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NUCLEAR “AGNETIZ SPIN-ROTATIONAT : 1. INTRODUCTION

RELAXATION TIMES FOR LINEAR NOLECULES The general method for the calculation of relaxation times arising

1)

* from nuclear magnetic spiﬂ—rotational interactions™ ' has been applied to
| both sphericall) and symmetric rotator moleculesg), that are subject to
rotational thermal motion. The case of the linear molecule is now examined
James McConnell - . - ' in detail. = As a preparation, the rotation operator is expressed in a form
that is convenient for carrying out the integrations that arise in the above
. method. When this has been done, expressions for relaxation times are
Dublin Institute for Advanced Studies ‘ calculated to a high degree of accuracy. The results are compared with

Dublin 4, Ireland those obtained for the spherical and the symmetric rotator models.

The stochastic differential eguation study of
nuclear zagnetic relaxation by spin-rotational interactions
is apnlied to the linear rotator model of the molecule. . -
Tnertial effects are included in the calculations, which arza
performed aralytically. — Expressions are derived for the
spin-rotational cecntributions to the longitudinal ard trarns-
verse relaxation times, and for the spin-rotational ﬁorrelation

time.



2, THE ROTATIGH OPZRATCR

We consider the case of a rotating symmetric molecule which is so

thin tha* it may be zpproximated by a needle-like rotator. It has zero

component of angular velocity about its axis. We take rotating cartesian

coordinzte axes with crigin at the centre of the needle, the third axis

‘being aleng the line of symmetry and the other two axes perpendicular to

&

this line and to one another. Denoting by (v, (), the ccuponents of
L

?
angular velocity about the first and second axes, respectively, and by |
the wmoment of inertia about these axes we write
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Equations (1) are linear and their steady state solut: ions-are

are Wiener
processes.

centred Gaussian random variables obeying
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where th

ular brackets denote ensemble average rfor the steady state, /i
!
|

e
N

is the 3oltzmaun constant and the absolute temperatura

a~rotational interactions has been set

out in scetion 2 of ref. 1. The rotation operator wAAﬁv that brings the
molecular coordinate system at time zero to its orientation at a later time

satisfies the differential equation
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where the components fk r\ L, of u satisfy the commutation
)V ¥ e

relation
T /T
?&Lbull;.&xxmt (3)
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This restriction of the scalar product to the sum of two terms gives riss

end we interpret the scalar product Hw.wwmmvd

to ccmplications that are not present in calculations for a spherical

molecule. .

Swv

The rotation operator obeys the equatioc
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where ”ﬁ is .

~ . &

the identity operator, &* wwNm¢v are given by eq. (2.35), (2.36) of ref.

1 and Am:;vvﬁuomv,m:v
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In this equaticn h ~ Al AW\ does not appear because it is the

- K . =
of an odd nunber of WI'S The values of

sum of v%ouundm of averages
¢
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{5k
ths  ¢° rMMN Nw\ in (5) are given by 5
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We define (; by
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In the present problem
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It follows that

a small dimensionless constant.
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In order to express (:7z(ti> in a form that is useful for further

computation we employ the Krylov-Bogoliubov methodv).
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must put
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This means that we

) %

5 (10)
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operator L\ f) is deducible from (%), (8), {7) and
(11), when we employ (2) to write down from (2.35) of ref. 1

m
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the last term of ( vanishing because &
and erploy (2.36) o‘ ref.
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1 to write down
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We see from (4) that,
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since F {&)-and [— {"/ contain only terms with an odd number of & '
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The evaluaticn of < ¢* F {t')/«} ("‘)N,N}> and <2:f e H:"’w,..ui'/u (w>
is performed in much the same way as for a spherical molecule
fourid without difficulty th
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To calculate ( u N
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derived from (3):
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The value of A \_—N?u.. VC\. \m;r:?v.v may now be written down from (11)
(14) - (17).

3.  THE LAPLACE TRANSFORM OF A Rib) e SVE,\GV

The contributions \«\H. K\Nnv v. from the spin-rotational

. . . —— - -
interactions to the reciprocals  f, | \

of the longitudinal and

N . . . 10
transverse relaxation times, respectively, are given by )

_
&

where (3, is the angular velocity of the Larmor n&mommmwof

& u_\&ou > md“.l = %\uv + .H\Eoy (18)
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In the last equation we have i_m M -m =~ element of the Laplace trans-
form of AMNNW\ NW\EV:&V in the representation with basis % m%@v 4£107)
: )
/\3 N.mm&\u:& > /\: \WS?%E % , where &2 \W\O\ are d:m Euler

angles specifying the orientation of the positive third axis of the rotating

system with respect to the laboratory coordinate system.
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nucleus is on the line of symmetry, the \_N‘\.w ar m given v%
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and so are independent of 0 . Since \Q..t «.\.h w S m.: will not now

sppear in (20) and zero values of “mM and ® will not appear.

When the m»r
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We may
therefore rewrite (20) simply as
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In the extreme narrowing case of »/J <L ,\ // b) we may

replace , in (18) by zero.  Then (/ r and (/'T > are equal,

~and writing | s for their common value we deduce from (19) that

".T— = 2 cewo),
G

The spin-rotationzl correlation time '2,}_{\, for the linear
molacule is, from eq. (2.27) of ref. 1 and the above restrictions on it

and W , given by
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Equations (27) ~ (28) could have been obtained by putting (:sepin
| is
(3.38) - (3.38) of ref. 1.
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Since/u and VY can assume oiily the values 1, 2, it follows from

(25) and (26) that
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where
Gl TH ST AT 4T, o

We see from (26) and (33) that C is a diagonal matrix with its
{1 — and l,1 —— elements equal. The same is true for - C +a I
and { C +RI) It follows from this that the quantities — & +a.l ,

- C+ -@I ( €+ (.I) ( G + fI) commute with each other-la).

In order to study the behaviour of {Gt as t becones ;ndeflnrtely
»

large we appzox:unate (;‘ in (33) by "')’:B(j J > 50 that
G-yBl W[
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Let us consider j t 6 dt’ ith /6'7 0. By expanding

the exponentmal oper‘ators as series we readily find that
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= {fiez’_;’) Z(G”@I.)t]
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4, CALCULATION OF RELAXATION TIMES

We r‘etur‘n to-eq. (22),

tis) =

3:;% gy ,,,, .rmy (Lf‘%R(t)cgyzr)%,‘,b&) G
Mepm

-z
Since we have no contributions for m =0 or m :D J3 in the

/,{v IZ mn
computation of c(s) behaves like. the unit matrix. The same is true of gv

!
as-given by (9), and therefore of (~—' C + /e‘ I) . Hence ‘JMJV
. _a . ~

multinlied into prcducts of J and operators of the type(—- G-c—/g'nj:) is a

3
‘constant times J/‘M JV . By (29), all such products give zero contribution
to €{5) . Ve may ther‘efor.‘e ignore all terms involving J:“]v that occur
in (36).

In order to simplify the calculaticns we shull put 5 - equal to
zero and denote by C((0) the value of C{0) with the J,u 3; -terms

omitted. Then from (23} and (2u4)

/ 3;‘9‘7' {
- = ‘.?,C‘(O) , To= ~ C, O)_.__.." ‘ (57)
Tor Tl eT]

From (22) and (36)
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-y“-o/J 28 ) - I+)/)(~GH’1) (e B(-G+BI)™ (38)

7 t(142y) (-G +281) = yB-Crar) =y~ 64351 ) }

-V 5 T 2 s M 6 BT R LGB 3B 643 ) )
- (- ngz) tP{-G63232Y 4 (64387 )

//?T) [ 97 +(]. 2.1 2,) (-6 ‘-)\2(-—(’+7?T\_L i

+[5.T+2:(T. 2 xw)'f(#;\tr)(»(nq) /@7;?'/8

N
(-é'*-'ﬂ) B 0 [ =2y +2y% - 0 5

T

In the representation (25) eq. (9) gives

- R R
o I TErTEY 0 0
G = ‘rb ’ 0 2+2)/+L§—f+ : 0
0 0 | I3y -5t

It follows that

(39)

0- 0 I-p 3y

. ’ 3 - . : .
which may be replaced by ( =y + '2)’14» ):B 'I when calculating £ (0).

Similar results are true for (- G +2 BZ)J, (*- G + 38;)-'
Moreover, since we have taken the approximation of the Laplace transform
to terms of order '}’ /ﬁ /(I B) , We may put C =0 in ‘the terms
of (38) thav are proportional to ')f {’( T /_L) or /ZT /

We find from (28) that the terms in the Laplace trarsrorw with

$=0 arising from the - <wﬂ (£) wwa'I“ part of <R(£~) k\/‘lé*)wl,/.»)

add up to . -
g7 [=ay+ayt 0 0
Er R yegpe 0
0 -0 Lyt

The contribution C {o) of this to (/p? 1s given by

Cl0)= — . "‘-(" )’+zzr+ )z Z ;«v(;_[_).-.,-m,

Y p
g * B JA,D"’?— Mh"+‘

so that, by (27),

9I4T1C 94TT1 L, [/

¢, 00) = 34‘9\,,_3 )/+a&r*~+~..>‘

(0)
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Let ts examine the consequences ol this liritiag proccss in the

present problem. Considering the terms
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which shows that the m: + M mH m.:v ~term may be neglected in
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We are therefore left in (47) with
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Since, from (8) and (u8),
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for the caleculation of the spin-rotational correlation time
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