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The Wu-Yang factor and the non-Abelian Aharonov-Bohm experiment
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School of Theoretical Physics
Dublin Institute for Advanced Studies
10 Burlington Road, Dublin 4
Ireland

Abstract
The scattering of nucleons on a non-Abelian flux is shown to

depend, as predicted by Wu and Yang, on the non-integrable phase
factor.

PACS numbers: 11.15.-q, 11.30.Jdw



The cornerstone of the Wu-Yang approach to gauge theory [1]
is the non-integrable phase factor

(1) § = P(exp -§A$dx}').

In particular, the scattering of a nucleon beam on a non-Abelian
flux line-the non-Abelian version of the experiment proposed by
Aharonov and Bohm for testing the role of e]ectromagnetic
potentials [2] - should depend on (1). This prediction has been
confirmed recently using non-commuting path integrals [3]. The
point is that such complications can be avoided. To see this,
let us describe the scattering by a two-component SchrBdinger

equation
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where A = A{dx}\is an SU(2) gauge potential whose field strength,
Fik= )iAk - AL [Ai’A;], vanishes everywhere,except at the
origin. Nucleons are identified with SU(2) doublets. The
validity of (2) is restricted, just like in the electromagnetic
case, to the plane with the origin excluded. The remaining region
is non-simply connected allowing for non-trivial values of (1).

The simplest way of confirming the Wu-Yang predictions is
by paraphrasing the argument of Byers and Yang [4]. Define in fact

X

(3) g(x) = P(exp gAidX})
Xo ’
where the integration is along an arbitrary path from a reference

point x_, to x which does not cross the positive x axis. The



non-Abelian version of Stokes' theorem [5] implies [6] then that the
integration is path-independent so that (3) provides us with a well-
defined function. g(x) satisfies furthermore the relation ka}: - /b 9
The (along the positive x-axis singular) gauge transformation Aj-a

CA?‘A]~'3_+ ci")éa_)@-._il(‘f;) , brings (2) to a‘ free form:
49 i3 . -2 A
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The new wave function becomes however double-valued:in polar

coordinates (r,9 ), we have

(5) ¥ (r,0k $F (r,2m).

Consequently, (4) admits identical solutions as long as the "boundary
conditions" (5) are the same = [7},1.e. for identical Wu-Yang
‘factors. Q.E.D.

To get an explicit solution it is convenient to use another [e]
(regular) gauge: since any SU(2) group element can be diagonalized,
¢)= diagigxp(Zﬂfx), exp(-2m¢d)) in a suitable gauge, where the real
parameter,can be chosen to satisify 0¢ «&41with no loss of generality.
A gauge potential is hence

(6) A= Asdﬁ’= diag(«, -o),

and (2) splits hence into two, uncoupled, electromagnetic Bohm-
Aharonov equations with electromagnetic potentials # (d/e)dd :

(7) 2 ¥ :—i('}z,ui)r,,_’_ Faﬁco( o) )(?1)
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with periodic boundary conditions this time. (7) is solved hence



by simple applications of the Abelian results
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where the integration is on the punctured plane. The electromag-
netic BA propagator Kk can be expressed as a path integral. By

the well-known result([7] and references therein):

@ K,= ¢y %" K:

e - oo

- explame
Jx o= explEmid]
where the integer n labels the homotopy classes of those paths
which wind 11 times around the origin, K:‘is the corresponding
partiaT propagator defined by the free dynamics. Explicitly [8]

(X t| - t " 1, 2
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where x = (r,9), y = (r',9) and J,, is the Bessel function. Cu
is an overall (unobservable) phase factor. A

But diag(y,)fs is JUSt the Wu-Yang factor @, and hence the non-
Abelian propagator % - diag(k ,l{d) is simply

o0

an K = E«Z K. 3"

hz- oo

confirming once more the predictions of Wu and Yang.



‘ E;= diag(C,,C_,) is again an unobservable SU(2)-valued
phase factor. The explicit formula (9) allows also for
rederiving the scattering-expression in [6]. Observe finally
that, due to the covariant transformation property ?—» §‘§ q
(11) is valid in any gauge.

Notice that it is the existence of the diagonal gauge (6)
which makes it unnecessary to working with non-commuting path
integrals. However, this is true over an arbitrary Riemann
surface, not only for the punctured plane [9].
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