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ABSTRACT

A simple hierarchical fermion model is constructed which gives rise to an exact
renormalization transformation in a 2-dimensional parameter space. The behaviour
of this transformation is studied. It has two hyperbolic fixed points for which
the existence of a global critical line is proven. The asymptotic behaviour of the
transformation is used to prove the existence of the thermodynamic limit in a certain
domain in parameter space. Also the existence of a continuum limit for these
theories is investigated using information about the asymptotic renormalization
behaviour. It turns out that the “trivial” fixed point gives rise to a two-parameter
family of continuum limits corresponding to that part of parameter space where the
renormalization trajectories originate at this fixed point.

Although the model is not very realistic it serves as a simple example of the
application of the renormalization group to proving the existence of the thermo-
dynamic limit and the continuum limit of lattice models. Moreover, it illustrates
possible compications that can arrise in global renormalization group behaviour,
and that might also be present in other models where no global analysis of the

renormalization transformation has yet been achieved.

1A part of the material here presented was used in the author’s thesis.
2Present address: University College Swansea, Department of Mathematics and Computer Science,
Singleton Park, Swansea, U.K.



1. Introduction.

Hierarchical models were introduced by Dyson [8] before Wilson [19] formulated
his theory of the renormalization group. It was Baker [1] who pointed out the
simple renormalization group structure of the model. Actually, Bakers’s model is
different from Dyson’s in that it has continuous spins instead of Ising spins. The
first mathematical investigation of hierarchical models was carried out by Bleher and
Sinai [3] and [4]. It was elaborated by Collet and Eckmann [5] and, more recently, by
Gawedzki and Kupiainen [11,12]. Here we construct a fermionic analogue of Baker’s
model by replacing the spins with elements of a Grassmann algebra. Thus we
obtain a model with a very simple renormalization group structure. It is somewhat
like a hierarchical version of the Gross-Neveu model, the renormalization group
structure of which was studied by Gawedzki and Kupiainen [14] and Feldman et.
al.[9]. However our hierarchical model does not satisfy reflection positivity, so that
the continuum limit is not a feasible candidate for a quantum field theory. The
renormalization group transformation of our model takes place in a two-dimensional
space of coupling parameters r and g. It is given by formulas (2.16). The simplicity
of the transformation enables us to study the global flow of the transformation.

In the next section the model is introduced and its renormalization transforma-
tion derived. In Section 3 the main results about the asymptotic behaviour of the
transformation are stated and discussed. Theorems 1 and 2 are precise statements
about the existence and uniqueness of a global critical line for each of the fixed
points (0,0) and (—%, ). Theorem 3 is a result about the asymptotic behaviour
of points that are not critical. Proofs of these theorems are deferred to Section 7.
Figure 1 shows a computer picture of the flow of the transformation. In Section 4
we use the asymptotic renormalization group behaviour to investigate the existence
of a thermodynamic limit. Along the same lines, in Section 5, we prove a result
about the decay of correlation functions, which is used in the study of the contin-
uum limit in Section 6. The existence of a continuum limit is proven for each point
on the trajectories receding from the trivial fixed point (0,0). The existence of a
continuum limit for points on the line g = 0,7 > 0 is the easiest to establish: it is
Gaussian. As in the case of the Gross-Neveu model, the other trajectories give rise

to non-trivial continuum limits. Section 8 contains some concluding remarks.
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2. The model.

For a Grassmann algebra G, with an even number of generators arranged in
conjugate pairs {11,%1,---,%n,¥n} , there exists an analogue of a Gaussian integral

due to Berezin [2]. It is given by the linear functional wc on G, with

(1) we (i) =

[ i exp[— (b, Bip)) dipdep _ (57, -
[ exp [~ (4, By)]| dpdep ij

Here dipdyp stands for di; . ..dvYndi, ... dip; and [ -dip; is the usual fermionic inte-

gration defined by
/%bid%bi =1, /d¢i=0-

B is a non-degenerate n X n matrix and

($, Bb) = Y hiBijih;.
ij=1
The exponential is given by its (terminating) Taylor expansion.

wc satisfies the usual fermionic Wick formulae,

(2'2) wce (¢i1 $i1¢i21;jz) = Ci1j1 Cizjz - Ciszcizju etc.

For a degenerate matrix C we can still define we by we (gb,'tﬁj) = (Cjj, and the Wick
formulae.

We now introduce a hierarchical covariance C' as follows. We consider a
2-dimensional square lattice Ay C Z? with (2N )2 sites and subdivide it into blocks,
blocks of blocks and so forth at each level or scale. The blocks B; at the I-th
level will contain 22! lattice sites each. For z € Ay we denote by # € Any_; the
index of the block B(&) containing z. More generally, z(¥) € Ay_j is defined by
z*~1 € B(2*)). We define a matrix I' = (Tsy), ,ep bY Ty = (Ts),, if £ =9 and
I';y =01if £ #g. I'; is defined on a block B(z) by

1 -1 1 -1
1f-1 1 -1 1
211 -1 1 -1

-1 1 -1 1

(2-3) T; =



with an arbitrary numbering of the sites in a block, fixed once for all. The hierar-

chical covariance is now defined by the series

N-1
(2-4) (Ch)yy = 3. 274D (m(k),y(k)) .
k=0

A slightly different covariance was considered in [6]. Our present choice has the

advantage that MT' = 0, where the operator M is defined by (2.5).) This de-

fines a Gaussian state on the Grassmann algebra generated by the 2 - 22V

{¥z,%z}zery- Introducing an average spin (M), for each block B(z) by

spins

(2:5) (My); = L7 3 4,

z€B(z)

with d = 2,0 = -;—,L = 2 and analogously for ¢, we find for the renormalized

covariance (cf. [7]):
(2-6) (Cn) =M CnM'=Cpn_;.

Here M is the transposed matrix.
Before being able to introduce a non-trivial local interaction we have to double
the number of spin components so that the corresponding Grassmann algebra Gy

22N

now has 4- generators. The covariance of the resulting 2-component lattice field

becomes Cny @ Chn, i.e.

(2_7) WCNBCN (1:[)023712;/33/) = 605 (CN)zy 3 Of,ﬁ = 1721 z,y S AN

We consider the general local potentials Vy (1, %) = Y ozeAn v(th,, ¥, ) with

(2-8) U(‘/_’z, Yr) = T(‘Zlﬂhz + 1;2:%02:) + g 1291220924

In the presence of the potential V the ‘expectation value’ of a general polynomial
F in the fields is given by

on(F(, %) exp V(@ $)])
on(exp [V (B, 9)])

where we have written wy instead of weygcy - The renormalized state p' is defined

(29) p(F) =

on Gy-1 by

(2-10) o (F) = p(F(MF, M)).
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Due to the fact that
1
(2-11) (CN)zy = 5(ON-1)ii + L'z,
we can split the field 3 into 3’ = M4 and a fluctuation field ¢ with covariance

I'PT so that
@12)  on(F8) =on- Ourar (F (50 + Gz 6 ).
It then easily follows that
_ onaa(F(, ) exp [~ Viy_y(F',9)])
wN—1(exp [-Va_ (¥, ¢)])

where the effective potential V,{,__l is also local, Vi, _,(¥',¢') = D iehn_s o' (Pl L)
with v' given by
(2-14)

(2-13) o(F)

Wr,er; (exp [— zzeB(i) v (%‘Z'i + C_"’\'/‘IE Yz + C’)D
Wr.els (exp [- EreB(i) ”(Ez, Cz)]) .

Remark. In this expression one has to collect the (’s before calculating the

expectation w.r.t. wr,gr,. Thus, for instance, wr,gr, (z/); (1 {b_b 61) = ——zﬁ;z,z;;g.

The fact that local potentials are conserved under the block-spin transformation is

exp [—v'(3,¥1) ] =

a general property of hierarchical models, much stressed by Gawedzki and Kupiainen
[11,12]. It is due to the fact that I';, = 0if  # g, so that wpgr = Qiechy_, Wr:@ls-
Our fermionic hierarchical model has the additional simplifying property that the
exponentials in (2.14) break off. Therefore we can calculate the expectations ex-

plicitly. Diagonalizing I'; and rewriting the result as an exponential, we obtain

1, - 1
Wregl, | €XP | — v(-——-t,b’-{-(,;,—-—t,b'-%(,;) =
(2-15) . ( [ xezB%i) V2 V2 } )
= (1) — 301 exp [ (Fhoth + By) — o' Bttt B

with

(2-16)




Notice that (2.15) is in fact independent of z, so that we can omit all indices = and

write 'y instead of I';.

1 1 1

1 -1 -1

-1 1 -1 ’
1 -1 -1 1

variables 7oz = (Q(q)- satisfying wryer,((Q¢e)=(QCs)y) = 8apbz30y3. Clearly only

the third component 74 = 73 of n matters and we can write

e |- o (04 -
—a(on -2 3 3 (G i) (0 )
_2g8_zi:1< t3 771) (\/—4’1 5 m)

(i) (1)

= exp [~2r (Y1) + ¥as) — g bivivas -

and introduce new

e

To derive (2.15) we define Q = 3

< wy (GXP [— r(im + f2ne) — “;'9 Y1122
1 AR} 1 X 1] — 1 t Tt —
+ 59 P1¥amnz — 59 Yrhominz — 59 P1¥2in2
+ %9 Y1the T2 — %9 Py — %9 7'7'1171772172]’)
[*27"(15'111"1 + %’/)3) — gbiidats |-
{1 +2r + 9(1 + ")(¢1’J’1 + hypy) — 19 +r?+ 9 ‘/’1¢1¢2¢2}
=[1+7) - Zg] -exp [—r' (Y] + Pyepy) — g' D1 oty |-

From (2.15) it follows that the denominator in (2.14) equals (1+r1)? — g , so that
v' has the same form as (21) but with r and g replaced by r' and ¢' respectively.
Apparently, the renormalization transformation for this model is given by a simple

explicit transformation (r,g) — R(r, g) in a 2-dimensional parameter space.



3. Analysis of the flow of R.

Figure 1 shows a computer picture of the flow of R. For clarity successive points
under the iteration of R have been connected by straight lines. The parabola is the

set of singular points of the transformation.
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FIGURE 1.

The fixed points of R are (0,0) and (—-i;f, 58.—,) . By construction the linearized

transformation about the origin is

ST

(3-1) OR(0,0) = (g P )
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) 1Y). . . e
The (1) eigendirection is repulsive; o 152 marginal eigendirection. To second

order the latter is attracting, which is also clearly visible in Fig.1. The existence

and uniqueness of a critical line in this direction is stated in Theorem 1.

4 8
3727

4 8 22 %
- _E2 2= 2
(3-2) 6R( 3’27) (%‘é 13)'
The eigenvalues are Ay = 375- + —«g /137; Ay =~ 35, A_ ~ —.0567. The correspond-
. . - 1 1 1 .
ing eigendirections are (_% n ?19'\/13_7) = (_97) resp. (——1.63) . The exis-
tence and uniqueness of a critical line for this hyperbolic fixed point is stated in

The linearization of R about ( ) is given by

Theorem 2. Finally, the asymptotic behaviour of other parameter values (r,g) un-
der the iteration of R is stated in Theorem 3. Unfortunately, we have not been able
to prove any rigorous result about the behaviour of points (r, g) with g > 0 between

the two critical lines.

For a precise statement of the existence and uniqueness of a critical line associated
with the fixed point (0,0) we define a region S(go) with go > 0 as follows. Let the
curves r_(g),r+(g) and ro(g) be defined by

r(9) =3¢TFg-1)
(3-3) | ) =TT -1)
ro(9) =V9/2-1,
for g > 0. Then S(go) is the region bounded by these curves and the line g = go,

l1.e.

(3-4) §(g0) = {(r,9)|0 < g < go, max (r—(g),mo(9)) <7 <r4(g) }-

We shall prove

Theorem 1.
For all go > 0 there exists a unique critical r—value r.(go) > 0 such that
R™(r:(90),90) € S(go) for all n > 0, and R™(rc(g0),90) — (0,0) as n — co.

The existence of a critical line in the neighbourhood of (0, 0) also follows from the
Centre Manifold Theorem. We can use it in the form proven by Lanford in [16] (see

8



also [17]) by inverting R. The inverse mapping R™' can be calculated explicitly,

pe 1pg1 9+
2 4(1+r1/2)2_gl/2
,{UMUW—JMF
A+rj22—g'2)

The centre manifold is not unique in general. (See Van Strien [18] for a striking

(3-5)

g:

counter example.) Our uniqueness result in Theorem 1 together with the Centre

Manifold Theorem imply

Corollary
The critical line r.(g) is C* for g > 0.

The inverse mapping has also been used to draw the critical line in Fig.1. It isin
fact sufficient to know only a small portion of the critical line to generate the whole
line in a finite number of steps. This follows from Lemma 2 below together with the
fact that, if ' > 4e with e < & and ¢' > r'(1+r") then g > (1 +¢€)g'. A small piece
of the critical line extending from ¢’ = 0 to ¢’ > 4¢ will therefore extend beyond the
line ¢' = 2(1-]—-;-1")2 after applying R~! a finite number of times. The next time R™!
is applied it extends to infinity. Points above the line ¢’ = 2(1 + %r’)2 are mapped
into the second quadrant, which therefore also contains critical points ! Applying
R~ sufficiently many times critical points may even return to the neighbourhood

of (0,0), which is why Theorem 1 contains the clause R"(r¢(g0),90) € S(g0).

An analogous result holds for the fixed point (—%, =) . We define

g+(r) =31 +r)
(9) {w@)=%LHV+§

and
(3-7) { T ={(r9)lr <=5, 9-(") S g < g+(r)}
7;2 = {(T,g)l - % <r< T0, J+ < g < g_.(r)},
We have put
(3-8) ro=—2 -3V,

9



so that 2(1 + 37r0)* = g—(7o)-

Theorem 2.
For all r < ry there exists a unique critical value g.(r) such that R™(r,g.(r)) €
T, UT; for all n > 0 and R™(r,g.(r)) — (——%,587) as n — oo.

For the proof of both theorems we make use of a version of the interval argument
due to Bleher and Sinai [3]. We need several technical lemmas which are postponed
to Section 7.

We now state our result about the asymptotic behaviour of other points (r,¢) in
the plane. This result will prove to be useful for taking the infinite volume limit

N — oo and the continuum limit in Sections 4 and 6 respectively.

Theorem 3.

For all g < 0 there exists a unique value r,(g) of r such that

(1) Rn(rs(g),g) — (——%,—-oo) as n — 09,
(2) r >ry(g) = R"(r,9) — (00,9c0(r, 9)) a5 n — 00,
(3. r <r4(9) => R"(r,g9) = (—00,9(r,9)) as n — co.

where —00 < goo(T, 9) < 0.

Furthermore, if ¢ > 0 and r > r(g) then R"(r,g) — (00, goo(7,9)), and if r < rg
and 0 < g < ge(r)orr < —land 0 < g < (1 +7)? then R* — (-0, ¢so(,9)) as
n — oo, with 0 < go(r,9) < g.

We postpone the proof to Section 7. Finally we mention a result about the

597) -

existence of an unstable line for the fixed point (——
Proposition 1.1.
For all r between —2 and —4/3 there exists a unique value g,(r) such that
(Frygn) = R7™(r, gu(r)) satisfies (4 + 7n)(1 + %Fn)z <gn < %(1 + %Fn)z for n > 0,

and (Tn,dn) — (—%,2) as n — oo.

10



4. The Infinite Volume Limit.

We can use the renormalization transformation to study the existence of the
infinite volume limit N — oo and the existence of the continuum limit. (Cf. [11]
and [15].) We shall find that the infinite volume limit exists for the points (r, g)
such that R™*(r,g) — (%00, 9 ), and also for the critical points (r,g) associated
with the fixed point (0,0), but not for the critical points associated with the fixed
point (—%,=). An elaboration of the methods used to prove the existence of the
thermodynamic limit yields information about the decay of correlation functions.
This is shown in Section 5. In Section 6 this information is used to prove the

existence of the continuum limit for points (r, g) on the trajectories receding from

the ‘trivial’ fixed point (0,0).

To study the thermodynamic limit N — co we start by considering the 2-point
function pN(t,blxt,Ely) given by (2.9). Assume first that £ # y. Then we can use the
decomposition formula (2.12) to reduce N by 1. Indeed, by symmetry and the fact
that MT = 0, it follows that pn(¥1:91y) = %p’N_l(‘lp’Ii‘l;;g). Iterating this relation
we find

(41) pn(b1atry) = 2705, (Hn Pt )

where s = s(z,y) is the smallest number s > 0 such that y(*t1) = £(s+1) We are left

with the calculation of pn(312%1,) When & = §. Again we apply the decomposition
formula (2.12) to find

(4-2) pN(P1z%1y) = pn—1(T(b1v1y)),

where, for a general polynomial F in ¢ and ¢, we define TF by
(4-3)

wrar (F (' +¢ 50 +C) exp [=V (&8 + C Fv' +)])

(TE)Y',97) = wrer (eXP [_V (ﬁ$1+5’%¢’+c)])

Let us also introduce a block expectation (-) by

wrer(F(¢,€) eXP[—_V(C—, 9D
wrer(exp[-V((, Ol -

1

(4-4) (F(¢,0) =




It is easy to see that this is a product state over blocks, and that, for z,y with

z =y,
(4_5) (gazc_ﬁy) = 6x€y6aﬂcl ;
with
1 147
(+6) AT LAz _g/4
and
41, fz=1,3;

T\ -1, ifr=24;

ie. €;¢y = —1 if z and y are nearest neighbours, and =+1 otherwise. (Assuming

that the points in a block are numbered in a circular way.)

Similarly, for z; = 23 = ¥ = ¥a,

(4‘7) <g01$1§ﬂ1y1 Cazﬂlzzﬁzyz) = 6'271 €z,€y, 6y27(a1)a2; 1817 ﬂ2)62 ’
with
1 1
(4-8) 62“"]%(1_*—1‘)2_9/4’
and
(4 9) 7(0‘170‘2;ﬁ17 ﬁZ) = (5011/31 - 60!2192)(1 - 60102)(1 - 6/31/92)

= 60!131 6012132 — 60!1ﬂ250!2ﬂ1‘

All other block expectations are zero. We define truncated block expectations
(Fi;...; Fp) = <H;’___1 Fj>c for monomials Fi,..., F, by the usual inductive proce-
dure:
P

(4-10) (i Fo)= > (-1meB T <H F,-> :

{Il ?:1 =1 \ie]; c
where the sum is over all partitions {[;}}_; of {1,...,n}, and n(Iy,...,I,) is the
number of odd transpositions needed to reorder (1,...,n) according to Iy,...,I,.
A transposition of ¢ and j is called odd if the monomials F; and F} both have odd
degree.

Let us denote a general monomial by ¥x, where X is a set of pairs (a,z) with

12



a € {1,1,2,2}. Thus, for example, 1,92y = ¥x with X = {(1,7),(2,y)}. We then

have:
Proposition 4.1

The coeflicient of 13- in the expansion of T'9x :

(4-11) Tx = ZQ"IYV? Txy ¥y
Y

is given by

(4-12)

[Y\Xo|
Txy = Z Z ( ]_)P Z (_1)U(Xo,...,Xp)
{Xo|Xo cY} *7° {Xi}iz
axile, gy . L

Here the first sum is over all sets X of pairs («, ) such that Xo = {(a, 2) | (e, z) €
Xo} C Y and the third sum is over all collections of sets Xj,... ,Xp such that
{Xl,...,Xp} is a partition of ¥ \ X,. The sets Xo,...,X, are assumed to be
ordered according to Y and the differentiation is to be performed in reverse order.
o(Xo,...,X,) is the number of transpositions needed to reorder X according to

Xo,- -, X

Proof. This kind of formula is standard in perturbation theory: see e.g. formula
(5.8) in [11]. However, since we are dealing with Grassmann variables here, we have
to be careful about reordering factors.This gives rise to factors (—1)7(Xe»%») in
the expression (4.12). Notice also that 97UV — 0 unless all Caz with (a,z) € X

9Cx,
are situated at the same lattice point z. Moreover, looking at the expressions (4.5)

and (4.7) for the non-zero block expectations it transpires that changing the lattice
point at which X is situated can only change the sign of the expectation. Since we
are summjng over all X, it follows that |X;| must be even. This justifies pulling the
derivatives 2 —52—,- through F. It also means that all a(; C”V are also even so that we
can restrict the sum to collections {X;} with the same order as (1,...,n) omitting

a factor 1/k! |

13



Notice that the non-zero terms in (4.12) must satisfy:

1. Xo C ind (F) and, in particular, |Xo| < deg (F'), where ind (F) is the index
set of F', and deg (F") is the degree of F.

2. |Xi| =2for all I =1,2,...,p and the points of X; are equal, because of the

factors e,.

3. XoUXU---UX, ClU,c supp (F) B(z), where supp (F') = S is the set of points
z such that 4, occurs in F(3,v) for some a = 1,1,2,2. Hence supp ¥ C S.

Applying (4.12) to F(3,%) = 1,1, we find that the only non-zero terms are:
Y=0Y={1,12),®1,2)}X0=0,X1 = {(1,v),(1,u)} with £ = 4;
Y ={(1,2),(1,2)}, Xo = {(1,2),(L, 1)} ¥ = {(2,2),(2,2)}, Xo = 0,
X1 ={(2,u),(2,uv)} withu =z; ¥ = {(1,2),(1,%),(2,2),(2,2)}, X0 = 0,
Xy ={(L,u),(1,u)}, X2 = {(2,v),(2,0)} or Xy = {(1,u),(2,u)},
X ={(1,v),(2,v)} or X1 = {(1,u),(2,u)}, X2 = {(I,v),(2,v)} with & =0 = %;
Y ={(1,2),(1,2),(2,2),(2,%)}, Xo = {(1,2),(Ly)}, X1 = {(2,v), (2,u)}
with ¢« = 7.

In all we find:

(413) T (1291y) = €€y {er + ay1 ] P1; + a1ath o, + a3l ;P01 10, %5 )

with

ain = aze =3 —2g(cp — i)
(4-14) a1z = ag = 2g¢c}

a3 = as = 8¢%ci( — 2¢3).

Of course, by symmetry, the same formula (4.13) but with the indices 1 and 2
interchanged, holds for T (125%2y) With & = ¢. Apparently, in order to be able to
iterate these equations as in (4.1) we need to include the 4-point function in our

consideration. A straight-forward calculation yields

T (h1:12%2:22) = C2 + az1py )5 + azathhbh;
+ a33ty ;P15 Phs,

14
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where
(4-16) { azy = Cllxz = 1c1(1 + 4gc2)
azz =7+ 2gci — 6gcg + 4gzc2(2cf — 3¢z).

By inserting the equation (4.13) into (4.2) we have expressed the py—expectation
into p'y_, —expectations. We can do the same with p N(z/)mzlnghz/?u) and equation
(4.15). In fact the py—expectation of any polynomial can be expressed in terms of
a finite number of pgé)_ x—expectations of monomials at a single point z(®). Thus, in
order to prove the existence of the thermodynamic limit it suffices to consider the

monomials at a single point z:
Theorem 4.

Let D be the set of points (r, ¢) satisfying ¢ < 0 or (g >0and r > rc(g)) or
(r <rgand g < gc(r)) or (ro <r<-landg < —g—(l +r)2), where rg 1s defined
by (3.9) and r.(g) and g.(r) have been defined in Theorems 2 and 3. Define the
state py on the Grassmann algebra G(En) over Ex = (R)A¥ by (2.8). Then the
thermodynamic limit exists if (r,g) € D in the sense that p(F') = impy—.co pN(F)
exists for all polynomials F' in the fields.

Proof. It is sufficient to consider the cases F' = ;912 , F = o9, and
F = )12 :02:%25. By symmetry all other single point expectations vanish. Also,

pN("ybl:c'l;lz) = ,ON(IPZ;;?L%). Writing
(4_17) { ugN) = ugN) = PN('QL’I::'Z’M) and
u.'(iN) = pN(¢lztzlz¢2$§B2z),

and defining the matrices

ORI CONNCY

11 %2 953
(4-18) AR — agill) agg) o) ’

(=
d31° Q39 A3

where the aS;) are given by (4.14) and (4.16) with r and g replaced by r{® and

¢{™, we can rewrite (4.13) and (4.15) in the form of a vector equation:

ugN) cgo) ugN——l)
u | = [ @ |+ 4@ [ 0
ugN) cgo) ugN—l)
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and more generally,

[ W= RO LN
(4-19) ugN—ﬂ) = an) + A ugN-—n—l)
ugN—n) an) u§N~n—1)

Iterating this equation we obtain
N
(4-20) ul™ =340 40D,
n=0

We used the fact that u(® = c®¥) ; the n = 0—term is simply c(®. )
We now want to study the convergence of (4.20) as N — co. We use the following

lemma:

Lemma 4.1
Suppose that limsup,,_, . ||A™|| < 1 and that [|c(™]|| is bounded.
Then Y22 A ... A("=Dc(™) converges.

Now, for points (r,g) such that R*(r,g) — (Fo00, g ) we have

1/2 0 0
AM 1 o 172 0 as n -— 00,
0 0 1/4
and
(m _ 1 14r(®) m 1 1

— 0 and Cy " = Té(l +1‘("))2 ——g(")/4 —

=- 0
O T LA ™) g ’

so that the thermodynamic limit exists. For points (r,g) such that (+(®,¢(®) —
(0,0), i.e. r =r(g), we have

1/2 0 0 1/4
AW 0 1/2 0 | andc™ | 1/4 ],
1/8 1/8 1/4 1/8

so that, again, impy_, o u™) exists.

Next consider the points (r,¢) with r = r,(g), so that R*(r,g) — (-—%,—oo). In

that case
1 0 —4/3 0
AW 510 1 —4/3) andc™ = [0
0 0 1 0
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and Lemma 4.1 does not apply. Instead we can use

Lemma 4.2
(n+1) .
c (n) -1
Suppose that ™ 6 > 0 and limsup,,_, [|A'"™|| <67
Then 322/ A© . A(=De(™) converges absolutely.

In the present case, g("*1) ~ 4¢(™ so that c¢("*1) ~ Lc(™ and [|A™)]||;; —
1 < 4. Tt follows that S o0 j A ... A(*=Dc(™) still converges.
Finally, we consider the points (r, g) on the critical line belonging to the fixed point
(—%, %), ie. g = gc(r). We have

5/2 3 —8/3 | —9/4
A 3 5/2 —8/3 | andc™ — | —9/4
—27/8 —27/8 13/4 27/16

1

5 and Ay = %5‘ + -\3/137. Since (—%,%) has a

component in the expanding right-eigendirection, || (A(°°))k c(®)|| — oo, and the

and A(*) has three eigenvalues: —

thermodynamic limit does not exist. |

17



5. Decay of Correlation Functions.

By an extension of the methods used to prove the existence of the thermody-
namic limit we can obtain information about the decay of correlation functions. We

shall do this in the region g < 0 which is relevant for the continuum limit.

We need a few definitions:
Given a point (r,g) with g < 0 we define the trajectory 7(r,g) as the set of points
R"(r,g) withn=...,-2,-1,0,1,2,... . The (truncated) correlation functions

pT(walzlz'Zﬁlyl o zbanzn’l)l—)ﬂnyn) = pT(¢alzl Ut ziban:cnll;ﬂnyn e ’J)—ﬂlyl)

(5 1) Y A"y
= PT H¢a;z; H"/—)ﬂj yj
i=1 Jj=1

are defined inductively as in (4.10):
(5-2)

P
wxt) = D S @ T ()
{ X ¥, (Yo, : YRl = [ Xi k=1

where {X} and {Y3} are partitions of the sets

X = {(ai,z;)}y and Y = {(Bj,y;)} =1 respectively.

For two sequences of points x = (1,...,Z,) and ¥ = (y1,...,Yn) We define a
quantity €(x,y) as follows.

Let S(x,y) be the set of permutations o € S, of (1,...,n) such that every block
B, at any level s containing at least one point z; or y; but not all z; and all y;
is connected to another block B!. Here two level-s blocks B, and B; are called
connected if there exists an ¢ = 1,...,n such that either z; € B, and y,(;) € B} or

z; € By and y,(;) € B,.

Next we define

5-3 g X, = min S(Zi,Yo(i
(5-3) (x,y) = min 2 (6, Y0 (i)
if S(x,y) # 0 and £(x,y) = oo otherwise.
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The main theorem in this section is:
Theorem 5.

Let (r,g) be a point in the lower half-plane (¢ < 0) such that R™(r,g9) —
(£00, goo)- For all n > 1 there exists a constant C,(r,g) depending only on n and
the trajectory 7 (r,g), such that, for any set of 2n points z1,...,Zn,¥1,.-.,Y= and

indices ay,...,%n, P1,---,0a € {1,2},
(5-4) I pT(%balxlz/—)ﬁlyl T 71[)01,,1:,; "Zﬁnyn” S Cn(r7 g) 2-£(x,y)

with x = (z1,...,z,) and y = (y1,--+,Yn)-

We shall prove this theorem by inductive application of the renormalization
transformation. However, unlike the proof of Theorem 4, we do not have a nice
iteration formula for p as we did for p in (4.2) We therefore replace the truncated
expectation (5.1) by partially truncated expectations of the form

(5-5) P(ﬁ§ Fk) = p(F1; Fy; ... F)

k=1
where each F} is a polynomial concentrated at a single point z, i.e. supp (Fi) =

{2k}, and zx # z if k # k'. In fact we can subdivide the polynomials F} into classes
which are invariant under renormalization, as follows. For an arbitrary monomial
F=thaz, " YonzaPbmym 1/;,3”“ , we introduce “charges” ¢o(F) (a=1,2) by
(5-6) 9o(F) = {i| ai = o} — #{j| B; = a}-

Next we observe

Lemma 5.1
If F'is a monomial then T'(F) given by (4.11) is a charge-homogeneous polynomial,
and ¢o(T(F)) = qa( F).

Proof. Clearly, for any polynomial G in ¢ and ¢ , < G >= 0 unless
4o(G) =0 (a = 1,2). It follows that, in formula (4.12),

P
9a(F) = qa(x,) — Y 9a(tx;) =0 if Txy #0.

i=1
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But ¥ = {J_; X; so that

QQ(¢;/) = ‘10(¢X0) + an(?wbxk) = qo’(F)‘

k=1

We now restrict our consideration to polynomials of the form F' = [[}-, F%
where the polynomials Fj are concentrated at distinct points z;x and each Fj is

charge-homogeneous, i.e. it belongs to one of the following classes:

a=+1 @=+1 F=fi1

q=-1 @=-1 F=/f¢ith

a=+1 ¢=0 F = fii1 + fah1thath,

=0 g2=+41 F=fips+ fap1thris

a=-1 ¢=0 F = fi1 + fa 1oty

=0 @=—1 F=fifst fathr1trths

qa=0 2=0 F = fo+ fithith1 + fothaths + f3 Y1th1¢2tbs
ai=-1 g=+41 F=fii

=41 q@=-1 F=fiii

I

o

Q8 A A A A A A A
I
O O O == O O

TABLE 5.1

The third column in this table shows the general form of a polynomial F}
belonging to this class. The f’s are coefficients, ¥; stands for 1, etc. The number
d is defined in formula (5.12).

The collection of polynomials F' = []}-, Fi described above we shall denote by F.
For F € F we write p(; F) for p([[1=y; Fr)- It is defined analogous to (F;...; Fy)

in Section 4.

Instead of Theorem 5 we shall prove an analogous result for the expectations
p(; F), from which Theorem 5 then follows. In order to formulate this result we
need to extend the definition of £(x,y) to polynomials of this form. This is possible

because of the following fact.
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Lemma 5.2
Suppose that, for two sequences of points x = (£1,...,Z,) and y = (y1,...,yn) the
following holds:
ZIn = Yn and there exists ¢ # n such that £; = 2, or ¢; = y, (or both). Then
(x,y) =£(x',y"), where x' = (z1,...,Zp-1) and ¥' = (¥1,.- -, Yn-1)-

Proof. Suppose that o € S(x',y'). Then we can define & € S(x,y) by &(:) =
o(z) fori = 1,...,n — 1, and 6(n) = n. Obviously 4(&) = £'(o) if we put £'(c) =
st (i Vo)) and £(6) = 1, 5(2i, ¥s(3)):

Conversely, for 7 € §(x,y) we shall presently construct o € S(x',y') with
£'(¢) < £(7). That completes the proof of the lemma.

We may assume that, for some ¢ # n, £; = £, = yn. (The case y; = z, = yp is

similar.) There are five separate cases to be considered:

(1) .’i)n = “l:/.,.(n) or :f:n = i:T—L(n) or :f:,‘ = '!,.(,,.(,').

(i) Zr-1(n) = Yr(n) = Yr(i) 7 Tn-
(1) Zi # Yr(n) = Yr(i) F Tr-1(n) F Ti OF Ti F# Lr-1(n) = Ur(i) 7 YUr(n) 7 Ti-
(V) Zi # Tr-1(n) = Ur(n) 7 Ur(i) 7 Ti-

(V) £i = Tn = Yn and £,-1() and () and g, all different.

Case (i).

If §-(n) = Zn but 7(n) # n then we can put o(r71(n)) = 7(n). It is clear that
o € S(x',y') and £'(c) = £(7) since every block containing z,,yn Or Yr(») contains
all three.

Remark. Notice that the connectivity of s = 0—blocks, i.e. points, need not be

checked because if there is a point not connected to another point (that is y,(;) = ;)
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then the level-1 block containing that point contains another point z; connected
outside the block; we can then simply modify o as follows: o/(i) = o(j) and o'(j) =
o(1).

Similarly, if §r(;) = % then we can put o(i) = 7(n) and o(77'(n)) = 7(i). If

Tr-1(n) = T We can put a(t7H(n)) = 7(n).

Case (ii).
In this case we can simply define o(77(n)) = 7(n). Clearly o € S(x',y') because
the two blocks are still connected via i — o(i) = 7(2). Also £'(c) < £(T) because
5(ZnyYn) + S(Tr-1(n), Yr(n)) =0 < 8(Zn,Yr(n)) + S(Tr-1(n),Yn)- This means that 7

is not a minimiser of £(7) since £(&) = £'(o) < £(T).

Case (iii
In both these cases we define o(77!(n)) = 7(n) as in case (ii). This connects
the blocks B(£,-1(n)) and B(Yr(n)), while the block B(z;) is still connected to
B(Ys(i)) = B(¥r(n)) or B(Y5(i)) = B(Zr-1(n)) respectively. These equalities ensure
that the connectivity of higher-level blocks is not destroyed: the three different
level-1 blocks cannot be disconnected by higher level blocks. Hence o € S(x',y").
As in case (ii) we have £'(0) < (7).

Case (iv). '
Here we define o(i) = 7(n) and o(77*(n)) = 7(z). The blocks B(%;) and B(Jr(n))
are then connected as well as B(9r(i)) and B(Z,-1(n)) = B(¥r(n))- The latter equal-
ity guarantees higher-level connectedness as in case (iii). Finally, s(zi,y,()) +
8(Zr-1(n)s Yo(r-1(n))) < (i, Yr(i)) + (T, Yr(n)) + 5(Tr-1(n), Yn) because
$(2i,Y(i)) = (20, Yr(m)) a0d 8(Zr-1(n); Yr(m)) < $(Tr-1(n); Yn) + 5(n, Yr(n)) bY the
triangle inequality.

Case (v).
This is the most complicated case. We must distinguish the following two possibil-

ities:

(a) 8(Zi,Yr(n)) T 8(Tr-1(n)s Yr(i)) < 3(Ti, Yr(i)) + 8(Tr-1(n)» Yr(n))>
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and

(b) 5(Zi,Yr(n)) + S(Tr-1(n), Yr (@) > 3(Ti,Yr(i)) + S(Tr-1(n), Yr(n) )-

In the first case we put o(z) = 7(¢) and o(77!(n)) = 7(n); in the second case we
put o(i) = 7(n) and o(77(n)) = 7(z). Both instances are similar. We consider only
the first.

Let B, be a level-s block containing z;. If it does not contain y,(; then B, is

connected to B, (yg‘?‘)) = B, (yiz)t)) . If y;iy € B, then either z,-1(n) € B, or

Yr(n) € Bs. Indeed, suppose z,-1(n) & Bs and y,(n) ¢ Bs, and let By be the
highest-level block containing z; and y,(;) but not z,-1(,) and y,(n). Then

8(Zi,Yr()) + 8(Tr-1(n)s Yr(n)) £ 8" = 1+ 5(Tr-1(n); Yr(n))
| < 8"+ max{s(2r-1(n)s Yr(3)) $(Zis Yr(m))}
< 8(Tr-1(n), Yr (i) + $(Zis Yr(n))
contradicting hypothesis (a).
A similar reasoning applies to blocks B, containing y,(i), Tr-1(s) and yr(n) respec-
tively. We conclude that o € S(x',y’). Moreover, £'(c) < £(7) because
S(Tr-1(n)s Yr(n)) < S(Tr-1(n),Yn) + $(Tn, Yr(n))- -

From this lemma it follows that, for a polynomial F' = [}, F in the class F,

we can define

where 1, is one of the monomials of Fi. (Xi C {(1, z), (1, 2k), (2, 2), (2, 2£)})
We can now state the result for p(; F) from which Theorem 5 follows:

Lemma 5.3
If F =[]t~ Fr is a polynomial in the class F then there exists a constant Cp(r, g)
depending only on m and the trajectory 7(r,g¢) such that

(5-8) 10G P < Conlr,g) T] w1275,

k=1
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Proof of Theorem 5 given Lemma 5.8 We use the following relation:

Lemma 5.4
Let F = gbxk?ZYk. Then

69 GH= > Z (- 1)"“"*”*'"“‘”)11;» (#xibv;)
XD, (Y

where the sum is taken over all partitions {X;}_, and {¥;}_, of Uj., X« and
Ure; Y& respectively, such that |X]| = |Y/| and for each pair (k,k') with k,k' €
{1,2,...,m} there exists a sequence of “links” (k;, kiy1) (1 =1,...,r—1) such that
ky = k,k, = k' and for each i = 1,...,r — 1 there exists l; € {1,...,p} such that
Xe, NX), #0and Y, NY] #0 or Xy, N X} #0and ¥z, NY) #0.

i1

Now assume that Lemma 5.3 has been proven. We can then make the following
rough estimate by moving all the terms in (5.9) with p > 1 to the left-hand side of
the equation:

(5-10)
0" (Parzs * Banzn Bayn -+ Pprgs)| < é'm(r 9)2"“""’)4-

OIED R S ol |

P=ing,eeany 21 (XM, (YT
an—n |X1|-n1 IY1|——n1

Next we use the following result:

Lemma 5.5
If {x;}—; and {y}}}_, are partitions of x and y satisfying the link property of
Lemma 5.4 then

P
(%) < 0.
=1

Proof. We show that, if oy € S(x},y;) then [[}_; 01 € S(x,y) where
(Ilh=; o1) (e, 2) = oy(a,z) if (a,z) € x). If a block B, contains points of x Uy
but not all, then there must exist k,k' such that zx € B,, 2x» ¢ B,. Suppose
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X, Nx} # 0 and yp Ny} # 0. Then B, contains a point (namely 2x) of x| but not
all points of y}. Therefore B, is connected via o7 to another block B;. E

Inserting this into the estimate for p? gives:

1P (B Yerwza Baa -+ Doy )| < Clr, 9)2749)

with

61 G =Cnr)+Y Y (sreay) I
P/ =1

P=2n,...,np 21
E ny=n

depending only on n and 7(r,g). This provides the induction step in the proof of
the theorem, proving the estimate for n given Lemma 5.3 and the same estimate

for smaller n. |

Given F =[]}, Fx € F with supp (F) = {2k}, we define
(5-12) di(F) = ¢1(F) + g2(F) mod 2.

Essential in the proof of Lemma 5.3 is the following iterative evaluation of 4(x,y):

Lemma 5.6
Let x = {z1,...,2,} and y = {¥1,...,Yn} and assume that m' > 2 where m' =
i{z|Fi: =, =z or y; = z}. Assume also that |go(B)| < 1 for every level-1 block B.
Then

. 13,
(5-13) 0x,y) =£(x,3) +m' = =) dy.
k=1

Here x = (-'i:i)?=1 ,y = (yi):l=l ? and

k= de(Ystby) = 1{z] i = 21} — §{i] 9i = 2} (mod 2).

Proof. It is clear that if o € S(x,y) then & € S(x,y), where 6(&;) = o(z;)".
On the other hand , if 7 € S(X,y) then we can modify 7 to o € S(x,y) so that
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£(o) = £(7) and €(G) = £(7). (See the remark on page 21)
Next we use Lemma 5.2 to conclude that we may assume that a block B(z;) does
not contain an z; and a y;. Since |g4(B(zk))| < 1 for each k we have the following

possibilities for each block:
B(zy) contains 2 points z;,z; € x
B(z) contains 1 point z; € x
B(z) contains 1 point y; € y
B(z) contains 2 points y;,y; € y.

For blocks containing 2 points ¢(B) = ¢;(B) + ¢2(B) is even so that d% = 0; for
blocks containing 1 point, dj = 1. If z; € B(zx) then s(Zi,Yo(iy) = 8(Zi, Yorsy) + 1.
Hence £(x,y) — 4(x,y) equals n which is % the number of blocks +-,i; the number
of blocks containing two points = the number of blocks —1 the number of blocks

containing 1 point = m' — 1 E;:;Il d;. |
Lemma 5.3 now follows from the following lemma:

Lemma 5.7

Let (r,g) be a point in the lower half-plane such that R™(r,g) — (%00, goo). Let
F =T][{L, Fx be a polynomial in the class F and suppose that m' = m. Then the
coefficients of Fy = T(Fk) are obtained from those of Fy by multiplying with a
factor 271+4/2 and the transpose M* of a matrix M(r,g) satisfying the following
property:

fM® =M (RP(r,g)) then || ngo M®)|| is bounded on the trajectory T(r,g)bya
constant K(r, g) independent of ¢q. Here T = 21-d/2 (1-P)T (1 - Py) where Py is
the projection on the constants in the class (0,0). If {e}1%, is the set of basic mono-

mials of Table 5.1, 1193, P1%a, Y1, Y192tba, 2, b1P10e, B, P1batha, e, 11 s,
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Y11, Patba, h11b1hads, 1/;11?2, 1h11), then we can write

15 15
(5-14) Fe=)" frye, and Fy = Zf,’w e,,
v=1 v=1
with
15
(5-15) fou=> Myufru.
v=1

M is the direct sum of the matrices M+1’+1,M_1’_1,M+1,0, M0’+1,M_1’0,M0’._1,
Moo, M1 41,M4; 1.

Proof of Lemma 5.8 given Lemma 5.7. Denote the points of support of
the successive FP) = TPF by z(”) , that is F®) = H:‘__fl F,gp)with supp ( Flgp)) —

{zgp) } . We are going to proceed by induction on the number r of p’s such that
mp > mpqy > 1. This number is obviously less than m. Clearly, if r = 0 then
/(F)=0and m =1 and '

(5-16) oG F)| = |p(F)] < [fol + (| f1] + [f2]) A2 + | f3]As,

where F = fo + fith191 + fatbaths + fath1h1th2tb2 and As(r,g) and Ay(r,g) are con-
stants bounding p(11%1) = p(2%2) and p(1191 921, ) respectively on the trajectory
T(r,g).

Now consider the induction step. If m' = m > 1 then

p(; F) =2 ™ m /2 (H, F,fl)) ;

k=1

where

F(l) _ TF Zf(l)

with
(1) kau vp — (Mtfk)

More generally, if m, =m,

(5-17) p(; F) = 27Pm+p 20, /2 (o) (H F,S”))

k=1
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and
(5-18) F? = Trp, Z e,

with

(5_19) (P) [(H M(')) k} .

Notice that

1 m
- - = — o(F®)
(5-20) pm+2p;dk—-£(F) ¢(F®)
by Lemma 5.6. Indeed, we can disregard the monomials in F' containing ., and
Yay O Yoz and 12;0,1, with ¢ = g, and choose in F' the monomials z,bxtﬁy Since
ITIZ=2 MO|| < K(r, g) we find that

(5-21) p(; F) = 2~ UBHUED) (p) (; F(p))

where

(5-22) [T HEN < K(r, )™ TT 1176
k=1 k=1

Now assume that m,;; < m,. We shall prove that
—(FP) A -
(5-23) @ (s F®) | <27 (r,9) [T IEL
k=1

where it is now given that

Mpt1
(5-24) [0%*V (; G)| < Comyu(r,9) I NGkl 274

k=1

for all G = [[["9) Gy € F with m(G) < m,.
Without loss of generality we can put p = 0 here. From (5.24) it follows that

(H II F,) E(r,g)™ Cou(r, g)HHFIIIT“F)

k=1 Iz;—z =1
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forall F = HZ;II L. 5=z £1€ F and m' < m. Let us first remark that it is sufficient

to prove (5.23) for a monomial F, since then

lp(; F)| =

Z kawc P (H’ ew:(zk))
k=1

{Vk} k=1

(5-25) < 3 TT el G, 0) 2740

{vi} k=1

= Cm(r,g) [T I1Fl1 274,
k=1

For F' =[], e, (1) we proceed as on page 24 using the following analogue of

Lemma 5.4:

(5-26) p (H IT e,,,(z,)) = [T (-)" DT, (H;ew(zz))

k=1 lLiy=z] {A:} i leA;

where the sum is over all partitions {A;} of {1,...,m} such that every pair (k, k")
is connected by a chain of “links” (ki,k2),...(kr, krt1). A link (, k') satisfies:

Fi:(FNeN:zr=z2pand A € A;: 2 = 2p)-

7({Ai}) is the number of odd transpositions needed to reorder {1,...,m} according
to {A;}. ( assuming that the e,, in the left-hand side of (5.26) are in increasing
order.) The required result now follows by moving all terms in the sum with A; #*
{1,...,m} to the left and using induction on n and Lemma 5.5. Notice that the

number of terms in the sum is bounded by m™*! and that m < n < 4m. g

It remains to prove Lemma 5.7.
Proof of Lemma 5.7 The classes of Table 5.1 transform according to the matrices

My, 4, given by
M_y—1 =My 11 =1(@Ge T(¢19:) = 2_1¢1¢12),

1 0
M"'110 = MO)—l = M+1’0 = M0’+1 - (Cl 29(0% - CZ)) ’

Moo =240,
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where A(%) is the matrix defined in (4.18), and

1
M g =Mg 1= '2‘(1 — 4gcy).

1 0 0
Now, as (r,g) — (0,0), M_; ¢ — (1}4 g) and Mo — 0 1 0 and
1/4 1/4 1/2
M_; 41— -;—, all exponentially fast. Furthermore,

(1}4 8>n - (1}4 g)

1 0 o0o\" 1 0 0
0 1 0 = 0 1

are both bounded. The bound on the norm of ngo M®) then follows from

= O

Lemma 5.8
Let M(™ be a sequence of matrices satisfying M(") = M., + 4~ "E(™)  where
IMZ]| < Ao, |E™|| < ¢, and 4 > 1. Then

nip M(k) <A e~ ()
” g ” — OI—:—C-;:’

where r(y) =3 22, In(1 — 4y7") < oo.

Proof.

n+tp

1T @11 =

k=n

= 1Moo + 77 E®)(Mon + 4" L) |
S UMEP |+ 97 IMEIIE™ + 47 B 4o g 7 B
o IME |y BB 442 B B 4

+y P ECTIECD] 4
< 4o {1 +C’)’—n—1—_7 +(ey™)? __;Y_l o .- }
1—vy (I-7)(1=772)
< Age~™™ {1 +eyT"+ (c7—")2 + .. }

e—r(’)’)

B Ol—c'y“"'

30



1 0 1 0 0
As (r,9) = (£00,900), M_1 0 — (0 0) Meo— |0 1 0 and
0 0 1/2
M_i41— % This proves Lemma 5.7 for all trajectories ezcept the trajectory going

off to (——32-, —oo) . For the latter we remark that as (r, g) — (—%, —oo) ,
1 0 2 0 -8/3
M-10 = (0 1/2)’ Moo — |0 2 —-8/3 ) and M_; ;; — 1, so that the

00 2
bound on the product of matrices M@ does not hold. | |

If we extend the definition of s(z,y) to n—tuples by

(5-27) s(x,y) = max ; 8(%i, Yo(iy)

then we have the following
Corollary

Let (r,g) be a point in the lower half-plane (¢ < 0) such that R™(r,g) —
(=00, 90 ). For all n > 1 there exists a constant D (r,g) depending only on n and
the trajectory 7(r, g) such that

(5'28) Ip(¢alzx 1/;/91 v1° Vanza 'Qzﬂn ¥n )I < Dn(r, g) 9821, Zniy1,.yn)

for any set of 2n points zj,...,Zn,¥1,...yn and indices OlyeneyOn,fP1,-..,Pn €

{1,2}.

Proof. Use the formula (5.2) together with the relation

(5-29) s(%,y) < 3 €, vi).
k=1

Remark This bound on the n—point functions is also correct in the case of the

“critical” trajectories T (r4(g), ).
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6. The Continuum Limit.

Using the information about the decay of correlation functions obtained in Sec-
tion 5 we shall prove the existence of the continuum limit for theories corresponding
to points (r, g) on the trajectories receding from the “trivial” fixed point (0,0). This
is particularly easy for the unstable line ¢ = 0,7 > 0: these theories are “Gaus-
sian” so that we need only consider the 2-point functions. The theories with ¢ < 0
are non-trivial and we have to consider the behaviour of the general n—point func-
tion. However, it turns out that the result of the Corollary of Theorem 5 is strong
enough to ensure the existence of the continuum limit, so that the latter also exists
for the theories with R™(r,g) — (—%,—00). The existence of an unstable line for
the fixed point (-—%, —2§7-) suggests that there also exist continuum limits associated
with this fixed point. In fact this appears not to be the case in the proper sense to
be defined below. This pathology can be seen to be connected to the fact that the

thermodynamic limit does not exist for this fixed point.

The usual way to proceed in constructing a continuum limit is the following.
We choose a sequence (ryn,g,) converging to a point on either of the two critical
lines such that R™v,4, converges as n — oo for all m (large enough). Here v, =
v(Tn, gn) is the potential with coupling constants (rn, g») defined by (2.7) and Rv, =
v(R(rn,gn)) is the transformed potential. Thus we obtain states p,, satisfying
(6'1) Rpm = pm-—1.

We then define states j,, “living” on the rescaled lattices 2-™72 by

(6-2) Fm(F) = oo (F (27 24pm 27 25m.) )

where F(m,%m) is a polynomial in the fields i, living on 27™Z2. By (6.1) we

have

~ ~ 1 —m 1 7 —m
(6—3) Pm-—l(F) = Pm F Z Z ”bm( +2 :E), Z Z 11bm( +2 Z)
z€B(0) z€B(0)

We want to consider the fields 1,, as the means of a putative continuum field
over blocks (O

(6-4) Pm(z) =2 (In,.@) (z2€2777%),

32



where 14 is the indicator function of the set A C R? and

(6-5) Om(z) ={v €R?|z; - 27" <y, <z +27" 7'}
Approximating the smooth functions f; and ¢; (i = 1,...,k) on R? successively
by
(6-6) M=% fil@)lg.w

z€2-™Z2

(

)

continuum state 5 on G(E) with E = §(R%,R) by

and ¢ ™) defined analogously, we accordingly define the k—point function of the

(6-7) _ B}
ﬁ (¢a1(f1)¢ﬁ1(gl) o ¢Olk(fk)¢ﬂk(gk)) =

= lim / dmzy - / dme, / Aty Aot f1(21)91 (1) - Fe(z )9k ()

m-—+0oo

2m* Pm (1/’011,2"‘21 1551 2w, Pan,2mz, ‘/;ﬂk ,2m.§k) :
Here [dmz = 272™ Y y-mze and fi1,..., fr,01,---,9k € S(R?%;R). One easily
checks with the help of (6.3) that the limit (6.7) would be trivial if f; = f™

1

and ¢g; = ggm) for some m and all 2. We remark that the above procedure is only

possible in the infinite volume limit. Hence we must take (r,,g,) € D for all n. As
the transformation R does not depend on N it is unchanged in the infinite volume
limit. From Lemma 7.1 below we can deduce that, if we keep g, = go > 0 fixed
and let ryr.(go) then we end up with a Gaussian theory, i.e. pn = R7™po where
po is given by a point (rg,0) with rg > 0. (If we take r, = r(go) then ry = 0.)
This means that we might as well start from p, = R™™po. In the same way, taking
rn = 1o fixed and letting g, T gc(ro) from below we obtain points (Fm,Jm) on the
unstable line of the fixed point (—%, =) tending to this fixed point as m — oo.
Finally, we can take sequences (Tn,gn) = R™"(r0,go) converging to (0,0) from the
lower half-plane, i.e. with go < 0. In that case (fm,Jdm) = R™™(r0,90)- It remains
to verify that the limit (6.7) exists in these three cases. In fact this is only in the

cases where (fm, Gm) — (0,0) :
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Theorem 6.

Let pm be the state on G(Eo) with Eo = (R2)22 defined by Theorem 4 with
(rm,gm) = R™™(r0,g0) where go < 0 or go = 0 and ro > 0. Then the continuum
limit (6.7) exists for all k and fi,..., fr,91,---,9x € S (R%R).

Proof. We estimate the m—th and the m + n—th element in the sequence:

(6-8)
/ dmtnZy - / dm+nZy / dmgnly -+ f dmtny f1(z1)91(xy) - - - fr(ze)ge(ug)

m+n)k 7 n
2( n) Pm+n (¢a1,2"‘+"£1¢ﬂ1,2m+“21 e ¢ak,2m+"£k¢ﬂka2m+n3ﬁk)

-/dmgl---/dmgk/dmyl---/dmyk f1(z1)g1(uy) - fe(ze)gr(ur)

k z -
2™ Pm (¢a1,2"‘£1 '¢’ﬂ1 2Mu, C T ’vbak 2™z, ’wbﬂk ﬂ"‘y.k)

= /dm+n£1"’/dm+n£k/dm+n21"'/dm+n2k

{A@)a(w) - fulee)ge(w) — £ @)et™ ) ™ )ei™ ) }

+n)k h 7
2(771 ﬂ,) pm+n ('l'bal ,2m+“£1¢ﬂ1)2m+“}_¢_1 «e ¢Qk,2m+"£k’,’bﬁki2m+ny’.k) .

Now, given € > 0, we can choose m so large that
@)~ @) <e@+12) 7 VeeRi=1,... .k
and the same for g; (¢ =1,...,k). Assume also that we have the bound
Ifi(x)] <M1+ |z VzeRYi=1,...,k,

and the same for ¢; (¢ = 1,...,k). Then , writing n instead of m + n in the
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expression (6.8) we find

(6-9)
l/dn£1"’/dnzk/dny_l'“/dnl&k

{Ale)orw) - fleo(ue) — H™(@)e™ w) - 7)ol )|

znk Pn (¢01;2"£1 1/:/91:2"21 e '(’bak 27, 'I'Z'B" ’2"&&) I

k
SZ/dn£1"‘/dn.§.k/dny.1"'/dnﬂk
i=1

k
{5 @l T e TLA™ e T ostw)

i<i i>i
k
19i(u;) — 98 @] TT £ @) T 95w [T o5™ () }
j=1 j<i i>i

an lpn (pn (¢al,2"£1 d)—ﬁlyznﬂl e “¢ak,2n£k &ﬁk,Z"y_k)‘

SszZk._le/dn.g:_l"'v/dn.@k/dnﬂ1"'/dny_k'

E
H(l + lg""ilz)-‘?(l + ll‘.i|2)_2 2nk an (¢°‘1 2nz, Jﬂl 2wy T ¢°‘k :Z"Ekt’zﬁk :2"£k)l )

i=1

where by the Corollary of Theorem 6,

|pn (¢a1,2n£1’¢—)ﬂ1,2n£1 .o ¢ak:2"£k¢—’ﬂk ,2"2")! < Dk(‘f‘, g) 2—3(x,y)

with z; = 2™z; and y; = 2"u;. We now use the following simple estimate:

Lemma 6.1
For z,y € Z? the following bound holds:

(6-10) gmsew) < 3
1+ |z —yl
It follows from this lemma that
k 3
_ 1 z—s(xay) < P,
(6-11) —tlrléaﬁ}:il;ll1+2"]g:_—y_l’
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and hence the right-hand expression of (6.9) is bounded by

3.2n §
2k—111 2\—-2 2N—-2_ Y~
2kM k.Dk(r,g)e{/an/dnﬁ(l+l£| )T+ [2]) 1+2n|£_m} :

The double “integral” is bounded by a constant independent of n. This concludes

the proof of the existence of the continuum limit. B

Notice that in the case that (fm,fm) = R ™(ro,90) — (—%,%) we have

- A ; . .
pr (Yaztbpy) & Sap 13 g, with Ay = 38 + 3/137, if s(z,y) < 2". This means
that the continuum limit does not exist for the same reason that the infinite volume

limit does not exist at the fixed point.
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7. Proofs of the results in Section 3.
The existence part of Theorem 1 follows from

Lemma 7.1
Let v be a continuous curve in S(go) with endpoints (r1,g:) and (rg,g2) at the
left- and right-hand boundary respectively, i.e. r; = max {r_(g1),70(g1)} and ro =
r+(g2). Then 4" = R(«) is contained within the region 0 < g < gy = Fi¢(g0), where
the function F. is defined by

g
() B0 = i mnr

Furthermore, the endpoints (r],¢}) and (r},¢}) satisfy r{ < max{r_(g1),70(91)}
and 1} > r4(¢})

Proof. If (r,g) is a point of v then g < 2(1 + r)?, so ‘aa—r {%E;Z—Z%} 2 0.

Consequently,

/ (1+r4(9))* —g/2
9= {(1 +r4+(9))? —g/4

This proves the first statement of the lemma. The second statement follows by a

2
b = Filo) < Fulan) = 55
simple calculation. B

The existence of the critical line now follows with the interval argument of Sinai
and Bleher [3]:

Proposition 7.1
For all go > 0 there exists a critical r—value r¢(go) such that R™*(r.(g0),90) — (0,0)

as n — oQ.

Proof. Let I be the interval of r—values: Iy = [max {r—(go),70(g0)}, 7+(g0)],
and let g be the curve of points (r, go) where r runs through Iy. Let v; be a maximal
connected part of v§ N S(gq) and let I} C I be such that the corresponding part
of vy is mapped onto ;. Proceeding in this way we find I, C I,—; such that R"
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maps the corresponding part of vo onto the connected part yn of 71 NS(gn) with
gn = Fi(gn—1). We take r.(go) € (>0 In- Then, by construction,

R™(r.(90),90) € S(gn). The fact that F?(go) — O implies that R"(rc(g0),90) —
(0,0). u

The proof of the uniqueness is rather delicate. Again we make use of a hori-
zontal curve v and prove by induction that it is stretched in the r—direction. The
induction works only after the first iteration with which we have to deal separately.

Let us first define the variable

Then

(7-3) 14r= —1—_:5:—2-(1—1—%7")

and

(7-4) ey (1«}—7"/2)2
1+

The following result is easy:

Lemma 7.2
If (r,g) € S(go) for some go > 0, and (r',g') € S(go) then ¢’ < 2(1+ 1r1)? and
< 2,
=7

Lemma 7.3
Assume (r,g) € §(go) and (', ¢") € S(g0). Then 0 < —9— <6z'(1+7 ar .

Proof. Wehave 2 =2 {1+ 25 } and 52 = 225029 (1 4-1). With (7.3)
and (7.4) we find

ag' 1622 1 162z 1+71'
_____:_—___1 o) — !
o T Ot T ac )21+r’/2(1+r)
8z2' 1+7 or'
T ATyt )a <6z(1+r)ar

38



since z < 3 = T—m——; <1 and %}5 < —i < - according to Lemma 7.2. |

For the next iterations we may assume that r < \72-3- and ¢ < 2(1+13r)? <
g—{—;‘\/— But then ¢’ < Fy (%—}—5—\/—) = 2. Inadd,itiong<2(1—{—lr)2 =z <zg,
where z is given by 4zo(1 +r)2 = 4r(1 4+ 1) =2(1+ 37)%, i.e. 20 = 4 2 2 <2

Lemma 7.4
Let v be a curve in S(go) lying entirely below the line g = 2(1 + 1r)%. Assume that

its tangent satisfies
dg
(7-5) 0 < E— < 62(1 + 7‘),
T

and assume also that the endpoints of ' lie within §(go). Then 0 < —9— < 62'(14r").
In particular 4' lies entirely within S(go).

Proof. One easily shows that the denominator in the expression

o o ds
d¢' _ 9r " dg dr
r ar' or' dg
._..+_.__..__

or Jdg dr

is positive. Indeed, puttin dg _ 4az(1 + r) we have
g dr

or'  Or'dg __21—(1—{—0:)2—}—222

(7-6) A P g

> 0.

Furthermore, using (7.3) and (7.4),

(7-7)
Og'  0O¢'dg  162%(1—22) 1 (1-22)(1 - 52+22%) dg
ot ogar T -z GFnT 1-2)p dr
4o — (5a—4)z +2az%] 1+1' ,
(1—z) GRS

a—(5a—4)z+2az® 144
1-(1-a)z+22" 1+1'/2

use the fact that ¢' <2 and ¢' > 2r'(1 +1') = -1-1—1“;‘7,5 < % and z < % B

It remains to show that

< 3. This is simple if we
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Proposition 7.2
For all go > 0 there exists a unique critical value r.(go) > 0 such that
R™(rc(go),90) € S(go) for all n > 0 and R™(rc(go),90) — (0,0) as n — oo.

Proof. Suppose that for a certain value of go > 0 there exist two values r1(go)
and ry(go) with the required properties. Consider the horizontal line vy connecting
the points (r1(go), go) and (r2(g0), go), and its iterates v». According to Lemma 7.3,
71 C S(go) and its tangent is less than 62(1 + r). Furthermore, Lemma 7.2 shows
that (r,g) € m => g < 2(1 + 3r)%. Thus we can use Lemma 7.4 to iterate R and
find that (7.5) holds for all v,. For large n, z becomes small and from (7.6) we have
Ar' > %Ar, where Ar is the distance in the r—direction between the endpoints.
Clearly, this contradicts the hypothesis that v, lies in S(go) for all n. |

The proof of Theorem 2 is similar to the above proof of Theorem 1. We simply

state the necessary lemmas.

Lemma 7.5
Let -« be a continuous curve in 7; with endpoints at the upper- and lower boundary
respectively, i.e. assume that the points (r, g1 ) and (r2, g2) satisfy g; = g_(r1) and
g2 = g+(r2). Then 4’ is contained in the region 2(1 + %r')z <g'< %(1 + %r')2 with
r' > =2, and ¢} < g4+(r}) and g5 > g_(r}). If, in addition, v lies below the line
g=0B+¢(1+ %r)z then 7' lies above the line ¢' = (§ — 1¢) (1 + %r’)z provided
that € < %

Lemma 7.6
Let ¥ be a continuous curve in 7, with endpoints (r1,¢1) and (r2,g2) satisfying
g1 = g+(r1) and ga = g—(r2). Then 4’ is contained in the region 3(1+1r')> < ¢' <
1+ 3r")? with r' > —2,and ¢ <g-(r]), 95 2 9+(r%)-
If ¥ lies above the line g = (£ —¢€) (1 + %1‘)2 with € < Z then ' lies below
g =(5+39 1+

Only the proof of the final parts of these lemmas is somewhat tricky. In Lemma
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7.5, for instance, we use the fact that

2
. 8 1 1, 8 1 2
g>(§"26)(1+§r =9>(373¢) A+

The right-hand inequality then follows with a little calculation from
g>2(1+r)?+Z% and r > r_, where 21+ r_ )+ % = (5+¢) (1-{-%7‘-)2.
The uniqueness part of Theorem 2 is straightforward. One immediately shows that

Ag' > 2Ag in every iteration provided that Ar > 0.

Proof of Theorem 3.
The proof consists of a succesive reduction to smaller regions.
Case 1. g > 0,7 > rc(g).
The proof of Proposition 7.2 shows that these points eventually end up in the region
g < 2r(1+4r). We can then use the simple

Lemma 7.7
If g=2ar(1+r) with0 <a <1andr >0, then ¢g' =2a'r'(1+r') with o/ < z%.
to reduce the problem to the case ¢ < r(1 + r). But then r' > %r so that
r(®) — 0o in all cases. Since ¢' < g, ¢{™ stays bounded. In fact r(™) — co so fast

that ¢{™ does not reach 0 but tends to some finite value goo(r, g) > 0.

Case 2.7 < -1, 0<g<2(1+r)2

We use

Lemma 7.8
Ifr<-1land g =4z(1+r)? With%<z<%thenr’<——2 and ¢' < (1+r")2

But when z < % then r' < $r — % so that r(®) — —co. Since ¢{™ is decreasing

and positive it converges also.

Case 3.7 <rg, g<ge(r)orr<—1, ¢g<g4(r).
We can reduce this case to the former by the following argument. First of all we
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may assume that ¢ < 2(1+7)? + % and ¢ < §(1 + r)? using the Lemmas 7.5 and

7.6. We may also assume that g < %(1 + %1‘)2 and r > —2 since all points with

2(1 +r)? < g < g¢(r) end up in this region anyhow. Thus we have reduced the
2

problem to the region % <z< % (%ﬁl}) ;T < —%. This can be dealt with by

putting § = —§ — r. It follows that &' > 46.

Case4.9<0, r>0.
One easily shows that ¢ = —cr with ¢ > 0 implies that ¢' = —¢'r’ with ¢ < ¢ and
r'>2r. Alsog' > (1+ —;—;)2 g so that ¢(™® is bounded.

4r(1+r)?
2
Case 5. —§<7’<O, gS—-éTB—F)—

These points end up in the fourth quadrant after a finite number of iterations.

Case 6. r < -1, ¢g<0.
2
¢ =(1+58) 9>+ and [14++]>2(1+ ) 1471, so || < Lzl
Hence g("*1) > (1 4+ 47"|2])?¢(™ from which it follows that ¢(™) is bounded below

and therefore convergent.

Case 7. —-—1<r§—-§, g<0.
This case can be reduced to the former by remarking that, if r = —-% then r' < —%

andif——1<r<—%then%r;l>%.‘

2
Case 8. -2 <r <0, 0>g>4r1++: .

The existence and uniqueness of the line r,(g) can be proven in the same way as
the existence and uniqueness of r.(g) and g.(r) was established in the proofs of
Theorems 1 and 2.
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8. Final Remarks.

Although the model that we have studied in this paper is rather artificial it has
the advantage that it can be renormalized easily. The renormalization transforma-
tion involves only two coupling parameters r and ¢ and is given by the exact trans-
formation formulas (2.16). Thus many technicalities that appear in other models
when studying the asymptotic renormalization group behaviour do not occur here.
Other simple renormalization group transformations were considered by Nelson and
Fisher [10]. Their aim was different, however, and they did not consider the decay

of correlations or the existence of a continuum limit.

Also unlike most other models it is possible to make non-perturbative, i.e.
global statements about the renormalization group flow. In particular we have seen
that there exists, apart from the trivial fixed point (0,0), a non-trivial fixed point
(——%, 28—7), and we have managed to prove the existence and uniqueness of global
critical lines for both fixed points. This is not to say that everything about the flow
in parameter space is fully understood. Computer studies show that the behaviour
in the region above and between the two critical lines in rather erratic. Iterating the
inverse mapping for a small part of the critical line near (0,0) one obtains an array
of points that seem to be concentrated on a bundle of curves in this region. (For a
picture, see [7].) If this behaviour is genuine all these curves are critical lines for the
fixed point (0,0) ! Also, some of the points thus obtained lie in the neighbourhood
of (0,0) itself.

Some of the unusual features of the renormalization group flow may be due
to the hierarchical structure of the model. However, it cannot be ruled out that
similar complications uccur also in other, more realistic models. For instance, the
recurrence of critical points to the neighbourhood of the fixed point is a possibility
to be kept in mind. The large null space of Iy means that there is no Hamiltonian
formulation for this model. Hence the concept of a phase transition is unclear but,
Judging by the behaviour of the correlation functions, the line ry(g) in the lower
half-plane behaves as a critical line: The decay of correlation functions for points

(r,g) on this line is slower than for other points of the lower half-plane.
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