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Introduction The main idea is that use of tangent bundle geometry allows

a vector field approach to all geodesic conservation laws not just the
linear ones associlated with isometries. The details are developed in
Prince and Crampin £7}, a summary of which is soon to appear(Prince E?D.

I will restrict myself to a couple of interesting results, namely that the
Noether-Hamilton-Cartan theorem shows that homothetic actions act on ”<XJﬁé
and that they correspond to a universal conservation law (not just a null
one) and also that Killing tensors correspond to a one parameter group
action on EFIRXT/and that a projective version of a conformal Killing

tensor corresponds to a higher order analogue of a homothetic motion.

o
Notation ( Ji) ) is the spacetime with local co-ordinates { 2 ),
T o ,
\Q\>(J4J co-ordinates (S)gﬁ ) , 1s needed for affinely parametrised

e (Y ¥i . = . .
geodesics. E=RYXTHM is the evolution space, co-ordinates ( S ?k L& ).
@ .
Symmetry on E Only on evolution space is there{vector field (one-parameter

group) representing the geodesics; locally this is

n=2 a Y ATy e D
s + . &w r \/&e \)\ o O
¢S oY be %\A
In a Lagrangian description (ﬂ is the characteristic vector field of
the exterior derivative of the Cartan form {} (the fundamental 1-form of
Hamiltonian mechanics Frwv é+ pulled back by the Legendre transformation).
In terms of the dual bases

{Sﬂv k\KZ:: 2 rwb h — )\/ o — ;?Uj» . and
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V, are horizontal andvertical fields respectively))
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where
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The projective actions on EE are generated by the dynamical symmetries

a’

of Y- , .that is vector fields ;:w1th
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2.
If 7~ generates a flow on £ which has been 1ifted from ‘I?\V\j‘“f, then 72 “-:«X(ﬂ
where iﬁ} is the prolongation of the generator >/\ of the Tlow on RX/“{/ .
In this case >< (a Luz symmetny) generates a classical projective action
on along with the "induced s-transformation".

There a number of ways of associating geodesic first integrals with
projective actions onE however the Noether-Hamilton-Cartan theorem gives
a clean cutb rewult i docally a ;&mo&on £ QU‘(EB can be found such
that /Q~ (\T Lon a given vectorn {ield \/& :\/f\(a,,) then ’“{ <\/ (/>
is a «(.occué constant of the motion. Convernsely if Fis a (locall constant
of the motion then there exisis a unique (mod [* ) \/ such that

F= V14D e L0 =d(Fy o).
Such vector fields are called Caf}_lcm symmeinies and they are all
projective actions on Y . When Y::;'\/{\“\ , < is J:ust a Noethen
symmeiry, that is, one given by the classical Noether theorem.

The classical jsometry (Killing vector) is such a Noether symmetry:

>(\ :—:“}Q“;?i:x ) F 77; U; So are the homothetic actions
t*;v a & . v ‘
Xos 24, T T, F = sloTaut,

Notice that homothetlc actions give universal geodesics first integrals
not just null ones. (The complete list of Lie and Noether symmetries
appears in [71.)

The C‘ rtan symmetry corresponding to the Killing tensor first integral

s uk is
V= -2 w2 e T (-2 uh % X
Q;@ = d{-kut W) .
The interesting feature of this Killing motion on = is that
(i(‘* YD =0
(c.f. ia = for Killing vectors).

Conformal 1<llllng tensors don't fit into the scheme because they
don't generate universal first integrals, however, an attempt to find a
guadratic analogue to the homothetic constant of the motion yields

(essentially uniguely)

\g
= gga&x L - - Ha BU*"
el
where \v\}‘ == S 5:}6;\ is a Killing vector and H is symmetric and tracefree

with
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The corresponding Cartan symmetry has local co-ordinate components

=SSN, T2 W-SSOL N = T(ED-oC T
and 3}0»'«&\ -
.

This is called a homothetic acition on = because

‘\i > m;r@ T KV w”UTt%(T‘)T‘)
\/LL.)” L

hy analogy with Ofa x:@hﬁx) a‘ézhg for the classical homothetic
* ()
motion. Notice that the "homothetic constant' T S(i W ) is now a

or

constant of the motion.

Remarks There are lots of results, new and old, which are readily
accessible using this sort of tangent bundle geometry.  We have had some
success relating projectiVe actions on E; with global Jacobi fields
(solutions of the equation of geodesic deviation), the-Raychaudhuri
equation Egj and in defining conformal motions on £ to correspond to
conformal Killing tensors. I hope to explore some of this structure for
particular metrics in the near future.
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