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Abstract

The optical soliton contents of some special input pulses and their Galilei
transforms will be determined by solving the linear eigenvalue problem associated
with the non-linear Schrodinger equation. The special cases discussed are the
initial envelope function of width « and height 3, the initial envelope function
—ifBexp(—e|z|) and the super-Gaussian initial pulse. Throughout, we compare
our problem to the Korteweg-de Vries problem where a good understanding can
be gained through Sturm-Liouville theory.
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Chaotic Behaviour in Optical Systems”, San Jose, Jan. 1988.
+ Permanent address: School of Math. Sciences, NIHE Dublin 9, Ireland.

1



The question we are going to address ourselves to is , given an input pulse
u(z, 0), does it contain solitons, and if so, what type of solitons. (Here, u(z,0) is
the change in time of the initial envelope function at the point where the pulse is
injected into the fiber.) A satisfactory detailed answer to our question should help
to choose or build the laser best suited to injecting solitons into optical fibers at
lowest cost.

In principle, the optical soliton contents of an input pulse is determined by

the L2-integrable solutions of the linear eigenvalue problem [1]

— = [ id/dz  u(=,0)
AT = AT  with A_(-u*(x,O) —idjdz | (1)

Satsuma and Yajima [2] have started a detailed study of this eigenvalue problem
and have solved it for the special initial envelope function of sech(z) form. To gain
a better understanding we want to add more solvable cases to the one discussed
by Satsuma and Yajima.

To explain what we are trying to achieve finally let us compare the theory
of optical solitons to that of Korteweg-deVries solitons. For Korteweg-deVries
solitons the question analogous to the one addressed here is, given an initial water
wave with amplitude u(z,0), does it contain KdV solitons. The answer is yes, if

the eigenvalue problem
d?
[+ ol 0)| ¥ =0 2

has L?-integrable solutions, i.e. if the Schrodinger equation (2) has bound state
solutions.

It is well-known that in this case theory does not end with this general answer.
Every student of quantum mechanics has a good understanding of the eigenvalue
problem (2). He or she can certainly solve eq. (2) for a square well potential, and
possibly for a sech?z potential. An advanced student may even be able to use
Sturm-Liouville theory to prove that if a potential is bounded above by a square
well potential and bounded below by a sech?z potential the same is true for the
number of the corresponding bound states. Sturm-Liouville theory also yields,
among other results, that the ground state has no nodes and that the number of

nodes increases as the eigenvalues increase.
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In the case of optical solitons, we want to achieve an understanding as deep
as in the case of KdV solitons and begin by solving the eigenvalue problem for

special input pulses. For these special pulses we determine the transition matrix,
i.e. find a(A) and 6()) where

() (1) () (2)

with A = £ + 19, > 0. Note that if u(x,0) has eigenvalue A = « + ¢5, then
the Galilei transform u(z,0) exp(—iV z) has eigenvalue & + V /2 + i5. Therefore,
solving the eigenvalue problem for u(z,0) yields a solution for the whole family of
Galilei transforms as well.

In our first case, u(x,0) is given by

0 for || > /2

iu(x,O):{ﬂ for le| < a/2 a,3>0. (4)

(In ref. 3, the L%-integrable solutions with pure imaginary eigenvalue have been

found for this case and the next one discussed below.) For this initial envelope
function, ¢(A) and b(A) read
e—ir

a(\) = —e (i,\ sinv/B? + Ao — /B? + A cos /B + )\201) ,

/32_*_/\2

b(A) = -—-—\/—5% siny/ 32 + A%e. (5)

To find the eigenvalues, we set a(A) equal to zero. The conditions which follow
are
VB3 + A2a =tafsin/p2+ Aa, 1A =+%8cos\/F?+ 0. (6)

For py +ipy :=1/ 3% + A2a, 6 #0, p; # 0, they lead to the equations

[ n
SR .+ S = F— 7
oS Pz iozﬁsinhpl ) 08Pz :F/Scoshpl (7)

which are controdictory for o > 0, > 0. The eigenvalues are therefore purely
imaginary. (Arguments in ref. 2 go some way towards proving that this is always

the case for even purely imaginary initial envelope functions. We do not think that
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the arguments are conclusive and prove in each special case that the eigenvalues
are purely imaginary.)
If we define p = /3% — 92, the conditions for the eigenvalues A =1n are

P’ + o’y =a?p?, n=—§cotp- (8)
These conditions imply that
N =(1/2+ F/x) (9)

holds for the soliton number N, where

+o0
F= f_ " lufa0)] o (10)

and (...) denotes the integer smaller than the argument. In terms of F', N is the
same in this case as in the case of an envelope function of sech(z) form [2].

As a second special case we solve the eigenvalue problem (1) for

iu(z,0) = Bexp(—alz|), «,B>0, (11)

by solving the second order equations corresponding to {(1). For vy, the first

component of ¥, the second order equation reads

o= Lot 4 (A2 - A% 4 uf)ey =0 (12)
1~ Y — 1=0.
u u
The transformation s = 3e®* /o, ¥ = v;/./3 transforms this equation to Bessel’s
equation
2y 1dv %
e (R LELE 1e)

where v = —1/2 —i)/e.

For z < 0, we thus find v; in terms of Bessel functions. By using eq. (1) we
find v5. An analogous derivation yields vs for > 0 and through eq. (1) vy. The
matching conditions at £ = 0 lead to

a8 -12%)
(2)Yos1(8) - Yo (5)vnr(8)
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Jv(g')yv(g) - JV'H(g')YV“*'I(g)

o(A) = . (14
( ) Jy(g)Yv-H(g) "Yu(g')']u-)-l(g) )
The condition the eigenvalues have to satisfy is therefore
B B
JV(;;) = i"]rf+1(;) . (15)

That condition (15) cannot be satisfied for non-real v with Re v > —1/2 can
be proved as follows [4]: Assume that J, & J,+1 has a real zero s for non-real ».
Then using the Mittag-Leffler expansion [5, p.497]

liz 2 oo, (16)
]Vn"s

and therefore,

S Bede Imhe @
e PR

follows, where j,,, are the zeros of 7% J,(s). This equation cannot hold because
Re jyn/Im jyn 20 for x50 for all n with I'm j,, # 0 [6], and because there are
Jun with Re jyn # 0 and Im 3, #0.

We are left with studying the points of intersection of J, and +J, 41, which
we denote as s, (v), for real order v = 5/a — 1/2 > —1/2. It is easy to prove that
labelling the points of intersection by $,(v) makes sense because, if v changes,
the number of points of intersection stays the same, and 3,, changes continuously
with v. Furthermore, 8, — oo for n — oo and for v — oo, and s, increases
monotonically with v[4; consequence of Lemmas 2.3 and 2.5 in ref. 7|. This
implies that 8,(—1/2) = (2n — 1)x/2 determines the soliton number, which, in
terms of F', turns out to be again given by eq. (9).

In all three solvable examples the number of L2-integrable solutions is given
by the same formula in terms of the pulse area. This is a much simpler result than
one would expect from studying the Schrodinger equation in the Korteweg-deVries
case. In both cases one expects that the "stronger” the potential the easier it is
to "pull down” exponentially increasing solutions at minus infinity and turn them
into exponentially decreasing solutions at plus infinity, i.e. the number of solitons
should increase with the ”strength” of the potential. However, for the Schrodinger
equation no formula as simple as eq. (9) exists.
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The input pulses studied so far are not very good models of realistic input

pulses. That is why, as another example, we discuss the super-Gaussian pulse
1 . T, 2m
u(x,0) = A, exp —5(1 —ia)(-) . (18)
o

To solve the eigenvalue problem (1), we set

O

vy = e AT Z un(z), w=1, (19)

n=0

and determine the functions «,, recursively as

2 z . m # . m
un(x)=.2%\. o~ H1=ia)(s/0)? j —HAHOWD™ Yy ards . (20)
—_—C0 )

By induction, we can prove that

ﬁA3n02(2n—l)me—n(e/0) Zme

< 21
(@) < Sn e — DI Tt 21)

holds for & € (—o0, —¢), € > 0. Using the Weierstrass M-test we conclude that the
series (19) is convergent on (—oo, —¢), € > 0. Then, eq. (1) allows us to calculate
v on (—oo,—¢). Analogously, we find vz and vy in form of convergent series on
(€, 00).

From a physical point of view, all that remains is to match the functions at x =
0 for realistic parameters «, o and m, which model pulses from a semiconductor
laser. To solve the mathematical eigenvalue problem completely, an analysis like
the one we have done for the intersections of J, and J, 41 has to be added. Only
then can the interesting question, whether eq. (9) holds in this case as well, be
answered rigorously.
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