ’ (B3)
n n

where n runs over the spectrum of the grading operator H. Since M_ is of grade -1, it

follows from the sl(2) commutation relations that

[m§, M_]=-M_ and [m},M_]= 2my | (B.4)
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and these relations tell us that A = mJ and e = M_ satisfy the conditions of the above
lemma. Thus there exists an element f satisfying (B.2), which we can writeas f = 3 f"
by using the H-grading again. The proof is finished by verifying that M, = f! and
My = m) together with M_ span the required sl(2) subalgebra of G.

From now on, let H be an integral grading operator. For an element My of grade
41, respectively, the pair (H, M) is called non-degenerate if it satisfies the corresponding
condition in (B.1).

We claim that if S = {M_, My, M4} is an sl(2) for which the generators My are from
GH,, then the non-degeracy of the pairs (H, M_) and (H, M) are equivalent statements.
This will follow immediately from the sl(2) structure if we prove that the non-degeneracy

of the pair (H, My.) is equivalent to the following equality:

dimKer(adp, ) = dimG¢ . (B.5)

It is enough to prove this latter statement for a pair (H, M_), since then for a pair

(H, M, ) it can be obtained by changing H to —H. To prove this let us first rearrange the
identity
dim G = dim Ker(adp_) + dim [M_, ] (B.6)
by using the grading as
dim Ker(adp_) — dimG¥ ={dimG¥ — dim[M_,G{} B
+ {dimG¥ — dim [M_,G¥ +6H]} '

Since both terms on the right hand side of this equation are non-negative, we see that
dimKer(adp_) > dim G, (B.8)
and equality is achieved here if and only if
dimGY = dim[M_,GY] and [M_,Gf +¢H]=¢. (B.9)

On the other hand, we can show that the two equalities in (B.9) are actually equivalent to
each other. To see this, let us assume that the second equality in (B.9) is not true. This is
clearly equivalent to the existence of some non-zerou € G such that (u, [M_, Gil+GH) =
{0}. By the invariance and the non-degeneracy of the Cartan-Killing form, this is in turn
equivalent to [M_,u] = 0, which means that the first equality in (B.9) is not true. By
noticing that the first equality in (B.9) is just the non-degeneracy condition for the pair
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(H,M_), we can conclude that the non«deéeneracy condition is indeed equivalent to the
equality in (B.5).

We wish to mention a consequence of the results proven in the above. To this let us
consider a non-degenerate pair (H, M_). By our more general result, we know that there
exists such an sl(2) subalgebra § = {M_, My, M} for which My is from G¥,. The point
to mention is that this S is an H-compatible sl(2) subalgebra, as has already been stated
in Section 3.4. In fact, it is now easy to see that this follows from the equivalence of (B.1)

with (B.5) by taking into account that the kernels of adps, are of equal dimension by the
sl(2) structure. ’
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Appendix C: H-compatible s/(2) embeddings and halvings

In Section 3.4, we showed that, given a triple (I', M, H) satisfying the conditions for
first-classness, conformal invariance and polynomiality (egs. (2.6), (2.13) and (3.2-4)), the
corresponding W-algebra is isomorphic to Wg, provided that H is an integral grading
operator. Here & = {M_, My, M} is some sl(2) subalgebra containing M_ = M. A
natural question is what sl(2) subalgebras arise in this way, or equivalently, given an
arbitrary sl(2) subalgebra, can the resulting W9-algebra be obtained as the W-algebra
corresponding to the triple (I', M, H), for some integral grading operator H7 Whether
this occurs or not depends only on how the sl(2) is embedded, and it is therefore a pure
group-theoretic question. According to Section 3.4, the sl(2) subalgebras having this
property are the H-compatible ones. This appendix is devoted to establishing when a
given sl(2) embedding is H-compatible, and if so, what the corresponding H is.

The question of an si(2) being H-compatible is very much related to another one,
which was mentioned at the end of Section 4.2. We noted that in some instances, a
generalized Toda theory associated to an sl(2) embedding could as well be regarded as a
Toda theory associated to an integral grading operator H. This means that the effective
action of the theory is a special case of both (4.12) and (4.3) at the same time. We have
seen that this is the case when the corresponding halving is H-compatible, i.e., when the
Lie algebra decomposition G = (G>1 + ’P%) + (Q; +Go + Q_% )+ ("P_% +G<—1) (subscripts
are Mo-grades) can be nicely recasted into G = Qﬁ’l +GH 4+ gg__l. Our second problem,
addressed at the end of the appendix, is to find the list of those sl(2) subalgebras which
allow for an H-compatible halving. Clearly, an sl(2) subalgebra which possesses an H-
compatible halving is also H-compatible in the above sense, but it will turn out that the

converse is not true.

Let S = {M_, My, M} be an sl(2) subalgebra embedded in a maximally non-compact
real simple Lie algebra G. For the classical algebras A;, By, Ci and Dy, these real forms
are respectively sl(l + 1, R), so(l,1 + 1, R), sp(2!, R) and so(l,{, R). (We do not consider
the exceptional Lie algebras.) For S to be an H-compatible s{(2), one should find an H
in G with the following properties: e

1. ady is diagonalizable with eigenvalues being integers,

2. H — My must commute with the S-triple,
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3. dimKer(ady) = dim Ker(adp, ).

We remark that here the equivalence of relations (B.1) and (B.5), proven in the previous

appendix, has been taken into account. Under conditions 1-3, the decomposition

= [M_,T)+ Ker(adM+) (C.1)

holds, where I' = g;_’l in the (I', M_, H) setting, or T’ = Py + gg‘;’ in the sl(2) setting,
respectively. (For clarity, note that these two gauge algebras are in general not equal.) As
a consequence, Jred(z) = M_ + jrea(z) with jieq(z) € Ker(adM+) is a DS gauge in both
settings, and thus the W-algebras are the same.

In order to answer the question of whether an 3l(2) embedding is H-compatible, it is
useful to know what these embeddings actually are. For a classical complez Lie algebra G,
this question has been completely answered by Malcev (and Dynkin for the exceptional
complex Lie algebras) [39]. The result can be nicely stated in terms of the way the

fundamental vector representation reduces into irreducible representations of the sl(2):

Ay : the sl(2) reduction of the (14-1)-dimensional representation can be arbitrary,

B, : the (2141)-dimensional representation of B reduces in such a way that the multiplicity

of each sl(2) spinor appearing in the reduction is even,

Ci : the 2l-dimensional representation of C reduces in such a way that the multiplicity of

each sl(2) tensor appearing in the reduction is even,

Dy : same restriction as the By series: the spinors come in pairs.

The above conditions are necessary and sufficient, i.e., every possible sl(2) content satis-
fying the above requirements actually occurs for some sl(2) embedding. Moreover, for the
classical complex Lie algebras, the way the fundamental reduces completely specifies the
sl(2) subalgebra, up to automorphisms of the embedding G. [39].

The above description of the sl(2) embeddings remains valid for the maximally non-
compact classical real Lie algebras, except the last statement. First of all, this means that
the above restrictions apply to the possible decompositions of the fundamental under the
31(2) subalgebras in the real case as well. It is also obvious that those sl(2) embeddings for
which the content of the fundemantal is different are inequivalent. The converse however

ceases to be true in the real case in general: inequivalent sl(2) subalgebras can have
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the same multiplet content in the fundamental of G. The answer to the problem of H-
compatibility will in fact be provided by looking more closely at the decomposition of the

fundamental of G under the si(2) subalgebra in question, as will be clear below.

As an immediate consequence of condition 2, H — My is an sl(2) invariant and can
only depend on the value of the Casimir. If, in the reduction of the fundamental of G, a
spin j representation occurs with multiplicity m;, the sl(2) generators M and H can be
written

M= MY xI,, (C.2a)

J

H=M+ ) Djy x D), (C.2b)

i
where I,, denotes the unit n x n matrix, and the D(j)’s are m; x m; diagonal matrices.
Hence, within each irreducible representation of sl(2), H is equal to M, shifted by a
constant. Obviously, this is also true in the adjoint representation and, in turn, this implies
that ady takes the value zero at most once in each sI(2) multiplet in the adjoint of G. From
condition 3, ad; must take the value zero exactly once, i.e., each sl(2) representation must

intersect Ker(ady) exactly once. In particular, the s/(2) singlets must be adz-eigenvectors

with zero eigenvalue.

The trivial solution H = My exists whenever adpy, is diagonalizable on the integers,
i.e., when the reduction of the fundamental of G is either purely tensorial or purely spinorial.

From now on, we suppose that the reduction involves both kinds of sl(2) representations.

1) A; algebras.

The problem for the A; series is simple to solve since, in this case, an H always exists. As

a proof, we explicitly give an H which fulfills all the requirements. In (C.2b), we set

AT, ifjeN,

D(i)={(,\+%).]mi if j e N+ 1, ()

where ) is a constant that makes H traceless. In order to show that the H so defined has
the required properties, we recall that for the A; algebras, the adjoint representation is
obtained by tensoring the fundamental with its contragredient. As a result, the roots are

the differences of the weights of the fundamental (up to a singlet) and we have
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ady = adm, + [D(j1) — D(j2)], (C4)

where j; and j, are the spins of the states in the fundamental representation from which a
given state in the adjoint representation is formed. That the conditions 1-3 are satisfied is
obvious from the fact that ady = adp, on tensors and ady = ada, £ % on spinors, with

+3 occurring as many times as ~3.

It should be pointed out that (C.3) is by no means the only solution. Since in the
product j; X ja, the highest weights have an My-eigenvalue at least equal to |j; — jal,
another solution is given by D(j) = (A +j) - I'm; .

2) C} algebras.

For the symplectic algebras, the adjoint representation is obtained from the symmetric

product of the fundamental with itself and we therefore have

adyr = adps, + [D(is) + D(32)). (C.5)

Since the symmetric product of a tensor with itself produces a singlet, which must belong
to Ker(ady), we have 2D(t) = 0 for every integer j = t. Hence in the fundamental
representation, H = M; on tensors. Similarly, the symmetric product of a spinor with
itself always produces a triplet, one member of which must belong to Ker(ady). This
implies that the diagonal entries of 2D(s) are either 0 or +1, for every half-integer j = s.
However D(s) cannot have a zero on the diagonal, because ady would not be integral on

the representations contained in s x t. Therefore, in the fundamental, H = My £ ; on

spinors.
Let us now look at the m, spinor representations of spin s, say s*,s?,...,s™'. The
product s* x s7 of any two of those contains a singlet, and that implies D(s') + D(s?) = 0.

This equality must hold for any pair of spin s representations, which is impossible unless
me < 2.

Let us consider the restriction g, of the symplectic form to the spin s representations.
The restricted form is non-degenerate, because the original non-degenerate metric is block-

diagonal with respect to the eigenvalues of the si(2) Casimir.

If m, =1, then the H given by Mo & 1 - I on the unique spin s representation, should
be in the symplectic algebra: g,H + H'g, = 0. Since M, is already symplectic, we require

84



that the identity be symplectic, which is impossible for a non-degenerate form. Hence m,
must be 2.

If m, =2, H— M, and g, look like (in the basis where Mo and H are diagonal)

(Y 0 b
H,—M():ﬂ:((z) _..l)’ g,=(_a})¢ C>9 (06)

2

where the blocks a and ¢ are antisymmetric. H — M being symplectic leads to a = ¢ = 0.

To summarize, for an integral H to exist, the s/(2) embedding must be such that: (i)
the multiplicity of any spinor representation in the fundamental of G is 2, (ii) if (s, s') is
such a pair of spinors, they must be the dual of each other with respect to the symplectic

form. If these two conditions are met, then H is given in the fundamental by

(C.7)

H= M, on tensors,
~ | Mo+/—3 on a pair of spinors s/s'.

Conditions 1-3 are satisfied since (C.7) implies ady = adp, on singlets, ady = adp, £ (1

or 0) on tensors and ady = adp, + 1 on spinors.

3) B; and D, algebras.

The analysis here is similar to what has been done in 2), and we can therefore go through

the proof quickly.

For the orthogonal algebras, the adjoint is got from the antisymmetric product of the

fundamental with itself and we still have

ady = ada, + [D(r) + DGa)l. (C.8)

The antisymmetric product of a tensor (spinor) with itself produces a triplet (singlet), so
that with respect to the symplectic algebras, the situation is reversed in the sense that the
tensors and the spinors have their roles interchanged: H = My + ; on tensors, H = Mp

on spinors and m; < 2 for any tensor representation of spin ¢.

If asin 2), we look at the restriction g; of the orthogonal metric to the spin t tensors, we
have m; = 2 on account of the non-degeneracy of g;. From this, we get at once that there
can be no solution for the B algebras. Indeed, the fundamental being odd-dimensional,

at least one tensor representation must come on its own.
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b

On the 2(2t + 1)-dimensional subspace made up by the two spin ¢ tensors, H — Mo
and g; take the form

10 a b
H“MO::}:((Z) _%)) gsz(bt C)’ (09)

where a and ¢ are now symmetric. Requiring that H — Mp be orthogonal, we again obtain

a=c=0.

Therefore, for the orthogonal algebras, we get the following conclusions. There is
no solution for the By series if the sl(2) embedding is not integral. As to the D series,
the sl(2) embedding must be such that: (i) every tensor in the fundamental of G has a
multiplicity equal to 2, (ii) if (¢,t') is such a pair of tensors, they must be the dual of each

other with respect to the orthogonal metric. In this case, H is given in the fundamental
by ’

H= {Mg-!-/—-% on a Pajr of tensors t/t', (C.10)
M, on spinors.

Summarizing the analysis, the H-compatible sI(2) embeddings are the following ones:
A; : any sl(2) subalgebra,
By : only the integral sl(2)’s,

C; : those for which each spinor occurs in the fund;tmental of C; with a multiplicity 0
or 2, the pairs of spinors being symplectically dual,

D : those for which each tensor occurs in the fundamental of D; with a multiplicity 0

or 2, the pairs of tensors being orthogonally dual.

The reader may wish to check that the above results are consistent with the isomorphisms

Bz ~ Cz and A3 ~ Ds.

We now come to the second question alluded to at the beginning of this appendix,
namely the problem of H-compatible halvings. From the definition, an sl(2) subalgebra

allows for an H-compatible halving if in addition to conditions 1-3 one also has
4. Py + 051 =Gf,, and P_y +G< = GZ,.
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In particular, this fourth condition implies Q[fl" C GH. So we readily obtain that H and
My, must satisfy

adyg = adp,, on tensors, (C.11)

since we know, from the previous analysis, that ady — adpy, is a constant in every rep-
resentation (condition 2). Therefore, we can simply look at those solutions of the first
problem which satisfy (C.11) and check if condition 4 is fully satisfied or not. We get that
the sl(2) embeddings allowing for an H-compatible halving are as follows:

A; : any sl(2) subalgebra. There are only two solutions for H given by setting in
(C.2b): D(5) = (A £ €(4)) - Im; with e(j) = 0/1% for a tensor/spinor, -

By : only the integral sl(2)’s with H = M, ‘

Ci : only the integral sl(2)’s,

Dy : the integral si(2)’s, and those for which the fundamental of D; reduces into spinors
and two singlets, with H given by (C.10).
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